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INTUITIONISTIC FUZZY IDEALS IN ORDERED
SEMIGROUPS
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ABSTRACT. We prove that a regular ordered semigroup S is left simple if
and only if every intuitionistic fuzzy left ideal of S is a constant function.
We also show that an ordered semigroup S is left (resp. right) regular
if and only if for every intuitionistic fuzzy left(resp. right) ideal A =
{na,va) of S we have pa(a) = pa(a?),v4(a) = va(a?) for every a € S.
Further, we characterize some semilattices of ordered semigroups in terms
of intuitionistic fuzzy left(resp. right) ideals. In this respect, we prove
that an ordered semigroup S is a semilattice of left (resp. right) simple
semigroups if and only if for every intuitionistic fuzzy left (resp. right)
ideal A = (a,va) of S we have pa(a) = pa(a?), va(a) = va(a®) and
palab)y = pa(ba), va(ab) = y4(ba) for all a,b € S.
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1. Introduction

The theory of fuzzy sets proposed by Zadeh in 1965, {see [24]} has achieved a
great success in various fields. Also several higher order fuzzy sets, introduced
by Atanassov (see [2], [3] and [4]) have been found to be highly useful to deal
with vagueness. Gau and Buehre in [9], presented the concept of vague sets.
But, Burillo and Bustine in [5], have shown that the notion of vague sets coin-
cides with that of intuitionistic fuzzy sets. Szmidt and Kacprzyk [23] proposed
a non-probabilistic type entropy measures for intuitionistic fuzzy sets. De et
al. [7] studied the Sanchez’s approach for medical diagnosis and extended this
concept with the notion of intuitionistic fuzzy set theory. Dengfeng and Chun-
fian (8] introduced the concept of the degree of similarity between intuitionistic

Received December 30, 2008. Revised June 17, 2009. Accepted June 28, 2009 *Corresponding
author

© 2009 Korean SIGCAM and KSCAM.
311



312 Asghar Khan, Madad Khan and Saqib Hussain

fuzzy sets, which may be finite or continuous, and gave corresponding proofs of
these similarity measure and discussed applications of the similarity measures
between intuitionistic fuzzy sets to pattern recognition problems. Intuitionistic
fuzzy sets have many applications in mathematics, Davvaz et al. [6], applied
this concept in H,-modules. They introduced the notion of an intuitionistic
fuzzy H,-submodule of an H,-module and studied the related properties. Jun
in [10], introduced the concept of an intuitionistic fuzzy bi-ideal in ordered semi-
groups and characterized the basic properties of ordered semigroups in terms of
intuitionistic fuzzy bi-ideals. In [15], [16], Kim and Jun introduced the concept
of intuitionistic fuzzy (interior) ideals of semigroups. In [20], Shabir and Khan
gave the concept of an intuitionistic fuzzy interior ideal of ordered semigroups
and characterized different classes of ordered semigroups in terms of intuition-
istic fuzzy interior ideals. They also gave the concept of an intuitionistic fuzzy
generalized bi-ideal in [21] and discussed different calsses of ordered semigroups
in terms of intituitionistic fuzzy generalized bi-ideals.

In this paper, we characterize regular, left and right simple ordered semigroups
and completely regular ordered semigroups in terms of intuitionistic fuzzy left
(resp. right) ideals. In this respect, we prove that: A regular ordered semigroup
S left simple if and only if every intuitionistic fuzzy left ideal A = (ua,ya) of
S is a constant mapping. We also prove that S is left regular if and only if for
every intuitionistic fuzzy left ideal A = (u4,v4) of S we have pa(a) = pa(a?)
and va(a) = v4(a?) for every a € S. Next we characterize some semilattices of
left simple ordered semigroups in terms of intuitionistic fuzzy left ideals of S.
We prove that an ordered semigroup S is a semilattice of left simple semigroups
if and only if for every intuitionistic fuzzy left ideal A = (ua,~y4) of S we have,
pa(a) = pa(a®), va(a) = va(a®) and pa(ab) = pa(ba), va(ab) = va(ba) for all
a,be S.

2. Preliminaries

By an ordered semigroup (or po-semigroup) we mean a structure (S, -, <) in
which

(OS1) (S, ) is a semigroup,

(082) (S, <) is a poset,

(0S3) (Ya,b,z € S)(a < b= ax < bz and za < zb).

Let (S,-,<) be an ordered scmigroup. For A C S, we denote (A] := {t €
S|t < h for some h € A}. If A = {a}, then we write (a] instead of ({a}]. For
A,B C S, we denote, AB := {abla € A,b € B}. Let (S,-,<) be an ordered
semigroup. A non-empty subset A of S is called a left(resp. right) ideal of S
(see [11]) if

(i) SA C A(resp. AS C A) and

(ii) (Va € A)(Vb € S)(b <a== b€ A).

Let (S, -, <) be an ordered semigroup and § # A C S. Then A is called a
subsemigroup of S [13] if A2 C A. Let (S,-, <) be an ordered semigroup. A
subsemigroup A of S is called a bi-ideal (see [13]) of S if
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(i) ASA C A and

(i) Va e A)(Vbe S)(b<a==bec A).

Let (S,-, <) be an ordered semigroup. A subsemigroup A of S is called a
(1,2)-ideal (see [22]) of S if

(i) ASA% C A and

(i) Vac A)(Vbe S)(b<a=bc A).

Let (S, -, <) be an ordered semigroup and §§ # A C S. Then the set (AU SA]
is the left ideal of S generated by A. In particular, if A = {z}(z € S), then we
write (x U Sz|, instead of ({z} U S{z}].

Let S be an ordered semigroup. By a fuzzy subset f of S we mean a mapping
f:8 —[0,1]. Let (S,+,<) be an ordered semigroups and f a fuzzy subset of
S. Then f is called a fuzzy left(resp. right) ideal (see [12]) of S if

(1) (Va,y € )z <y = f(z) > [(1).

(2) (V2,5 € )(f(zy) > f(y)(resp. f(z) > f(x).

A fuzzy left and right ideal f of S is called a fuzzy two-sided ideal of S.

3. Intuitionistic fuzzy ideals

As an important generalization of the notion of fuzzy sets in S, Atanassov [2],
introduced the concept of an intuitionistic fuzzy set (/£'S for short) defined on
a non-empty set S as objects having the form A = {{z, pa(z),v4(z)}|z € S},
where the functions pi4 : S+ [0,1] and v4 : S+ [0,1] denote the degree of
membership (namely 14(z)) and the degree of non-membership (namely v4(z))
of each element z € S to the set A, respectively and 0 < p(x) + v(z) < 1, for
each z € S. For the sake of simplicity, we shall use the symbol A = (u4,~v4) for
the intuitionistic fuzzy set A = {(z, pa(z),va(x)}|z € S}.

Let (S,-, <) be an ordered semigroup. An IFS A = {ua,va) in S is called
an intuitionistic fuzzy subsemigroup (see [10,21]) of S if:

(1) (Vz,y € S)(a(zy) > pa(2) A paw)),

(2) (Va,y € 5)(va(zy) < 74(2) vV 74)).

Definition 1. An intuitionistic fuzzy set A = (ua,v4) in S is called an intu-
itionistic fuzzy left(resp. right) ideal (see [19]) of S if

(1) (Va,y € S)(z <y = pa(z) 2 pa(v), 14(x) <1aW)),

(2) (Vo,y € S)(pa(ey) = pa(y)(resp. palzy) > pa(x))),

(3) (Vz,y € S)(va(zy) < va(y)(resp- va(zy) < va(2))).

Definition 2. An intuitionistic fuzzy subsemigroup A = {4, v4) of S is called
an intuitionistic fuzzy (1, 2)-ideal of S if

(1) (Vz,y € S)(z <y = palz) 2 pay),valz) < vay)),

(2) (vz,y, z,w € S)(pa(zw(yz)) Zmin{pa(z), waly), pa(2)}),

(3) (vz,y, 2, w € S)(va(zw(yz)) <max{ya(@),va(y),v4(2)}).

Definition 3. An intuitionistic fuzzy subsemigroup A = {(ua,ya) of S is called
an intuitionistic fuzzy bi-ideal (see [10,21]) of S if
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(1) (vz,y € S)(z <y = pa(z) > pay), va(z) < 74(¥)),

(2) (Vz,y,z € S)(na(zyz) 2 pa(z) Apalz)),

() (vz,y, 2 € S)(va(zyz) < va(®) Vya(2)):

Let (S, -, <) be an ordered semigroup and §) # A C S. Then the intuitionistic
characteristic function x4 = (ly 4, ¥x4) of A is defined as

lifz € A,
Hxa ZSI—>[0,1],J,"—>MXA(.7:) ::{ Oif.’L'iA

and

Oifx € A,
Yxca ;St—>[0,1],x'_"7XA(x) :={ 1if.’E¢A

For IFSs A = (ua,va4) and B = (up,~yg) of S define the order relation ”C ”
as follows: :

A C B if and only if ua = pup,va = g if and only if pa(z) < pp(z),
Ya(z) > B (z) forall z € S. Let A = (ua,va) and B = {(up,vyp) be any two
IFSs in an ordered semigroup S. Then

(1) A=B<—= ACBand BC A

(2) A® = (y4, pa)

(3) AN B = (panp,vavB) and

(4) 00 =(0,1),1. = (L,0).

Lemma 3.1. (cf. [19,21]) Let (S, -, <) be an ordered semigroup and ) # A C S.
Then the following are equivalent:

(¢) A is a left(resp. right and bi-) ideal of S.

(i1) The intustionistic characteristic mapping X4 = (Uxa,Vxa) Of A is an
intuitionistic fuzzy left (resp. right and bi-) ideal of S.

A subset T of an ordered semigroup S is called semiprime (cf. [13]) if for
every a € S such that a? € T, we have a € T. Equivalent definition:

For each subset A of S such that A2 C T, we have A C T..

Lemma 3.2. (cf. [13]) Let (S, -, <) be an ordered semigroup. Then the following
are equivalent:

(1) (2)n i3 a left simple ubsemigroup of S, for every x € S.

(11) Every left ideal of S is a right ideal of S and semiprime.

4. Characterizations of left simple and left regular ordered
semigroups in terms of intuitionistic fuzzy left ideals

An ordered semigroup S is regular (see [11]) if for every a € S, there exists
z € S such that a < axa. Equivalent definitions:

(1) (Va € S)(a € (aSa)).

(2) (VA C S)(A C (AS4]).

An ordered semigroup S is left(resp. right) simple (see [11]) if for every left
(resp. right) ideal A of S, we have A = S. § is called simple if it is left simple
and right simple.
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Theorem 4.1. For a regular ordered semigroup S, the following conditions are
equivalent:

(i) S is left simple.

(i) PEvery intuitionistic fuzzy left ideal of S is a constant mapping.

Proof. (i)==(ii). Let S be a left simple ordered semigroup, A = (u4,7v4) an
intuitionistic fuzzy left ideal of S and a € S. We consider the set,

Eq:={e€ Sle* > e}.

Then Eq # 0. In fact: Since S is regular and a € S, there exists € S such
that a < aza. It follows from (OS3) that

(az)? = (aza)x > ax,

and so ax € Eq and hence Eq # (.

(1) A = (ua,va) is a constant mapping on Eq. Let t € Eq, then pa(e) =
pa(t) and ya(e) = va(t) for every e € Eq. In fact: Since S is left simple and
t € S we have (St] = S. Since e € 3, then e € (St] and there exists z € S such
that e < zt. Hence e? < (zt)(2t) = (2t2)t. Since A = (ua,v4) is an intuitionistic
fuzzy left ideal of .S, we have

pa(e®)

pa((zt2)t) > pa(t),
and y4(e?) YA

va((zt2)t) (t).

Since e € Eg, we have €2 > e. Then pa(e) > pa(e?) and vale) < va(e?)
and we have pa(e) > pa(t) and ya(e) < va(t). Besides, since S is left simple
and e € S, we have (Se] = S. Since t € Eq, exactly on the previous case—by
symmetry— we get ua(t) > pa(e) and va(t) < vale). Hence pa(t) = pa(e) and
va(t) = vale).

(2) A= {ua,va) is a constant mapping on S. Let a € S, then pa(a) = pa(t)
and v4(a) = v4(t) for every t € S. Indeed: Since S is regular there exists z € S
such that a < axa. We consider the element za € S. Then by (0S3) it follows
that,

IN IV

2
<

(za)? = z(aza) > za,

then za € Eq and by (1), we have pua(za) = pa(t) and ya(zxa) = ya(t). Since
A = (jua,v4) is an intuitionistic fuzzy left ideal of S, we have p4(za) > pa(a)
and v4(za) < ya(a). Then pa(t) > pala) and va(t) < vala). On the other
hand, since S is left simple and t € S then S = (St]. Since a € S, we have a < st
for some s € S. Since A = (a,~va) is an intuitionistic fuzzy left ideal of S, we
have pia(a) > pa(st) > pa(t) and va(a) < valst) < ya(t). Thus pa(t) = pala)
and v4(t) = va(a).

(ii)==(i). Let a € S. Then the set (Sa] is a left ideal of S. In fact: S(Sa] =
(S](Sa] C (SSa) C (Sa). If x € (Sa] and S 3 y < z, then y € ((Sa]] = (Sal.

Since (Sa) is a left ideal of S. By Lemma 3.1, the intuitionistic characteristic
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MapPPing X(Sa] = (Hx s> Yxcsay) Of (Sa] defined by:

1if x € (Sa,
IU’X(Sa] PS> {O’ 1}7'7‘"__> /’LX(SH-I(‘,E) = { 0 if x ¢ ESU/%,

and
0 if z € (Sal,
Yx(sa S+—{0,1},z— Yx(sa] (z) = { 1if z ¢ (Sal.
is an intuitionistic fuzzy left ideal of S. By hypothesis x (g, is a constant mapping
that is, there exists ¢ € {0,1} such that

Hx(sq (%) = ¢ and vy g, (z) = ¢ for every z € S.

Let (Sa] C S and let t € S be such that ¢ ¢ (Sa] then uy ., (t) = 0 and
Yx(sa) (%) = 1. On the other hand since a® € (Sa], then we have ¢, (a%) =1

and Yy g, (a?) = 0, a contradiction to the fact that x(sq) is & constant mapping.
Hence S = (Sa].

From left—right dual of Theorem 4.1, we have the following:

Theorem 4.2. For a regular ordered semigroup. The following are equivalent:
(1) S is right simple.
(2) Fvery intuitionistic fuzzy right ideal of S is a constant mapping.

An ordered semigroup (S, -, <) is left (resp. right) reqular (see [13]), if for
every a € S there exists € S such that a < za? (resp. a < a?z). Equivalent
definitions:

(1) (Va € S)(a € (Sa?|(resp. a € (a29])).

(2) (VA C S)(A € (SA%](resp. A C (A29))).

An ordered semigroup S is called completely reqular (see [13]) if it is regular,
left regular and right regular.

Lemma 4.3. (cf. [13]) An ordered semigroup S is completely reqular if and only
if AC (A%2SA? for every AC S. Equivalently, if a € (a>Sa?] for every a € S.

Theorem 4.4. An ordered semigroup (S, -, <) is a left regular if and only if for
each intuitionistic fuzzy left ideal A = (ua,va) of S, we have
pa(a) = pa(a®) and ya(a) = y4(a®) forall a € S.

Proof. == . Suppose that A = (ua,~ya) is an intuitionistic fuzzy left ideal of S
and let a € S. Since S is left regular, there exists z € S such that a < za®.
Since A = (ua,7v4) is an intuitionistic fuzzy left ideal of S, we have

pa(a) > pa(za®) > pa(a®) = pala),
and ya(a) < va(za®) <ya(a®) < vala).

<= . Let a € S. We consider the left ideal L(a?) = (a? USa?] of S, generated
by a®. Then by Lemma 3.1, the intuitionistic characteristic mapping XL(a?) =
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(x, (@297 XL (a2)> is an intuitionistic fuzzy left ideal of S. By hypothesis we have

2
Bxpan, (@) = fix, 2 (a%) and vy, (0) = 9y, o (@)

Since a® € L{a?), we have Hxy e, (@) = 1 and 1wz, (@) = 0 and hence
Hxpey(@) = Tand v ., (a) = 0. Then a € L(a?) = (a* U Sa®] and a < y for
some y € a® U Sa®. If y = a?, then a < y = a® = aa = aa® € Sa? and a € (Sa?).
If y = za? for some z € S, then a <y = za? € Sa?, and a € (Sa?].

From left—right dual of Theorem 4.4, we have the following:

Theorem 4.5. An ordered semigroup (S, -, <) is right regular if and only if for
each intuitionistic fuzzy right ideal A = (ua,va) of S, we have

paa) = pa(a®) and ya(a) = ya(a?) forall a € S.

From ([13, Theorem 3]) and Theorems 4.4 and 4.5, we have the following
characterization Theorem for completely regular ordered semigroups.

Theorem 4.6. Let (S,-,<) be an ordered semigroup. Then the following are
equivalent:

(1) S is completely reqular.

(i1) For each intuitionistic fuzzy bi-ideal A = (ua,va) of S we have

nafa) = pa(a®) and ya(a) = ya(a®) forall a € S.

(i6) For each intuitionistic fuzzy left ideal B = (up,vg) and each intuition-
istic fuzzy right ideal C = (uc,~vc) of S we have

ps(a) = pp(a®), yp(a) = yp(a®) and
nc(a) = pc(a®), vela) =yc(a?) forall a € S.

An ordered semigroup (S, -, <) is called left (resp. right) duo (see [13]) if every
left (resp. right) ideal of S is a two-sided ideal of S. An ordered semigroup S is
called duo if it is both left and right duo.

Definition 4.7. An ordered semigroup (S, -, <) is called intuitionistic fuzzy left
(resp. right) duo if every intuitionistic fuzzy left (resp. right) ideal of S is an
intuitionistic fuzzy two-sided ideal of S. An ordered semigroup S is called an
intuttiomstic fuzzy duo if it is both intuitionistic fuzzy left and intuitionistic
fuzzy right duo.

Theorem 4.8. Let (S, -, <) be a regular ordered semigroup. Then the following
are equivalent:

(i) S is left duo.

(1) S is intuitionistic fuzzy left duo.

Proof. (i)==(ii). Let S be left duo and A = (u4,~v4) an intuitionistic fuzzy left
ideal of S. Let a,b € S. Then the set (Sa] is a left ideal of S. In fact: S(Sa] =
(S](Sa) € (SSa] C (Sa] and if z € (Sa] and S 3 y < z then y € ((Sa]] = (Sa].
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Since S is left duo, then (Sa) is a two-sided ideal of S. Since S is regular there
exists x € S such that ¢ < aza then

ab < (aza)b € (aSa)b C (Sa)S C (Sa]S C (Sa).

Then ab € ((Sa]] = (Sa| and ab < za for some x € S. Since A = (ua,va) is
an intuitionistic fuzzy left ideal of S, we have

pa(ab) = pa(za) 2 pa(a) and v4(ab) < va(za) < ya(a).

Let z,y € S be such that x < y. Then pa(z) > pa(y), and ya(z) < valy)
because A = (ua,v4) is an intuitionistic fuzzy left ideal of S. Thus A = (ua,v4)
is an intuitionistic fuzzy right deal of S and S is intuitionistic fuzzy left duo.

(il)==(i). Let S be fuzzy left duo and A a left ideal of S. Then the intu-
itionistic characteristic function x4 = (fy4, Vx4) of A is an intuitionistic fuzzy
left ideal of S. By hypothesis x4 is an intuitionistic fuzzy right ideal of S and
by Lemma 3.1, A is a right ideal of S. Thus S is left duo.

By the left—right dual of Theorem 4.8, we have the following:

Theorem 4.9. Let (S, -, <) be a regular ordered semigroup. Then the following
are equivalent:

(¢) S is right duo.

(i2) S is intustionistic fuzzy right duo.

Theorem 4.10. Let (S, -, <) be a regular ordered semigroup. Then the following
are equivalent:

(i) Every bi-ideal of S is a right ideal of S.

(#3) Every intuitionsitic fuzzy bi-ideal of S is an intuitionistic fuzzy right ideal

of S.

Proof. (i)==>(ii). Let a,b € S and A = {ua,7v4) an intuitionistic fuzzy bi-ideal
of S. Then (aSa] is a bi-ideal of S. In fact: (aSa]? C (aSa](aSa] C (aSal,
(aSa)S(aSa] = (aSa](S](aSa] C (aSa] and if z € (aSa] and S 3 y < z € (aSaq]
then y € ((aSa]] = (aSa]. Since (aSa] is a bi-ideal of S, by hypothesis (aSa]
is right ideal of S. Since a € § and § is regular there exists z € S such that
a < ara then

ab < (aza)b € (aSa)S C (aSa]S C (aSal.

Then ab < aza for some z € S. Since A = {u4,v4) is an intuitionistic fuzzy
bi-ideal of S, we have

palaza) > min{pa(a), pa(a)} = pa(a)
va(aza) < max{ya(a),va(a)} = va(a).

)
Let 2,y € S be such that < y. Then pa(z) > pa(y) and va(z) < va(y)
because A = (u4,v4) is an intuitionistic fuzzy bi-ideal of S. Thus 4 = {1 4,7v4)
is an intuitionistic fuzzy right ideal of S.

pa(ab)
and y4(ab)

IN IV
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(ii)==(i). Let A be a bi-ideal of S. Then by Lemma 3.1, X4 = (ty.s Vxa) I8
an intuitionistic fuzzy bi-ideal of S. By hypothesis x4 is an intuitionistic fuzzy
right ideal of S. By Lemma 3.1, A is a right ideal of S.

By left—right dual of the Theorem 4.10, we have the following:

Theorem 4.11. Let (S, -, <) be a reqular ordered semigroup. Then the following
are equivalent:

(i) Every bi-ideal of S is a left ideal of S.

(i) Every intuitionistic fuzzy bi-ideal of S is an intuitionistic fuzzy left ideal

of S.

Proposition 4.12. Fuvery intuitionistic fuzzy bi-ideal of an ordered semigroup
S is an intuitionsitic fuzzy (1,2)-ideal of S.

Proof. Let A = (j14,7v4) be an intuitionistic fuzzy bi-ideal of S and let z,y, z,a €
S. Then

pa((zay)z)

min{pa(zay), pa(z)}

min{min{pa(z), pa(y)}, pa(z)}

min{ua(z), pa(y), palz)}

pa(za(yz))

AV

and

va(za(yz)) = va((zay)z)
max{y4(zay),va(z)}
max{max{va(z),va(y)},va(2)}
max{ya(z),va(y), va(2)}.

Let z,y € S be such that © < y. Then pa(z) > paly) and va(z) < va(y),
because A = ((14,7v4) is an intuitionistic fuzzy bi-ideal of §.

(AVARVAN

Corollary 4.13. Ewvery intuitinistic fuzzy left(resp. right) ideal A = (pa,va)
of an ordered semigroup S is an intuitionsitic fuzzy (1,2)-ideal of S.

The converse of the Corollary 4.13, is not true in general. However, if S is a
regular ordered semigroup then we have the following Proposition:

Proposition 4.14. If S is a reqular ordered semigroup, then every intuitionistic
fuzzy (1,2)-ideal of S is an intuitionistic fuzzy bi-ideal of S.

Proof. Assume that S is regular ordered semigroup and let A = {i4,v4) be an
intuitionistic fuzzy (1,2)-ideal of S. Let z,y,a € S. Since S is regular and (zSz]
is a bi-ideal of S, so a right ideal of S, by Theorem 4.10. Thus

ra < (zSz)a € (xSz)S C (xSz]S C (xSz],

then za < zyx for some y € S. Thus ray < (zyz)y and we have
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pa((zyz)y)

min{pa(zyz), pa(y)}
min{min{pa(z), pa(z)}, paly)}
min{ua(z), paly)}

pa(zay)

(AARAVAR Y

and

va((zyz)y)
max{ya(zyz),va(y)}
max{max{ya(z), va(z)},va(y)}
max{va(z), 7a(y)}

Let z,y € S be such that z < y. Then pa(z) > pa(y), and ya(z) < valy)
because A = (ua,v4) is an intuitionsitic fuzzy (1,2)-ideal of S. Thus A =
{a,7v4) is an intuitionistic fuzzy bi-idealof S.

va(zay)

IV 1V IA

5. Some semilattices of left simple ordered semigroups in terms of
intuitionistic fuzzy left ideals

Let (S, <) be an ordered semigroup. A subsemigroup F of S is called filter
of S if:

(1) (Va,be S)(abe F=>a€ Fandbe F).

(2) (VceS)czaec F=ceF).

For z € S, we denote by N(z) the filter of S generated by z (that is the least
filter with respect to inclusion relation containing z). N denotes the equivalence
relation on S defined by NV := {(z,y) € S x S|N(z) = N(y)}(see [13]).

Definition 5.1. [cf. 13] Let S be an ordered semigroup. An equivalence relation
o on S is called congruence if (a,b) € o implies (ac, bc) € o and (ca, cb) € o for
every ¢ € S. A congruence ¢ on S is called semilattice congruence if (a,a) € o
and (ab, ba) € o for each a,b € 8. If o is a semilattice congruence on S then the
o-class (), of S containing z is a subsemigroup of S for every € S.

An ordered semigroup S is called a semilattice of left simple semigroups if
there exists a semilattice congruence o on S such that the o-class (z), of S
containing x is a left simple subsemigroup of § for every z € S.

Equivalent definition:

There exists a semilattice Y and a family {Sq}qcy of left simple subsemi-
groups of S such that

(i) SaNSp=0 Vo,B€Y, a#p,

(i) S = | J Sa

a€Y

(iii) SoSs C Sap Ya,f €Y.

In ordered semigroups the semilattice congruences are defined exactly same
as in the cse of semigroups —without order— so the two definitions are equivalent
[10].
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Lemma 5.2. (cf. [22]) An ordered semigroup (S, -, <) is a semilattice of left
simple semigroups if and only if for all left ideals A, B of S we have

(A®]=A and (AB]=(BA].

Theorem 5.3. An ordered semigroup (S,-,<) is a semilattice of left simple
semigroups if and only if for every intuitionistic fuzzy left ideal A = {ua,va) of
S, we have

pala®) = pa(a), va(a®) =va(a)
and pa(ab) = pa(ba), yalab) = v4(ba) for all a,b € S.

Proof. = . (1). Let S be a semilattice of left simple semigroups. By hypothesis,
there exists a semilattice Y and a family {S, }aey of left simple subsemigroups
of S such that:

(i) SanNSzg=0 Ya,B€Y, a8,

(i) s = U S,

agY

(ili) SaSp C Sap Va, B €Y.

Let A = (14,74) be an intuitionistic fuzzy left ideal of S and a € S. Then
pala) = pa(a?),va(a) = va(a®). In fact: By Theorem 4.4, it is enough to prove
that a € (Sa?] for every a € S. Let a € S, then there exists a € Y such that
a € S,. Since S, is left simple, we have S = (S,a] and hence

a < za for some z € S,,
Since x € Sy, we have z € (S,a] and z < ya for some y € S,. Thus we have
a < za < (ya)a = ya?,

since y € S, we have a € (Sa?].

(2) Let a,b € S. Let A = (ua,va) be an intuitionistic fuzzy left ideal of S.
Then by (1), we have

pa(ab) = pa((ab)®) = pa(a(ba)d)
MA(ba)a

v

and

I

74 ((ab)?) = va(a(ba)b)
< qa(ba).
By symmetry we can prove that pa(ba) > pa(ab),va(ba) < va(ab). Hence
pa(ba) = pia(ab), va(ba) = ya(ab).

<= . Assume that for every intuitionistic fuzzy left ideal A = (4, v4) of S,
we have

Ya(ab)

pa(@®) = nala), ya(a®) = va(a)
and pa(ab) = pa(ba), va{ab) =ya(ba) for all a,b e S.
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by condition (1) and by Theorem 4.4, we have that S is left regular. Let L be
a left ideal of S and let @ € L. Then a € S, since S is left regular there exists
x € S such that
a < za® = (za)a € (SL)L C LL = L?,

then a € (L?] and L C (L]. On the other hand, since L is a left ideal of S, we
have L? C SL C L, then (L?] C (L] = L. Let P and Q be left ideals of S and
let € (QP] then z < ba for some a € P and b € Q. We consider the left ideal
L(ab) generated by ab. That is, the set L(ab) = (abU Sab]. Then by Lemma
3.1, the intuitionistic characteristic function Xr(ab) = (lx1(as)> Yxrery) ©f L(ab)
is an intuitionistic fuzzy left ideal of S. By hypothesis, we have puy, ., (ab) =
Pxrasy (0@) and Yy, oy, (@b) = 15, oy, (ba). Since ab € L(ab), we have iy, (ab) =
1 and 7y, ,, (ab) = 0 and hence uy, ., (ba) = 1, ¥y, (ba) = 0 and thus
ba € L(ab) = (abU Sab]. Then ba < ab or ba < yab for some y € S. If ba < ab
then < ab € AB and = € (AB]. If ba < yab then z < yab € (SA)B C AB and
z € (AB]. Thus (BA] C (AB]. By symmetry we can prove that (AB] C (BA].
Therefore (AB] = (BA] and by Lemma 5.2, it follows that S is a semilattice of
left simple semigroups.

From left—right dual of Theorem 5.3, we have the following:

Theorem 5.4. An ordered semigroup (S, -, <) is a semilattice of right simple
semigroups if and only if for every intuitionistic fuzzy right ideal A = (114, v4)
of S, we have

pa(@®) = pa(a), va(a®) = va(a)
and pa(ab) = pa(ba), va(ab) = vya(ba) for all a,b € S.

Lemma 5.5. Let (S,-, <) be an ordered semigroup and A = (ua,7va) an in-
tuitionistic fuzzy left(resp. right) ideal of S, a € S such that a < a®. Then
pa(a) = pa(a®) and ya(a) = va(a®).

Proof. Since a < a®? and A = (u,74) is an intuitionistic fuzzy left ideal of S,
we have

pa(a) > pa(a®) = palaa) > pa(a),
vala) < yale®) =ya(aa) < va(a).
and so pa(a) = pa(a®) and ya(a) = ya(a?).
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