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Abstract

In this paper, we introduce the concept of fuzzy weaklypinimal continuous function between a fuzzminimal space
and a fuzzy topological space. We investigate characterizations and some properties for the continuity.
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1. Intr oduction

Theconcepbf fuzzy setwasintroducedoy Zadeh[12].
Chang|[2] definedfuzzy topological spacesusing fuzzy
sets. In [3], Chattopaditay, Hazra and Samantaintro-
duceda smoothtopological spacewhich is a generaliza-
tion of fuzzy topologicalspace.In [11], Yoo et al. intro-
ducedthe conceptof fuzzy r-minimal spacewhich is an
extensionof the smoothtopologicalspace.The conceptof
fuzzy r-M continuitywasalsointroducedandinvesticated
in [11]. In [9], theauthorintroducedthe conceptof fuzzy
r-minimal continuousfunction andfuzzy r-minimal open
function betweerfuzzy r-minimal spacesandfuzzy topo-
logical spacesand investigate characterizationgor such
functions. The purposeof this paperis to generalizethe
concepbf fuzzyr-minimal continuoudunction. So,in this
paperweintroducetheconcepbof fuzzy weaklyr-minimal
continuousfunction betweena fuzzy r-minimal spaceand
afuzzytopologicalspace We investigatecharacterizations
andsomepropertiesfor the continuity.

2. Preliminaries

Let I betheunitintenal [0, 1] of therealline. A mem-
ber A of IX is calleda fuzzy setof X. By 0 and1 we de-
noteconstanmapson X with value0 and1, respectiely.
Forary A € IX, A° denoteshe complementl — A. All
othernotationsarestandardotationsof fuzzy settheory

A fuzzypointz,, in X is afuzzy setz, definedasfol-

a, fy=u,

lows
Taly) = { 0, if y+#u=z.

A fuzzy point z,, is saidto belongto afuzzy setA in X,
denotedby z,, € A, if « < A(z) for x € X. A fuzzy set
A'in X istheunionof all fuzzy pointswhich belongto A.

Let f : X — Y beafunctionandA € IX andB € I" .
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Thenf(A) is afuzzysetin Y, definedby

it f~H(y) # 90,

otherwise,

F(A)(y) = { f’)tlpzef*(y) A(2),
fory € Y, and f~(B) is a fuzzy setin X, definedby
f7H(B)(x) = B(f(x)),z € X.

A fuzzytopolagy (or smoothopolagy) [3, 10]on X isa
map7 : IX — I which satisfieghefollowing properties:

D) 7T(0)=7(1)=1.

(2) T(Al n Ag) > T(A1> AN T(AQ) for Ay, A € Ix.

() T (UA;) > AT (A;) for A; € TX.

Thepair (X, 7) is calledafuzzytopolagical spacd10].
A € I'Y is saidto befuzzyr-open(resp. fuzzyr-closed [6]
if 7(A) > r (resp.,7 (A€) > r).

The r-closue of A, denotedby cl(A,r), is definedas
cl(A,r) =n{B € I* : A C BandBis fuzzyr-closed.

Ther-interior of A, denoteddy int(A, r), is definedas
int(A,r) = U{B € IX : B C AandBis fuzzyr-opert.

Definition 2.1. Let A beafuzzy setin afuzzytopological
spacg X, o). ThenA is saidto be

(1) fuzzyr-semioperi7] if thereis afuzzy r-opensetB
in X suchthatB C A C ¢l(B,r),

(2) fuzzyr-preopen6] if A C int(cl(A,r),r),

(3) fuzzyr-regular open(resp.,fuzzyr-regular closed
[8] if A =int(cl(A,r),r) (resp.,A = cl(int(A,r),r)),

(4) fuzzyr-g-open[1] if A C cl(int(cl(A,r),r),T).

Definition 2.2 ([11]). Let X be a nonemptysetandr €
(0,1] = Io. A fuzzyfamily M : I — I on X is saidto
have afuzzyr-minimalstructue if thefamily

M, ={AcT* | M(A) >r}

containsd and1.
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Then the(X, M) is called afuzzyr-minimal space
(simplyr-FMS) if M has a fuzzy--minimal structure. Ev-
ery member ofM,. is called afuzzyr-minimal openset.
A fuzzy setA is called afuzzyr-minimal closedset if the
complement ofd (simply, A°) is a fuzzyr-minimal open
set.

Let (X, M) be anr-FMS andr € I,. The fuzzyr-
minimal closure and the fuzzyminimal interior of A [11],
denoted bynC(A,r) andmI(A,r), respectively, are de-
fined as

mC(A,r) =n{B € I* : B¢ € M,andA C B},

mI(A,r)=U{B e IX:B e M,andB C A}.

Theorem 2.3 ([11]). Let (X, M) be anr-FMS andA, B
in 1%,

Q)ymI(A,r) C A
set, thermI(A,r) =

(2) A C mC(A, )a nd if A is a fuzzyr-minimal closed
set, themmC(A,r) = A.

3) If A C B, thenmI(A,r) C mI(B,r) and
mC(A,r) C mC(B,r).

4) mI(A,7) N mI(B,r) 2 mI(An B,r) and
mC(A,r) UmC(B,r) CmC(AU B,r).

(5) mI(mI(A,r),7r) = mI(A,r)
mC(mC(A,r),r) =mC(A,r).
(6)1-mC(A,r) =mI(1-

mC (1 — A,r).

and if A is a fuzzyr-minimal open

and

A,r)yandl—mlI(A,r) =

Definition 2.4 ([9]). Let (X, M x) be an--FMS andY, o)
a fuzzy topological space. Theh: X — Y is said to be
fuzzyr-minimal continuoudf for every fuzzyr-open setd
inY, f~1(A) is fuzzyr-minimal open inX.

Theorem 2.5 ([9]). Let f : X — Y be a function between
anr-FMS (X, M x) and a fuzzy topological spa¢®’, o).
Then we have the following:

(1) f is fuzzyr-minimal continuous.

(2) f~Y(B) is a fuzzyr-minimal closed set for each
fuzzyr-closed seB in Y.

() f(mC(A, 7)) C cl(f(A),r) for A € I*X.

@ mC(f~Y(B),r) C f~1(cl(B,r)) for B IY.

(5) f~(int(B,r)) C mI(f~Y(B),r) for B € IV.

Then(l) & (2) = (3) & (4) & (5).

3. Fuzzy weaklyr-minimal continuous
function

Definition 3.1. Let (X, Mx) be anr-FMS and(Y, o) a
fuzzy topological space. Thefi: X — Y is said to be
fuzzy weakly-minimal continuousf for each fuzzy point
x,, and for each fuzzy-open seV’ with f(z,) € V, there
exists a fuzzy-minimal open setV such thate,, € U and
FU) Ce(Vir).
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Remark 3.2. Let f : X — Y be a function between an
FMS (X, M x) and a fuzzy topological spa¢¥, o). Then
every fuzzyr-minimal continuous mapping is clearly
fuzzy weaklyr-minimal continuous but the converse is not
always true as shown in the next example.

Example 3.3. Let X = [ and let us consider two fuzzy
setsA, B defined as

1
—x, x €I

AGw) =

B(x)

1), zel.

1
_5(36_

Consider a fuzzy family

otherwise

1
My =1 2,
0
and a fuzzy topology

a(U)

L
=¢ 1 =
37 .
0, otherwise
Then the identity functiory : (X, Mx) — (X,0)

is fuzzy Weakly%-minimal continuous but not fuzz%-
minimal continuous.

Theorem 3.4. Let f : X — Y be afunction between an
FMS (X, M x) and a fuzzy topological spa¢¥, o). Then
the following statements are equivalent:

(1) f is fuzzy weaklyr-minimal continuous.

(2) f~YB) CmI(f~Y(cl(B,r)),r) for each fuzzyr-
opensetB of Y.

() mC(f~(int(F,r)),r) C f~1(F) for each fuzzy
r-closed sef' in Y.

@) mC(f~L(int(cl(B,7),7)),7) C f~(cl(B,r)) for
eachB € IY.

(5) f~1(int(B,r)) © mI(f(cl(int(B,r),)),r)

for eachB € IY.
®) mC(f~'(V),r)
opensel/inY.

C f=(el(V,r)) for each fuzzyr-

Proof. (1) = (2) Let B be a fuzzyr-open set inY’. Since
f is fuzzy weaklyr-minimal continuous, for each, €
f71(B), there exists a fuzzy-minimal open sel/,. of
x4 such thatf (U, ) C cl(B). Now we can say for each
T4 € f~1(B), there exists a fuzzy-minimal open set/,.,
such that

T (Un,)) € fHA(B,T)).
This implies z, € mI(f~(cl(B,r)),r).
FYUB) SmI(f~1(cl(B,r)),r).

(2) = (1) Let z, be a fuzzy point inX andV a
fuzzy r-open open set containinf(z,,). Then sincex,, €

eU,, Cf

Hence
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YY) € mI(f~(cl(V,7)),r), there exists a fuzzy-
minimal open sel/ containingz, such thatr, € U C
f=Hel(V,r)). This implies f(U) C f(f~"(cl(V,r))) ©
cl(V,r). Hencef is fuzzy weaklyr-minimal continuous.

(1) = (3) Let F' be any fuzzyr-closed set of". Then
1 — Fis a fuzzyr-open set inY’, from Theorem 2.2 and
Theorem 2.4, it follows

f7fA-F) C

)
“Hint(F,r)),7)
= “Lint(F,r)),r).
Hint(F,r)),r) C f~H(F).

(3) = (4) Let B be any fuzzy set ift". Sincecl(B,r)
is a fuzzyr-closed set irt’, by (3),
r)Cft

4 = (5) For B ¢ 1Y, f~Y(int(B,r))
1— fd(1 - B,r) € 1 - mC(f Y int(cd(1 —
B,r),r)),7) =mI(f~(cl(int(B,7),7)),7).

Thusf=t(int(B,r)) C mI(f~(cl(int(B,r),r)),r).

(5) = (6) LetV be any fuzzyr--open set of”. Then by
5,

1-f71!

Hence we havenC/(f~

mC(f~ (int(cl(B,r),7)), (cl(B,r)).

(cl(V,r)) f_l(int(i —-V,r))

C mI({‘_l(cl(int(i = Vir),r)),7)
— 7?](1 — fﬁl(int(cl(V,r),r)),T)
= 1-—mC(f int(c(V,r),r)),r)
C 1-mC(f 1 (V),r).

Hence we havenC/(f~1(V),r) C f~1(cl(V,1)).

(6) = (1) Let V be a fuzzyr-open set containing

f(za). By (6),
V) < T nt(cl(V,r), )
= 1—f Y- cl(V,r),r))
C 1-mC(f A ~c(V.r)),r)
(

mI(f~H(el(V, 7)), 7).

It implies o, € mI(f~'(cl(V,r)),r). Thus there ex-
ists a fuzzyr-minimal open seU such thatM, € U C
f~Y(cl(V,r)). Hencef (U) C cl(V,r).

O

Theorem 3.5. Let f : X — Y be afunction between an
FMS (X, M x) and a fuzzy topological spa¢¥, o). Then
the following statements are equivalent:

(1) f is fuzzy weaklyr-minimal continuous.

) mC(f~(int(cl(G,7),7)),r) C f~(cl(G,7)) for
each fuzzyr-open setG in Y.

(8) mC(f~ (int(cl(V,r),7)),r) € f~*
each fuzzy--preopenset in Y.
@) mC(f~(int(K,r)),r) C f~HK
r-regular closed sek in Y.
(5) mO(f~(int(cl(G,7),7)),r) C 1
r)Cft

(cl(V,r)) for
) for each fuzzy

(cl(G,r)) for

each fuzzy--g-open setG in Y.
(6) mC(f~t(int(cl(G,7),7)),

each fuzzyr-semiopen seff in Y.

(cl(G,r)) for

Proof. (1) = (2) LetG be a fuzzyr-open set ot’; then by
Theorem 3.4 (3), we haveC'(f 1 (int(cl(G,r),r)),r) C
(G, r)).

(2) = (3) Let V be a fuzzyr-preopen ofY. Then
V Cint(cl(V,r),r). SetA = int(cl(V,r),r). Then since
Ais a fuzzyr-open set, from (2), it follows

r)Cf!

Sincecl(A,r) = cl(V,r), we have

(int(cl(V,r),r)),r) C f*

(3) = (4) Let K be a fuzzyr-regular closed set
of Y. Then sincez‘nt(K, r) is an a fuzzyr-preopen
set, by (3), mC(f~(int(cl(int(K,r),r),r)),r) C
f~(c(int(K,r),r)). Since K is fuzzy r-regular closed
andint(K,r) = int(cl(int(K,r),r),r), we have

r) C fHK, ).

4) = (5) Let G be a fuzzy r-g-open set.
Then G C  cl(int(c(G,r),r),r) and cl(G,r)
c(int(cl(G,r),r),7). Socl(Q) is a fuzzyr-regular closed
set. Hence by (4), we have

mC(f~(int(cl(A,r), 7)), (cl(A,r)).

mC(f~ (cl(V, 7).

mC(f~ (int(K,r)),

mC(f~(int(cl(G,r),7)),r) C £ (cl(G,7)).

(5) = (6) It is obvious.

(6) = (1) LetV be afuzzyr-open set; then sindé is a
fuzzy r-semiopen set, by (6) arld C int(cl(V,r),r), we
havemC(f=Y(V),r) € mC(f~L(int(cl(V,r),r)),7) C
f~1(c(V,r)). Hence, by Theorem 3.4 (6)f is fuzzy
weaklyr-minimal continuous. O

Definition 3.6. Let f : X — Y be a mapping between
anr-FMS (X, Mx) and a fuzzy topological spac®’, o).
Then f is to befuzzy cor-minimal operif for every fuzzy
r-minimal open set in X, f(A) is fuzzyr-openinY.

Theorem 3.7. Let f : X — Y be afunction between an
FMS (X, M x) and a fuzzy topological topological space
(Y, o). Then the following are equivalent:

(1) f is fuzzy cor-minimal open.

(2) fF(mI(A,r)) Cint(f(A),r)for A e I¥.

@)mI(f~Y(B),r) C f~(int(B,r)) for B € IY.
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Proof. (1) = (2) For A € I, f(mI(A,r)) =
IX : B C A, Bis fuzzyr-minimal oper})

— U{f(B) € I : f(B) C f(A), f(B)is fuzzyr-oper}

CU{U eI :UC f(A),Uis fuzzyr-oper}

= int(f(A),r).

Hencef(mI(A,r)) Cint(f(A),r).

(2) = (1) For every fuzzyr-minimal open set4 in
X, A =mI(A,r)and by (2),f/(A) = f(mI(A,r)) C
int(f(A),r). This implies f(A) is fuzzy r-open, and
hencef is fuzzy cor-minimal open.

(2) = (3) For B € 1Y, from (2) it follows that
FnI(f7(B),r)) S int(f(fH(B)).7) C int(B,r).

Hence we get (3).
Similarly, we get(3) =

fU{B €

(2).
O

Definition 3.8 ([5]). Let (X, Mx) be anr-FMS andA =
{4; € I : i € J}. Ais called afuzzyr-minimal
coverif U{A; : i € J} = 1. Itis afuzzy r-minimal
open coverif each 4; is a fuzzyr-minimal open set. A
subcover of a fuzzy-minimal coverA is a subfamily of
it which also is a fuzzy--minimal cover. A fuzzy setd
in X is said to befuzzyr-minimal compactresp.,almost
fuzzyr-minimal compactnearly fuzzy--minimal compagt
if for every fuzzyr-minimal open coverd = {A4; € IX :
1 € J} of A, there existsly = {j1,J2, . jn} C J
such thatA C Ujcj,A; (resp.,A C Ujes,mC(A;j,7),
A CUjcsomI(mC(Aj,7),1)).

Definition 3.9 ([4]). Let (X,7) be a fuzzy topological
space. A fuzzy setl in X is said to ber-fuzzy compact
(resp.,r-fuzzy almost compact-fuzzy nearly compagtf
for every fuzzyr-open covetd = {A; € IX : 7(A;) >
r,i € J} of A, there existsly = {j1,42,",jn} C J
such thatA C Ujej,A; (resp., A C Ujeycl(4;,7),
A CUjegint(cl(Aj,r),7)).

Let X be a nonempty set antt : IX — I a fuzzy
family on X'. The fuzzy familyM is said to have the prop-
erty (U) [11] if for A; € M (i € J),

M(UA;) > AM(A;).

Theorem 3.10 ([11]). Let (X, M) be anr-FMS with the
property(i/). Then
(L)ymI(A,r) = Aifandonly if A € M, for A € IX.
(2) mC(A,r) = A if and only if A° € M, for
AeTIX.

Theorem 3.11.Let f : X — Y be a fuzzy weaklyr-
minimal continuous between arFMS (X, M) and a
fuzzy topological spac€Y, o). If A is a fuzzyr-minimal
compact set and iM x has the propertyi/), thenf(A) is
r-fuzzy almost compact.
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Proof. Let B = {B; ¢ IV : i € J} be a fuzzyr-
open cover off(A) in Y. Then by the propertyi(),
{mI(f=*(cl(B;,r)),r) : B; € B for i € J}is a fuzzy
r-minimal open cover ofd in X. SinceA is fuzzy r-

minimal compact, there existd% = {j1,72, ",jn} C
J such that A C  UjcsmI(f~'(cl(Bj,7)),r) C
UjeJofil(Cl(Bj,T)). Hencef(A) Q UjGJUCl(Bj,T). O

Theorem 3.12. Let f : X — Y be a fuzzy weaklyr-
minimal continuous and fuzzy ceiminimal open mapping
between am-FMS (X, M x ) and a fuzzy topological space
(Y,o0). If Ais an almost fuzzy-minimal compact set and
if Mx has the propertyi{), then f(A) is r-fuzzy almost
compact

Proof. Let B = {B, € I¥ : i € J} be
a fuzzy r-open cover of f(A) in Y. Then by
the property &), {mI(f~'(cl(Bi,r)).r) : Bi €

B for i € J} is a fuzzy r-minimal open cover of
A in X. Since A is an almost fuzzyr-minimal com-
pact set, there existdy = {ji,42,-+,Jn} € J such
that A C UjesmC(mI(f~(cl(Bj,r)),r),r). Since
int(cl(By,r),r) is fuzzy r-open in inY’, from Theorem
3.4 (2) and Theorem 3.7, it follows
UjesomC(mI(f~ (cl(B],r)) r),r)
CUjeJomC'(f Yint(cl(By, ),
C Ujes, fH(el(By,1)).
Hencef(A) C Uje,cl(Bj, 7).

7))

O

Theorem 3.13. Let f : X — Y be a fuzzy weaklyr-
minimal continuous and fuzzy ce-minimal open mapping
between am-FMS (X, M x ) and a fuzzy topological space
(Y,o0). If Ais a nearly fuzzyr-minimal compact set and
if Mx has the propertyl{), then f(A) is r-fuzzy nearly
compact.

Proof. Let B = {B; € IY : i € J} be a fuzzyr-open
cover of f(A) in Y. Then{mI(f~(cl(B;,r)),r): B; €
B for ¢ € J} is a fuzzyr-minimal open cover ofd
in X. By definition of nearly fuzzy--minimal compact-
ness, there existdy = {j1,72, - -,jn} < J such that
A C UjegomI(mC(mI(f~1(cl(Bj,r)),r),7), 7). Since
int(cl(Bj,r),r) is fuzzy r-open, from Theorem 3.4 (2)
and Theorem 3.7, it follows

UJGJomI(mC(mI( (C (BJ 7’)),7‘),1"),7‘)
- UJGJOmI(mC(f L(int (cl(Bj,r),r)),7),7)
- U]’EJomI( ( (B T)),?“)

C Ujeso f (int(cl(Bj,r),1)).
This implies f(4) C UjeJomt(cl(Bj r
hencef (A) is r-fuzzy nearly compact.
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