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Abstract

In this paper, we introduce the concept of fuzzy weaklyr-minimal continuous function between a fuzzyr-minimal space
and a fuzzy topological space. We investigate characterizations and some properties for the continuity.
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1. Intr oduction

Theconceptof fuzzysetwasintroducedby Zadeh[12].
Chang[2] definedfuzzy topological spacesusing fuzzy
sets. In [3], Chattopadhyay, Hazra and Samantaintro-
duceda smoothtopologicalspacewhich is a generaliza-
tion of fuzzy topologicalspace.In [11], Yoo et al. intro-
ducedthe conceptof fuzzy r-minimal spacewhich is an
extensionof thesmoothtopologicalspace.Theconceptof
fuzzyr-M continuitywasalsointroducedandinvestigated
in [11]. In [9], theauthorintroducedtheconceptsof fuzzy
r-minimal continuousfunction andfuzzy r-minimal open
functionbetweenfuzzy r-minimal spacesandfuzzy topo-
logical spaces,and investigate characterizationsfor such
functions. The purposeof this paperis to generalizethe
conceptof fuzzyr-minimalcontinuousfunction.So,in this
paper, weintroducetheconceptof fuzzyweaklyr-minimal
continuousfunctionbetweena fuzzy r-minimal spaceand
afuzzy topologicalspace.Weinvestigatecharacterizations
andsomepropertiesfor thecontinuity.

2. Preliminaries

Let I betheunit interval [0, 1] of therealline. A mem-
berA of IX is calleda fuzzy setof X. By 0̃ and1̃ we de-
noteconstantmapson X with value0 and1, respectively.
For any A ∈ IX , Ac denotesthecomplement̃1 − A. All
othernotationsarestandardnotationsof fuzzysettheory.

A fuzzypoint xα in X is a fuzzy setxα definedasfol-
lows

xα(y) =
{

α, if y = x,
0, if y 6= x.

A fuzzy point xα is saidto belongto a fuzzy setA in X,
denotedby xα ∈ A, if α ≤ A(x) for x ∈ X. A fuzzy set
A in X is theunionof all fuzzypointswhichbelongto A.

Letf : X → Y beafunctionandA ∈ IX andB ∈ IY .

Thenf(A) is a fuzzysetin Y , definedby

f(A)(y) =
{

supz∈f−1(y) A(z), if f−1(y) 6= ∅,
0, otherwise,

for y ∈ Y , andf−1(B) is a fuzzy set in X, definedby
f−1(B)(x) = B(f(x)), x ∈ X.

A fuzzytopology (or smoothtopology) [3, 10] onX is a
mapT : IX → I whichsatisfiesthefollowing properties:

(1) T (0̃) = T (1̃) = 1.
(2) T (A1 ∩A2) ≥ T (A1) ∧ T (A2) for A1, A2 ∈ IX .
(3) T (∪Ai) ≥ ∧T (Ai) for Ai ∈ IX .

Thepair(X, T ) is calledafuzzytopological space[10].
A ∈ IX is saidto befuzzyr-open(resp.,fuzzyr-closed) [6]
if T (A) ≥ r (resp.,T (Ac) ≥ r).

The r-closure of A, denotedby cl(A, r), is definedas
cl(A, r) = ∩{B ∈ IX : A ⊆ BandBis fuzzy r-closed}.

Ther-interior of A, denotedby int(A, r), is definedas
int(A, r) = ∪{B ∈ IX : B ⊆ AandBis fuzzy r-open}.
Definition 2.1. Let A bea fuzzysetin a fuzzy topological
space(X,σ). ThenA is saidto be

(1) fuzzyr-semiopen[7] if thereis afuzzyr-opensetB
in X suchthatB ⊆ A ⊆ cl(B, r),

(2) fuzzyr-preopen[6] if A ⊆ int(cl(A, r), r),
(3) fuzzyr-regular open(resp.,fuzzyr-regular closed)

[8] if A = int(cl(A, r), r) (resp.,A = cl(int(A, r), r)),
(4) fuzzyr-β-open[1] if A ⊆ cl(int(cl(A, r), r), r).

Definition 2.2 ([11]). Let X be a nonemptysetandr ∈
(0, 1] = I0. A fuzzy familyM : IX → I on X is saidto
havea fuzzyr-minimalstructure if thefamily

Mr = {A ∈ IX | M(A) ≥ r}

contains̃0 and1̃.
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Then the(X,M) is called afuzzyr-minimal space
(simplyr-FMS) ifM has a fuzzyr-minimal structure. Ev-
ery member ofMr is called afuzzyr-minimal openset.
A fuzzy setA is called afuzzyr-minimal closedset if the
complement ofA (simply, Ac) is a fuzzyr-minimal open
set.

Let (X,M) be anr-FMS andr ∈ I0. The fuzzyr-
minimal closure and the fuzzyr-minimal interior ofA [11],
denoted bymC(A, r) andmI(A, r), respectively, are de-
fined as

mC(A, r) = ∩{B ∈ IX : Bc ∈MrandA ⊆ B},
mI(A, r) = ∪{B ∈ IX : B ∈MrandB ⊆ A}.

Theorem 2.3 ([11]). Let (X,M) be anr-FMS andA,B
in IX .

(1) mI(A, r) ⊆ A and if A is a fuzzyr-minimal open
set, thenmI(A, r) = A.

(2)A ⊆ mC(A, r) and ifA is a fuzzyr-minimal closed
set, thenmC(A, r) = A.

(3) If A ⊆ B, then mI(A, r) ⊆ mI(B, r) and
mC(A, r) ⊆ mC(B, r).

(4) mI(A, r) ∩ mI(B, r) ⊇ mI(A ∩ B, r) and
mC(A, r) ∪mC(B, r) ⊆ mC(A ∪B, r).

(5) mI(mI(A, r), r) = mI(A, r) and
mC(mC(A, r), r) = mC(A, r).

(6) 1̃−mC(A, r) = mI(1̃−A, r) and1̃−mI(A, r) =
mC(1̃−A, r).

Definition 2.4 ([9]). Let (X,MX) be anr-FMS and(Y, σ)
a fuzzy topological space. Thenf : X → Y is said to be
fuzzyr-minimal continuousif for every fuzzyr-open setA
in Y , f−1(A) is fuzzyr-minimal open inX.

Theorem 2.5 ([9]). Let f : X → Y be a function between
anr-FMS (X,MX) and a fuzzy topological space(Y, σ).
Then we have the following:

(1) f is fuzzyr-minimal continuous.
(2) f−1(B) is a fuzzyr-minimal closed set for each

fuzzy r-closed setB in Y .
(3) f(mC(A, r)) ⊆ cl(f(A), r) for A ∈ IX .
(4) mC(f−1(B), r) ⊆ f−1(cl(B, r)) for B ∈ IY .
(5) f−1(int(B, r)) ⊆ mI(f−1(B), r) for B ∈ IY .
Then(1) ⇔ (2) ⇒ (3) ⇔ (4) ⇔ (5).

3. Fuzzy weaklyr-minimal continuous
function

Definition 3.1. Let (X,MX) be anr-FMS and(Y, σ) a
fuzzy topological space. Thenf : X → Y is said to be
fuzzy weaklyr-minimal continuousif for each fuzzy point
xα and for each fuzzyr-open setV with f(xα) ∈ V , there
exists a fuzzyr-minimal open setU such thatxα ∈ U and
f(U) ⊆ cl(V, r).

Remark 3.2. Let f : X → Y be a function between anr-
FMS(X,MX) and a fuzzy topological space(Y, σ). Then
every fuzzyr-minimal continuous mappingf is clearly
fuzzy weaklyr-minimal continuous but the converse is not
always true as shown in the next example.

Example 3.3. Let X = I and let us consider two fuzzy
setsA,B defined as

A(x) =
1
2
x, x ∈ I;

B(x) = −1
2
(x− 1), x ∈ I.

Consider a fuzzy family

MX(U) =





1
2 , if U = 0̃, 1̃,
2
3 , if U = A,B,
0, otherwise,

and a fuzzy topology

σ(U) =





1, if U = 0̃, 1̃, A, B,
1
3 , if U = A ∩B, A ∪B,
0, otherwise.

Then the identity functionf : (X,MX) → (X, σ)
is fuzzy weakly 1

3 -minimal continuous but not fuzzy13 -
minimal continuous.

Theorem 3.4. Let f : X → Y be a function between anr-
FMS(X,MX) and a fuzzy topological space(Y, σ). Then
the following statements are equivalent:

(1) f is fuzzy weaklyr-minimal continuous.
(2) f−1(B) ⊆ mI(f−1(cl(B, r)), r) for each fuzzyr-

open setB of Y .
(3) mC(f−1(int(F, r)), r) ⊆ f−1(F ) for each fuzzy

r-closed setF in Y .
(4) mC(f−1(int(cl(B, r), r)), r) ⊆ f−1(cl(B, r)) for

eachB ∈ IY .
(5) f−1(int(B, r)) ⊆ mI(f−1(cl(int(B, r), r)), r)

for eachB ∈ IY .
(6) mC(f−1(V ), r) ⊆ f−1(cl(V, r)) for each fuzzyr-

open setV in Y .

Proof. (1)⇒ (2) Let B be a fuzzyr-open set inY . Since
f is fuzzy weaklyr-minimal continuous, for eachxα ∈
f−1(B), there exists a fuzzyr-minimal open setUxα

of
xα such thatf(Uxα) ⊆ cl(B). Now we can say for each
xα ∈ f−1(B), there exists a fuzzyr-minimal open setUxα

such that

xα ∈ Uxα
⊆ f−1(f(Uxα

)) ⊆ f−1(cl(B, r)).

This implies xα ∈ mI(f−1(cl(B, r)), r). Hence
f−1(B) ⊆ mI(f−1(cl(B, r)), r).

(2) ⇒ (1) Let xα be a fuzzy point inX and V a
fuzzy r-open open set containingf(xα). Then sincexα ∈
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f−1(V ) ⊆ mI(f−1(cl(V, r)), r), there exists a fuzzyr-
minimal open setU containingxα such thatxα ∈ U ⊆
f−1(cl(V, r)). This impliesf(U) ⊆ f(f−1(cl(V, r))) ⊆
cl(V, r). Hencef is fuzzy weaklyr-minimal continuous.

(1)⇒ (3) Let F be any fuzzyr-closed set ofY . Then
1̃ − F is a fuzzyr-open set inY , from Theorem 2.2 and
Theorem 2.4, it follows

f−1(1̃− F ) ⊆ mI(f−1(cl(1̃− F, r)), r)
= mI(f−1(1̃− int(F, r)), r)
= mI(1̃− f−1(int(F, r)), r)
= 1̃−mC(f−1(int(F, r)), r).

Hence we havemC(f−1(int(F, r)), r) ⊆ f−1(F ).

(3)⇒ (4) Let B be any fuzzy set inY . Sincecl(B, r)
is a fuzzyr-closed set inY , by (3),

mC(f−1(int(cl(B, r), r)), r) ⊆ f−1(cl(B, r)).

(4) ⇒ (5) For B ∈ IY , f−1(int(B, r)) =
1̃ − f−1(cl(1̃ − B, r)) ⊆ 1̃ − mC(f−1(int(cl(1̃ −
B, r), r)), r) = mI(f−1(cl(int(B, r), r)), r).

Thusf−1(int(B, r)) ⊆ mI(f−1(cl(int(B, r), r)), r).

(5)⇒ (6) LetV be any fuzzyr-open set ofY . Then by
(5),

1̃− f−1(cl(V, r)) = f−1(int(1̃− V, r))
⊆ mI(f−1(cl(int(1̃− V, r), r)), r)
= mI(1̃− f−1(int(cl(V, r), r)), r)
= 1̃−mC(f−1(int(cl(V, r), r)), r)
⊆ 1̃−mC(f−1(V ), r).

Hence we havemC(f−1(V ), r) ⊆ f−1(cl(V, r)).

(6) ⇒ (1) Let V be a fuzzyr-open set containing
f(xα). By (6),

f−1(V ) ⊆ f−1(int(cl(V, r), r))
= 1̃− f−1(cl(1̃− cl(V, r), r))
⊆ 1̃−mC(f−1(1̃− cl(V, r)), r)
= mI(f−1(cl(V, r)), r).

It implies xα ∈ mI(f−1(cl(V, r)), r). Thus there ex-
ists a fuzzyr-minimal open setU such thatMx ∈ U ⊆
f−1(cl(V, r)). Hencef(U) ⊆ cl(V, r).

Theorem 3.5. Let f : X → Y be a function between anr-
FMS(X,MX) and a fuzzy topological space(Y, σ). Then
the following statements are equivalent:

(1) f is fuzzy weaklyr-minimal continuous.
(2) mC(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r)) for

each fuzzyr-open setG in Y .

(3) mC(f−1(int(cl(V, r), r)), r) ⊆ f−1(cl(V, r)) for
each fuzzyr-preopen setV in Y .

(4) mC(f−1(int(K, r)), r) ⊆ f−1(K) for each fuzzy
r-regular closed setK in Y .

(5) mC(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r)) for
each fuzzyr-β-open setG in Y .

(6) mC(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r)) for
each fuzzyr-semiopen setG in Y .

Proof. (1)⇒ (2) LetG be a fuzzyr-open set ofY ; then by
Theorem 3.4 (3), we havemC(f−1(int(cl(G, r), r)), r) ⊆
f−1(cl(G, r)).

(2) ⇒ (3) Let V be a fuzzyr-preopen ofY . Then
V ⊆ int(cl(V, r), r). SetA = int(cl(V, r), r). Then since
A is a fuzzyr-open set, from (2), it follows

mC(f−1(int(cl(A, r), r)), r) ⊆ f−1(cl(A, r)).

Sincecl(A, r) = cl(V, r), we have

mC(f−1(int(cl(V, r), r)), r) ⊆ f−1(cl(V, r)).

(3) ⇒ (4) Let K be a fuzzy r-regular closed set
of Y . Then sinceint(K, r) is an a fuzzyr-preopen
set, by (3), mC(f−1(int(cl(int(K, r), r), r)), r) ⊆
f−1(cl(int(K, r), r)). SinceK is fuzzy r-regular closed
andint(K, r) = int(cl(int(K, r), r), r), we have

mC(f−1(int(K, r)), r) ⊆ f−1(K, r).

(4) ⇒ (5) Let G be a fuzzy r-β-open set.
Then G ⊆ cl(int(cl(G, r), r), r) and cl(G, r) =
cl(int(cl(G, r), r), r). Socl(G) is a fuzzyr-regular closed
set. Hence by (4), we have

mC(f−1(int(cl(G, r), r)), r) ⊆ f−1(cl(G, r)).

(5)⇒ (6) It is obvious.

(6)⇒ (1) LetV be a fuzzyr-open set; then sinceV is a
fuzzy r-semiopen set, by (6) andV ⊆ int(cl(V, r), r), we
havemC(f−1(V ), r) ⊆ mC(f−1(int(cl(V, r), r)), r) ⊆
f−1(cl(V, r)). Hence, by Theorem 3.4 (6),f is fuzzy
weaklyr-minimal continuous.

Definition 3.6. Let f : X → Y be a mapping between
anr-FMS (X,MX) and a fuzzy topological space(Y, σ).
Thenf is to befuzzy co-r-minimal openif for every fuzzy
r-minimal open setA in X, f(A) is fuzzyr-open inY .

Theorem 3.7. Let f : X → Y be a function between anr-
FMS (X,MX) and a fuzzy topological topological space
(Y, σ). Then the following are equivalent:

(1) f is fuzzy co-r-minimal open.
(2) f(mI(A, r)) ⊆ int(f(A), r) for A ∈ IX .
(3) mI(f−1(B), r) ⊆ f−1(int(B, r)) for B ∈ IY .
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Proof. (1) ⇒ (2) For A ∈ IX , f(mI(A, r)) = f(∪{B ∈
IX : B ⊆ A,Bis fuzzyr-minimal open})

= ∪{f(B) ∈ IY : f(B) ⊆ f(A), f(B)is fuzzyr-open}
⊆ ∪{U ∈ IY : U ⊆ f(A), U is fuzzyr-open}
= int(f(A), r).
Hencef(mI(A, r)) ⊆ int(f(A), r).

(2) ⇒ (1) For every fuzzyr-minimal open setA in
X, A = mI(A, r) and by (2),f(A) = f(mI(A, r)) ⊆
int(f(A), r). This implies f(A) is fuzzy r-open, and
hencef is fuzzy co-r-minimal open.

(2) ⇒ (3) ForB ∈ IY , from (2) it follows that

f(mI(f−1(B), r)) ⊆ int(f(f−1(B)), r) ⊆ int(B, r).

Hence we get (3).
Similarly, we get(3) ⇒ (2).

Definition 3.8 ([5]). Let (X,MX) be anr-FMS andA =
{Ai ∈ IX : i ∈ J}. A is called afuzzyr-minimal
cover if ∪{Ai : i ∈ J} = 1̃. It is a fuzzy r-minimal
open coverif eachAi is a fuzzyr-minimal open set. A
subcover of a fuzzyr-minimal coverA is a subfamily of
it which also is a fuzzyr-minimal cover. A fuzzy setA
in X is said to befuzzyr-minimal compact(resp.,almost
fuzzyr-minimal compact, nearly fuzzyr-minimal compact)
if for every fuzzyr-minimal open coverA = {Ai ∈ IX :
i ∈ J} of A, there existsJ0 = {j1, j2, · · · , jn} ⊆ J
such thatA ⊆ ∪j∈J0Aj (resp.,A ⊆ ∪j∈J0mC(Aj , r),
A ⊆ ∪j∈J0mI(mC(Aj , r), r)).

Definition 3.9 ([4]). Let (X, τ) be a fuzzy topological
space. A fuzzy setA in X is said to ber-fuzzy compact
(resp.,r-fuzzy almost compact, r-fuzzy nearly compact) if
for every fuzzyr-open coverA = {Ai ∈ IX : τ(Ai) ≥
r, i ∈ J} of A, there existsJ0 = {j1, j2, · · · , jn} ⊆ J
such thatA ⊆ ∪j∈J0Ai (resp., A ⊆ ∪j∈J0cl(Aj , r),
A ⊆ ∪j∈J0int(cl(Aj , r), r)).

Let X be a nonempty set andM : IX → I a fuzzy
family onX. The fuzzy familyM is said to have the prop-
erty (U) [11] if for Ai ∈M (i ∈ J),

M(∪Ai) ≥ ∧M(Ai).

Theorem 3.10 ([11]). Let (X,M) be anr-FMS with the
property(U). Then

(1) mI(A, r) = A if and only if A ∈Mr for A ∈ IX .
(2) mC(A, r) = A if and only if Ac ∈ Mr for

A ∈ IX .

Theorem 3.11. Let f : X → Y be a fuzzy weaklyr-
minimal continuous between anr-FMS (X,MX) and a
fuzzy topological space(Y, σ). If A is a fuzzyr-minimal
compact set and ifMX has the property(U), thenf(A) is
r-fuzzy almost compact.

Proof. Let B = {Bi ∈ IY : i ∈ J} be a fuzzyr-
open cover off(A) in Y . Then by the property(U),
{mI(f−1(cl(Bi, r)), r) : Bi ∈ B for i ∈ J} is a fuzzy
r-minimal open cover ofA in X. SinceA is fuzzy r-
minimal compact, there existsJ0 = {j1, j2, · · · , jn} ⊆
J such that A ⊆ ∪j∈J0mI(f−1(cl(Bj , r)), r) ⊆
∪j∈J0f

−1(cl(Bj , r)). Hencef(A) ⊆ ∪j∈J0cl(Bj , r).

Theorem 3.12. Let f : X → Y be a fuzzy weaklyr-
minimal continuous and fuzzy co-r-minimal open mapping
between anr-FMS(X,MX) and a fuzzy topological space
(Y, σ). If A is an almost fuzzyr-minimal compact set and
if MX has the property(U), thenf(A) is r-fuzzy almost
compact

Proof. Let B = {Bi ∈ IY : i ∈ J} be
a fuzzy r-open cover of f(A) in Y . Then by
the property (U), {mI(f−1(cl(Bi, r)), r) : Bi ∈
B for i ∈ J} is a fuzzy r-minimal open cover of
A in X. Since A is an almost fuzzyr-minimal com-
pact set, there existsJ0 = {j1, j2, · · · , jn} ⊆ J such
that A ⊆ ∪j∈J0mC(mI(f−1(cl(Bj , r)), r), r). Since
int(cl(Bj , r), r) is fuzzy r-open in inY , from Theorem
3.4 (2) and Theorem 3.7, it follows

∪j∈J0mC(mI(f−1(cl(Bj , r)), r), r)
⊆ ∪j∈J0mC(f−1(int(cl(Bj , r), r)), r)
⊆ ∪j∈J0f

−1(cl(Bj , r)).
Hencef(A) ⊆ ∪j∈J0cl(Bj , r).

Theorem 3.13. Let f : X → Y be a fuzzy weaklyr-
minimal continuous and fuzzy co-r-minimal open mapping
between anr-FMS(X,MX) and a fuzzy topological space
(Y, σ). If A is a nearly fuzzyr-minimal compact set and
if MX has the property(U), thenf(A) is r-fuzzy nearly
compact.

Proof. Let B = {Bi ∈ IY : i ∈ J} be a fuzzyr-open
cover off(A) in Y . Then{mI(f−1(cl(Bi, r)), r) : Bi ∈
B for i ∈ J} is a fuzzy r-minimal open cover ofA
in X. By definition of nearly fuzzyr-minimal compact-
ness, there existsJ0 = {j1, j2, · · · , jn} ⊆ J such that
A ⊆ ∪j∈J0mI(mC(mI(f−1(cl(Bj , r)), r), r), r). Since
int(cl(Bj , r), r) is fuzzy r-open, from Theorem 3.4 (2)
and Theorem 3.7, it follows

∪j∈J0mI(mC(mI(f−1(cl(Bj , r)), r), r), r)
⊆ ∪j∈J0mI(mC(f−1(int(cl(Bj , r), r)), r), r)
⊆ ∪j∈J0mI(f−1(cl(Bj , r)), r)
⊆ ∪j∈J0f

−1(int(cl(Bj , r), r)).
This implies f(A) ⊆ ∪j∈J0int(cl(Bj , r), r), and

hencef(A) is r-fuzzy nearly compact.
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