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ABSTRACT. We introduce the concept of fuzzy almost - M continuous func-
tion on fuzzy r-minimal structures, and investigate characterizations and
properties for such a function.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [11]. Chang [2] defined
fuzzy topological spaces using fuzzy sets. In [3], Chattopadhyay, Hazra and
Samanta introduced a smooth topological space which is a generalization of fuzzy
topological space. In [10], Yoo et al. introduced the concept of fuzzy r-minimal
space which is an extension of the smooth topological space. The concepts of
fuzzy r-open sets, fuzzy r-semiopen sets, fuzzy r-preopen sets, r-fuzzy (S-open
sets and fuzzy r-regular open sets were introduced in [1, 4, 5, 6], which are kinds
of fuzzy r-minimal structures. The concept of fuzzy r-M continuity was also
introduced and investigated in [10]. The author [7] introduced and studied the
concept of fuzzy weak r-M continuity which is a generalization of fuzzy r-M
continuity. In this paper, we introduce and study the concept of fuzzy almost
r-M continuity which is also a generalization of fuzzy r-M continuity. Finally,
we investigate the relationships among fuzzy r-M continuity, fuzzy weak r-M
continuity and fuzzy almost r-M continuity.

2. Preliminaries
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Let I be the unit interval [0, 1] of the real line. A member A of IX is called
a fuzzy set of X. By 0 and 1 we denote constant maps on X with value 0 and
1, respectively. For any A € IX, A° denotes the complement 1 — A. All other
notations are standard notations of fuzzy set theory.

An fuzzy point x,, in X is a fuzzy set z, defined as follows
aify==x
Taly) = 0if y # x.
A fuzzy point z,, is said to belong to a fuzzy set A in X, denoted by z, € A,

if o < A(x) for z € X.
A fuzzy set A in X is the union of all fuzzy points which belong to A.

Let f: X — Y be a function and A € IX and B € IY. Then f(A) is a fuzzy
set in Y, defined by

sup  A(z), if f7'(y) #0,
FA)w) = { =)

0, otherwise,

for y € Y and f~1(B) is a fuzzy set in X, defined by f~1(B)(x) = B(f(x)),z €
X.

A smooth topology [3,9] on X isamap T : Z% — T which satisfies the following
properties:
(1) T(0)=T7(1)=1.
(2) (A NAs) > T (A1) AT (Ag).
(3) T(VAi) = AT (Ai).
The pair (X, 7) is called a smooth topological space.
Definition 1 ([10]). Let X be a nonempty set and r € (0,1] = Iy. A fuzzy
family M : IX — T on X is said to have a fuzzy r-minimal structure if the
family
M, ={AcT* | M(A) >r}
contains 0 and 1.
Then the (X, M) is called a fuzzy r-minimal space (simply r-FMS) if M has
a fuzzy r-minimal structure. Every member of My is called a fuzzy r-minimal
open set. A fuzzy set A is called a fuzzy r-minimal closed set if the complement
of A (simply, A°) is a fuzzy r-minimal open set.

Let (X, M) be an m-FMS and r € Iy. The fuzzy r-minimal closure and the
fuzzy r-minimal interior of A [10], denoted by mC(A,r) and mI(A,r), respec-
tively, are defined as

mC(A,r) =nN{B € I*: B°c M, and A C B},
mI(A,r)=U{BecI*:BcM,and BC A}.



Fuzzy Almost r-M Continuity 1555

Theorem 1 ([10]). Let (X, M) be an r-FMS and A, B in I*.

(1) mI(A,r) C A and if A is a fuzzy r-minimal open set, then mI(A,r) = A.

(2) ACmC(A,r) and if A is a fuzzy r-minimal closed set, then mC(A,r) =
A.

(8) If A C B, then mI(A,r) C mI(B,r) and mC(A,r) C mC(B,r).

(4) mI(A,r)NmI(B,r) D mI(ANDB,r) and mC(A,r)UmC(B,r) C mC(AU
B,r).

(5) mI(mI(A,r),r) =mI(A,r) and mC(mC(A,r),r) =mC(A,r).

(6) 1 —mC(A,r)=mI(1— A7) and 1 —mI(A,r) =mC(1— A,r).

Let (X, Mx) and (Y, My) be two »-FMS’s. Then a function f : X — Y is
said to be

(1) fuzzy r-M continuous [10] if for every fuzzy r-minimal open set A in Y,
f~1(A) is fuzzy r-minimal open in X,

(2) fuzzy weakly r-M continuous [7] if for fuzzy point z, in X and each fuzzy
r-minimal open set V' containing f(z,), there is a fuzzy r-minimal open set U
containing z,, such that f(U) C mC(V,r).

3. Fuzzy Almost r-M Continuous Functions

Definition 2. Let f : X — Y be a function between r-FMS’s (X, Mx) and
(Y, My). Then f is said to be fuzzy almost r-M continuous if for fuzzy point
Zo 1 X and each fuzzy r-minimal open set V' containing f(x,,), there is a fuzzy
r-minimal open set U containing x4 such that f(U) C mI(mC(V,r),r).

fuzzy r-M continuity = fuzzy almost r-M continuity = fuzzy weakly r-M
continuity

Example 1. Let X =1, let A, B and C be fuzzy sets defined as follows
1

A(x)zix, z el
1
B(x):—i(x—l), x €l
1 : 1
_J s(@+1), if 0<x<3,
C(I)_{ “l@—-2), if L<a<i

and . )
—s(2x—-1), if 0<z <=
_ 2 ( ) =4 =79,
D(z) {;(295—1), if $<z<l.
Consider two fuzzy families My, Ma , N defined as the following:
%7 Zf n= ::l7
Ml(ﬂ): %7 Zf M:07Ca
0, otherwise;
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%7 Zf n= ]:-7
Mo(p) =19 5, if p=0,D,
0, otherwise;

(1) The identity function f: (X,N) — (X, M) is fuzzy almost 5-M contin-
wous but not fuzzy %-M continuous.

(2) The identity function g : (X,N') = (X, My) is fuzzy weakly £-M contin-
wous but not fuzzy almost %—M coNtinuous.

Theorem 2. Let f : X — Y be a function between r-FMS’s (X, Mx) and
(Y, My). Then the following statements are equivalent:

(1) f is fuzzy almost r-M continuous.

(2) f~YB) € mI(f~Y(mI(mC(B,r),r)),r) for each fuzzy r-minimal open
set B of Y.

(3) mC(f~Y(mC(mI(F,r),r)),r) C f~Y(F) for each fuzzy r-minimal closed
set F'inY.

Proof. (1) = (2) Let B be a fuzzy r-minimal open set in Y. Then for each
To € f7H(V), there exists a fuzzy r-minimal open set U of x,, such that f(U) C
mlI(mC(B,r),r). Since z, € U C f~Y(mI(mC(B,r),r)),

zo € mI(f~Y(mI(mC(B,r),r)),r). Thus the statement (2) is obtained.

(2) = (1) Let x4 be a fuzzy point in X and V a fuzzy r-minimal open set
containing f(z,). Then by (2), 2o € mI(f~*(mI(mC(V,r),r)),r),

and so there exists a fuzzy r-minimal open set U containing x, such that
U C f~Y(mI(mC(V,r),r)). From the fact, we have the following:

FU) C F(f~HmI(mC(V,r), 7)) © mI(mC(V,r),7).
Hence f is fuzzy almost r-M-continuous.

(2) = (3) Let F be any fuzzy r-minimal closed set of Y. Then from (2), it
follows

Hence mC(f~*(mC(mI(F,r),r)),r) C f~1(F).
(3) = (2) Obvious.
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Let X be a nonempty set and M : I*X — I a fuzzy family on X. The fuzzy
family M is said to have the property (U) [10] if for A; € M (i € J),

M(UA;) > AM(A;).

Theorem 3 ([10]). Let (X, M) be an r-FMS with the property (U). Then
(1) For A € IX, mI(A,r) = A if and only if A is fuzzy r-minimal open.
(2) For F € IX, mC(F,r) = F if and only if F is fuzzy r-minimal closed.

Corollary 1. Let f : X — Y be a function between r-FMS’s (X, Mx) and
(Y, My). If My have property (U), then the following statements are equivalent:
(1) f is fuzzy almost r-M continuous.
(2) f~YB) € mI(f~Y(mI(mC(B,r),r)),r) for each fuzzy r-minimal open
set B of Y.
(3) f=X(mI(B,r)) CmI(f~Y(mI(mC(mI(B,r),r),r)),r) for each BCY.
(4) mCl(f~t(mC(mI(mC(B,r),r),r)),r) C f~1{(mC(B,r)) for each BC Y.

Definition 3. Let (X, M) be an r-FMS and A € IX. Then a fuzzy set A is
said to be fuzzy r-minimal reqular open (resp., fuzzy r-minimal reqular closed if
A=mI(mC(A,r),r) (resp., A=mC(mI(A,r),r)).

Theorem 4. Let f : X — Y be a function between r-FMS’s (X, Mx) and
(Y, My). If My has property (U), then the following statements are equivalent:

(1) f is fuzzy almost r-M continuous.

(2) f~YF) =mC(f~1(F),r) for an fuzzy r-minimal reqular closed set F in
Y.

(3) f~YX(V) =mI(f~Y(V),r) for an fuzzy r-minimal reqular open setV inY .

Proof. (1) = (2) Let F be any fuzzy r-minimal regular closed set of Y. Then
since Y has the property (U), F is F' = mC(mI(F,r),r) and fuzzy r-minimal
closed, so by Theorem 2(3), mC(f~Y(F),r) = mC(f~*(mC(mI(F,r),r)),r) C
f7H(F). Hence f~Y(F) =mC(f~*(F),r).

(2) = (3) Obvious.

(3) = (1) Let V be a fuzzy r-minimal open set containing f(x,). Since
mI(mC(V,r),r) is fuzzy r-minimal regular open, by (3),

fHmI(mC(V,r), 7)) = mI(f~H(mI(mC(V,r),7)),7)

and so there is a fuzzy r-minimal open set U containing z, such that U C
f=Y(mI(mC(V,r),r)). Then this implies f(U) C mI(mC(V,r),r) so that f is
fuzzy almost r-M-continuous. O

Corollary 2. Let f : X — Y be a function between r-FMS’s (X, Mx) and
(Y, My). If Mx and My have property (U), then the following statements are
equivalent:

(1) f is fuzzy almost r-M continuous.

(2) f~Y(B) is fuzzy r-minimal open for each fuzzy r-minimal reqular open set
B ofY.
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(3) f~Y(B) is fuzzy r-minimal closed for each fuzzy r-minimal reqular closed
set B of Y.

Definition 4. Let (X, M) be an r-FMS and A € IX. Then a fuzzy set A is
said to be

(1) fuzzy r-minimal semiopen [8] if A C mC(mI(A,r),r);

(2) fuzzy r-minimal preopen if A C mI(mC(A,r),r);

(3) fuzzy r-minimal B-open if A C mC(mI(mC(A,r),r),r).

A fuzzy set A is called a fuzzy r-minimal semiclosed (resp., fuzzy r-minimal
preclosed , fuzzy r-minimal B-closed ) set if the complement of A is a fuzzy 7-
minimal semiopen (resp., fuzzy r-minimal preopen , fuzzy r-minimal S-open )
set.

Theorem 5. Let f: X — Y be a function on r-FMS’s (X, Mx) and (Y, My).
If My has the property (U), then the following statements are equivalent:

(1) f is fuzzy almost r-M continuous.
(2) mC(f~YG),r) C f~YmC(G,r)) for each fuzzy r-minimal 3-open set
GinY.
(3) mC(f~HQ),r) C f~1(mC(G,r)) for each fuzzy r-minimal semiopen set
GinY.
Proof. (1) = (2) For a fuzzy r-minimal S-open set G, G C mC(mI(mC(G,r),r),r)
and mC(G,r) is fuzzy r-minimal regular closed. Hence from Theorem 4, it fol-
lows
mC(f~HG,r)) CmC(f 1 (mC(G,7)),r) = f 1 (mC(G,r)).
(2) = (3) Since every fuzzy r-minimal semiopen set is fuzzy r-minimal S-open,
it is obvious.

(3) = (1) Let F be a fuzzy r-minimal regular closed set. Then F is fuzzy
r-minimal semiopen, and so from (3), we have

mC(f~H(F),r) C f~H(mC(F,r)) = f7H(F).
Hence, from Theorem 4, f is a fuzzy almost r-M continuous mapping. O
Theorem 6. Let f: X =Y be a function on r-FMS’s (X, Mx) and (Y, My).
If My has the property (U) then f is fuzzy almost r-M continuous if and
only if mC(f~Y(mC(mI(mC(G,r),r),r)),r) € f~YmC(G,r)) for each fuzzy
r-minimal preopen set G in'Y .

Proof. Suppose f is fuzzy almost r-M continuous. Let G be a fuzzy r-minimal
preopen set in Y. Then we have

mC(G,r) = mC(mI(mC(G,r),r),r),
so mC(G,r) is fuzzy r-minimal regular open. From Theorem 4, we have
fTHmC(G,r) = mC(f~ (mC(G,r)),7)
= mC(f~ (mC(mI(mC(G,r),r),r)),r).
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Thus it implies

mCO(f~H(mC(mI(mC(G,r),7),r)),r) C f~H{(mC(G,7)).

For the converse, let A be a fuzzy r-minimal regular closed set in Y. Then
mlI(A,r) is fuzzy r-minimal preopen. From hypothesis and A = mC(mlI(A,r),r),
it follows

F7HA) = fTHmC(mI(A,r),T))
D mC(f (mC(mI(mC(mI(A,r),r),r),7)),r)
= mC(f ' (mC(mI(A,r),r)),7)
= mC(f7H(A),r).
This implies f~1(A) = mCI(f~'(A),r), and hence by Theorem 4, f is fuzzy
almost r-M continuous. O

Theorem 7. Let f : X =Y be a function on r-FMS’s (X, Mx) and (Y, My).
If My has the property (U), then f is fuzzy almost r-M continuous if and only
if f7HG) CmI(f~Y(mI(mC(G,r),7)),7) for each fuzzy r-minimal preopen set
GinY.

Proof. Suppose f is fuzzy almost r-M continuous and let G be a fuzzy r-
minimal preopen set in Y. Then mI(mC(G,r),r) is fuzzy r-minimal regu-
lar open. From Theorem 4, it follows f~Y(G) C f~Y(mI(mC(G,r),r)) =
mI(f~Y(mI(mC(G,r),r)),r).

For the converse, let U be fuzzy r-minimal regular open. Then U is obviously
fuzzy r-minimal preopen. By hypothesis and A = mI(mC(A,r),r), f~1(U) C

mI(f~Y(mI(mCU,r),r)),r) = mI(f~1(U),r). So f~HU) = mI(f~*(U),r)

and by Theorem 4, f is fuzzy almost r-M continuous. O
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