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a-STAR s-CONVEX MAPPINGS

JAEKEUN PARK*

ABSTRACT. In this article some generalized refinements of some inequalities
for real quasi-cinvex, convex, concave, s-convex, s-concave, and a-star s-
convex mappings are obtained.

AMS Mathematics Subject Classification : 26A16, 26A51, 26B25, 60E15.
Key words and phrases : convexity; concavity; a-star convexity; s-convexity;
Superadditivity; Integral means.

1. Peliminaries
For a convex mapping f : 1 C R — R defined on the interval I of real num-
bers and a, b in I with a < b, define the integral arithmetic mean f: f(z)dx of

f and the arithmetic mean %2 on an interior subinterval (a, b) of L, respectively.

The classical Hermite-Hadamard’s inequality [1 2,3,4,6,8,9 10] assert that:

A function f:IC R* — R is said to be s-convex and a-star s-convex on I if

flte+ (1 =t)y) <t°f(x) + (1 -1)"f(y)

and
flz+ (1 —-t)y) <t*f(z) + {1 —t)a}*f(y)
for any z,y € T and ¢, € [0, 1], respectively. For the definitions of s-concave
and a-star s-concave functions on I the inequalities in (2) are reversed.
For the simplicities of notations, define Ry(a,b) and L¢(a,b) by

Rf(a,b):bia[f();rf b—a/f )dz]
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and ,
1 1 a+b
Liab) = o lps [ f@hde = 1520

In recent years, many authors established several inequalities connected to
Hadamard’s inequality. For recent results, refinements, counterparts, general-
izations and new Hadamard’s-type inequalities, see [1-13].

J. Pecaric [1,9,12], S.S. Dragomir [2,4,5], M. Alomari [2,3], M. Darus [3], R.P.
Agarwal [4] and U.S. Kirmaci [3,8,9,10] obtained inequalities for differentiable
convex mapping which are connected with Hermite-Hadamard’s inequality, and
they used the following lemma to prove them:

Lemma 1. Let f : T C R — R be a differentiable mapping defined on the interior
I° of T and a,b in T with a < b. If f' € L([a,b]), then the following equalities
hold:

1 1
(a)Rys(a,b) = 5/0 (1—20)f'(ta + (1 — t)b)dt, 2)

3 1
(b)L(a,b) = [/ tf’(m+(14)1;)dt+/l (t—1)f (ta+ (1—)b)dl.  (3)

0
The main inequality in [4] pointed out as follows:

Theorem 1. Let f : T C R — R be a differentiable mapping defined on the
interior 19 of T and a,b in 1 with a < b. If f' € L([a,b]) and | f' | is convez on
I, then the following inequalities hold: | Ry(a,b) |< 5(] f/(a) |+ | f/(b) |).

In [12], C.E.M. Pearce and J. Pecari¢ proved the following theorem by using
the equalities (a) and (c¢) in Lemma 1.

Theorem 2. Let f : I C R — R be a differentiable mapping defined on the
interior 19 of T and a,b in 1 with a < b and p > 1. Then the following inequalities
hold:
. a)|P b)|P) ;L
(a) If | f|P is convex on L, then | Rs(a,b) |< i[w]p,
(b) If | f' |P is concave on I, then | Ry(a,b) |[< L | f/(E2)|.

A function f: I — R is said to be quasi-convex on I if

[tz + (1= t)y) < sup{f(z), f(x)}

for any z,y € T and t € [0,1].

Clearly any convex function is a quasi-convex function. Furthermore there
exist quasi-convex functions which are not convex [7].

Recently, D.A. Ion [7] introduced two inequalities of the right hand side of
Hadamard’s type for quasi-convex functions, as follow:

Theorem 3. Let f : 1 C R — R be a differentiable mapping defined on the
interior I of I and a,b in I with a < b and p > 1. Then the following inequalities
hold:
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1 sup{| f( )1, £/®) |} if | £/ is quasi-convex on 1.
%(m) v SUP{| fa) [P, ] £(b) |P}7 4f | f/|P is quasi-convex

By the equality (b) in lemma 1, M. Alomari, M. Darus and U.S. Kirmaci
[2,3,8,10] established refinements inequalities of the right hand side of Hadamard’s
type for quasi-convex functions:

Theorem 4 (8,9,10,11). Let f : I C R — R be a differentiable mapping defined
on the interior I° of I and a,b in T with a < b. Then the following inequalities
hold:

(a) If | 1| is quasi-convezr on 1, then

| Ry(a,b) 1< Slsupd| P02 L1 7@ 1)+ sud] S0 L0 1)

o) If | f/ |% is quasi-convex on I for p > 1, then
| Ryfa,b) < (o) T loupd] (552 P £ PP
+ Gl £TD P17 0) PR

Theorem 5 (2). Let f: 1 C R — R be a differentiable mapping defined on the
interior I° of I and a,b in T with a < b. If | f' |P is quasi-convex on I for p > 1,
then

IRf(a b) |
[(bup{l FEEDY P @ DE + sl £EED 0 0.

Theorem 6 (6). Suppose that f : 1 C RY — RT is a mapping defined on the
interior 1° of I, a,b in I with a < b, s € (0,1), and f € L([a,b]).
(a) If f is a convexr mapping on 1, then

a—|—b
)

a+b f(a) + f(b)

[ e 2 IO

(b) If f is a concave mapping on 1, then

2 | fla)+fO)

s+1‘

| 27 f(——

a+b
)

<l /f Jz <27 [ FCEN )

2. Hermite-Hadamard’s inequalities for a—star s—convex functions

In this article we will use the following new equalities not used in other
articles:
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Lemma 2. Let f : 1 C R — R be a differentiable mapping defined on I of real

numbers and a,b in T with a < b. If f' € L([a,b]), then the following equalities
hold:

(a) Ry (a,b)
1+t 1 1+t 1-

1 1
:1[/0 ()7 +—b)dt+/0 e  wa,©)

1 ! ! ! /
:5[/0 (1-t)f (ta—i—(l—t)b)dt—i—/o (t-Df o+ (1-ta)dt],  (7)

(b)Ly(a,b)

=3[ a-orcas St

1 14+¢ 1-—
+/O (t—1)f (Tb+T a)d), (8)

1 1
= —[/ tf'(tb+ (1 —t)a)dt +/ tf'(ta+ (1 — t)b)dt]. (9)
0 ’

In the following theorem, we shall propose some new upper and lower bound
for the left-hand and right-hand sides of Hermite-Hadamard’s inequality for
quasi-convex, convex, and concave mapping, which is better than the inequality
had done in other articles.

Theorem 7. Let f : 1 C R — R be a differentiable mapping on the interior 1°
of I such that f' € L([a,b]), where a,b € T with a < b and s € (0,1].
(a)If | f'| is an s-convex mapping on I= [a,b], then

, 1, 2s+2t=s , , 1 ,

(i) | Ry(a,b) [< Z(m)ﬂ fla) [+ f(0)]) < §(| f'a) [+ ()],
| Ry(a,b) 1< =(——1[| f'(a) |+ | F'0) | < ~[1 £'(a) | +1 £'(B) I
ASTA=94Ve 4 '

- 1 2-9 ) 1 )

(“)|Lf(aab)\§§(m)(\f()|+|f()|) 1(|f()|+|f(b)|)~

(b)If | f'|P is an s-conver mapping on I = [O,] for p > 1, then

() Ryla,b) 1< 3 () (U 5D
a—l—b

4
+] @) [Py +{] FO) 1P+ | f(—) P},

or
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| Rya,b) 1< 1) T ET U P B £ )

1 a+b a—l—b)

(id) | Ly(a,b) |< Z[{] f'(—5— VP 1 f @) 7Y+ PO 17+ ] 7321,

Proof.(a) By (6), (7) and (8) in Lemma 2, we have:

(i) | Ry(a,b) |
‘/ItHfliE+——%Iﬁ+/‘HHfli%+——ﬁlw

1 1 t
<1l f'a) \/ S| 7o \/ Yt +

1 1
+1f(a |/ Ay | 110 H/ (o Dyan

25+ 217¢

GIUGTD (£ (@) | +1 0 ).

1
< =
— 4

NH

( )@ [+ 11 ®) ) <

or

| Ry(a,b) |
1, [t ' ! ’ ~Ba
<3l -t Fas @0 [+ [ -1 £+ 0= 0|

1 1 1)]

! 1 !
:§[|f(a)|((s+1)(s+2)+s+2)+|f(b)|((s+1)(s+2)+s+2

=3I F@ IO <07 @ ]+ 7)),

(i) | Ly(a,b) |
1
<3 oot @ 1+

ﬁéu—m0+5|fU|ﬂ

1 J—
cr@) [a-olyrariro ool ay

L=ty p) yar

L=y po) )

1, 2-2

= §(m)(| fla) [+ ] F() ).
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(b) By (6) and (8) in Lemma 2, we have:

()| Ry(a,) |
Lp=1 et [P P Py PO P TO P,
19,77 1 s e bl
< BT A D P+ | F@ Py
IO P T Py
‘Rf(a7b)‘
1 1+t » 1
Z _1 —_— )| dt)p
</ \t||f<ﬁb+—>|dﬂ
- p—1 a;b b 1

ST [ 1erimt e [0
< BT EED D@ S DR

(i) | Ly(a,b)|
<[ a—oFay = ([ g tes S 1 and

! _p_ pl 1+t 1-— » 1
([ a-nmas 1A e L pah

< =D {/ G |pdt}p+{/ 0 P d})
ﬁp ! N P 1

SEIEAC ST RViCT P FULENEC J1O%

< PEED P41 7@ Py PO P+ S0 1)

Theorem 8. Let f : 1 C R — R be a differentiable mapping on the interior I°
of I such that ' € L([a,b]), where a,b € T with a < b, s € (0,1], and p > 1. If
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| /| is an s-concave mapping on 1 = [D,], then the following inequalities hold:

() Byla.d) 1< (=D T QT 1D 1+ 1 1) 1
| Ryfa,b) 1< (=) 27 | £ I
(i) | Lila,) 1< 1) 7 @ F 17D 1+ 1 () )

Proof. By theorem 1.6(b), we have the following inequalities;

! 1+t 1—t 3a+b
- " - P <28—1 / P
|G e i pa < r D
1 —
[ et St pas et AR |
0 2 2 4
By using (6), (7) and (8) in Lemma 2 and the fact thatég(g;:ll)p%lgl
and 1 < (%)1;; <1, we have:
(i) | Ry(a,b) |
1 p—1 p= 1+¢ 1 1
<7 P —_— p P
@ 1 e S
1—|—t 1
/|f Loy 1P any?]

< DT TN+ f’<%3b> ]
| Ry(a,b) |
si[(/olat)wdt /Ifta+(1*t))|”dt)%
+(/01(1—t)p Tt / | F(th+ (1 t)a) |? db)?]
< %(5}1) 2207 | £(E0) 1))
< (LT Y,

2p—1
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by the fact that [, | f/(ta + (1 —t)b) [P dt < 2571 | f/(2ELy |, [ | f/(th +
(1—t)a) [Pdt <2571 | f ( %) |P, by Theorem 1.2(b).

@100
Ly 1 e L v ant

w1 s g pank

_42p

3a+b a+3b

1 p_l s—1 P s—1 p%
< He )T P @ PO 1))

1 p—1 p=1,1 1= 3a—|—b a+3b
<D TETUIE I+ FETN

Theorem 9. Let f : 1 C R — R be a differentiable mapping on the interior I°
of I such that f' € L([a,b]), where a,b € I with a <b and a, s € (0,1].
(a)If | f'| is an a-star s-convex mapping on I= [a,b], then

slS a
()| Ryfa.0) |< HGEr 2 s @) |+ 70D,

or

la*(s+1)+ ,
| Ry(a,b) |< imﬂf( a) |+ f(b) ],

s+2 s s ab
()] Ly(a) 1< § g N @) |+ 70D,

(O)If | f'|P is an a-star s-convex mapping on I = [0,] for p > 1, then

()| Ryab)|
DT H G @+ 7O ),

(i) | Ly (a;b) |

TS (SR @ 1+ 1),

Proof. By (6), (7 ) and (8) in Lemma 2, we have:
(a)(@) | Ry (a,b)

,ﬁ/ (5 a5 rana s+ 150
1, 1425t s+ af
= 1( S(s+1)(s+2)

J(Lf (@) [+ [ (0) D),

or
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| Ry(a,b) |
1 ! , /
< *[/ (L=){@ | f'(a) | +((1 = t)a)” [ f7(b) [}dt

<3l
1

+/ (1 ={@ [ f0) [ +((1 = 1)a)* | f'(a) [}dt]
0

1a(s+1)+ ,
§m[|f( a) | +1f(b) ]

IN

<1[/0 (=0 1 @) |+ 071 7o)
1

+/<17t>{<1”> PO+t
0

1@ 1 a=nityas [ o —t>{<a%>5dt}

1w a-ofelras [a-o

1,22 — 5434 (s+1)a’ , ,
s GGy S @1+1I®D.

)" | f'(a) [}di]

(b)) | Ry (a b) |
- / t7Tdt) T / | f( ﬂ +1—b)|Pdt)%

/tv Tdt) / | £ ﬁbJr— ) [P dt)r

1, p—1 b2 N
< HEDF U@ P G 7O P e
, p sy 27 p2—27° 11
HIF@ P (S 1 PO P CEE0H)
< P THE P H (R S @+ 6) )

2 — 1 s+1

(@) [+ @)D,

N)\»—l =~ =

or
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| R¢(a,b) |

—D I 7@ P (= a)* | £1(6) Phan?

1 1
+ / (@] £0) 1P +((1 = D)a)* | f'(a) Pyde)?
)7 [(| f/(a) |P +a | f/(b) [P)7
+ (L F(0) P +a* | f(a) [7)7]
7l @) P et | £ 1)
+ (| F'(0) [P +a* | f'(a) [P)7].

1, p-— lpl
5(

T2 2p—1) (s—i-l

1

1
< —
*2(5

1+t 1—t p 1
<L 170 e S ) p )
/ PO 2 e 1 dnh)
DR sr@r [y dt+|f()|p/ (o] 5 e}

tr@P [l w05
(1 'a) | +17/0) ] <

—_

)

<

(I (@) [+ f/(0) D).

l\’)\»—\

2
By using the theorem 1.6, we have the following inequalities;

Theorem 10. Let f : 1 C R — R be a differentiable mapping on the interior I°
of I such that f' € L([a,b]), where a,b € I with a <b and o, s € (0,1]. If | f' |P
is an a-star s-convex mapping on 1= [a,b], then

(i) | Ry(a,b) |
1, p—1 p=1 a—l—b » 1oy P
<D T AR P+ @ P
PO P+ IR )
p—1 p=t , 1
R b) | < (DT (S HIF@ P + 170 P,
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(i0) [ Ly(a;b) |

1, p—-1 = a+b » it
< DT AP S P @ P

O P+ T Py

Proof. By (6), (7) and (8) in Lemma 2, we have:

()| Ry(a,b) |
<1 G {/ PPy 1) P )
—1 p1 atby |p / p atby|p |
<12l H\f<2>s|++l|f<>|},+{\f<>\;|{<2>|};]
U KA C LT

+1 (@) [Py 4+ {] £ () |”+|f(a+b) 7}7]

HFCEED P @ PV 7O P+ | R L

=1
O|er(a b) |
33(2]; / | F(ta+ (1 t)b) [P dt)?
/ | (b + (1= t)a) [P dt)?]
<EDF IS @ P+ PO PR,

(i) | Ly(a,b) |

— p—1 2 1 b 1
<G T [ Tt L)

p—1_ p=1 1 a+b
< 1EDF (S

+1 1@ Py 4 PO 1P+

) P

>~ =

220 Py

““’) au!

< PEED P4 p@ Py O P+
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