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ABSTRACT. In this paper, we give a solving approach based on a logarithmic-
exponential multiplier penalty function for the constrained minimization
problem. It is proved exact in the sense that the local optimizers of a
nonlinear problem are precisely the local optimizers of the logarithmic-
exponential multiplier penalty problem.
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1. Introduction

Consider the following constrained minimization problem

min f(x)
stogi(z) <0, i=1,---,m, (1)
x € R",

where f(z),gi(z) : R* — R,i = 0,--- ,m are continuously differentiable func-

tions. Assume that f(x) is coercive, that is

lim f(z) =400
)l —+o0
then there exists a big box X such that intX contains all of relative local min-
imizers of problem (1), where intX denotes the interior of X. Thus, we can
consider the following equivalent problem:
min f(x) )

st.xeS={reX:g(x)<0,iel} @
where I = {1,--- ,m}.
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Penalty methods are an important and useful tool in constrained optimization,
see, [1]-[15]. Nondifferentiable penalty function have been the first ones for
which some exactness properties have been established by Zangwill [13]. The
obvious difficulty with the exact penalty function is that it is non-differentiable,
which prevents the use of efficient minimization algorithms. From an algorithmic
viewpoint, this nonifferentiabliliy can induce the so-called Maratos effect which
prevents rapid local convergence. In order to avoid the drawback related to the
nondifferentiability, some authors have introduced some classes of differentiable
exact penalty functions. However, these continuously differentiable exact penalty
functions always involve the derivatives of related function(e.g, [3, 7, 10]). Then
Exponential penalty methods and primal-dual exponential multiplier penalty
methods have been studied for linear and convex programming problems, see,
1, 2, 4, 5, 11].

In [5], the authors proposed an exponential penalty function and the associ-
ated penalty method,

min f.(z) = f(x) + TZeXp[gi(x)/ﬂv

which does not need interior starting points, but whose ultimate behavior is just
like an interior penalty method. They analyzed the behavior of the method for
sequences of values for parameter r that convergence quite fast to zero, but the
penalty function is not exact.

In [11], the authors proposed an exact exponential penalty function

)+ D wlexplenz) - )

where ¢ > 0 is a penalty parameter, u; > 0, ¢ = 1,--- ,m are multipliers, but
they only analyzed the exponential method of multipliers for convex constrained
minimization problems on R".

In this paper,we propose an exact logarithmic-exponential multiplier penalty
function for the differentiable minimization problem on a big box X C R"™. We
get the equivalence between the local optimizer of the original problem and the
local optimizer of the multiplier penalty problem in Section 2 and develop the
algorithm in Section 3.

2. A Logarithmic-Exponential Multiplier Penalty Function

We propose the following logarithmic-exponential multiplier penalty function:

2 m
QA p) = f(2)+ 3 > " In(1 + exp(pAigi(z))) (3)
i=1
where A = (Ay,--+,A\p,) € R are parameters which depend on the multipliers,

p > 0 is a penalty parameter.
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Now we consider the following logarithmic-exponential multiplier penalty
problem

(PAP) gél)r(l Q($7 Aap)

We say that z* is a stationary point of problem (Py,), if VQ(z*, A\, p) = 0.
The set of local solutions of problem (-), we denote by L().

Definition 1. We say that z* € intX is a K-K-T point for problem (P), if there
exists a \* € R such that

Vi )+ Y AVgi(a®) =0
i€l (x*)
A: ZO, gl(x*) SO? Zzlv , 1,
/\rgz(x*) = 07 i = la' T,y
Theorem 1. Suppose that x* € intX is a K-K-T point for problem (P), Then
for any p >0, x* is a stationary point of problem (Px=p).

Proof. Since Afg;(z*) =0, i=1,---,m, we have A} =0 for i € I\I(z*). Thus

VQ(z*, N, p) =V f(z*)+ =~ L A Vg (z
( ) @) p ; 1+ exp(pA; gi(a*)) )
=Vi@E)+ Y AVl
1el(x*)
=0.
We complete the proof. O

Remark 1. By Theorem 1, if z* € L(P)()intX with Lagrangian multipliers
A, i=1,---,m, then o* is a stationary point of problem (Py«p).

Theorem 2. Suppose z3, € S()intX is a stationary point of problem (Pyp)
with A; > 0, \igi(z3,) =0, i=1,---,m, then 3, is a K-K-T point of problem
(P).

Proof. Since \; > 0, gi(:c;p) <0, )\igi(xj{p) =0,i=1,---,m,

we have \; = 0,when i € I\I(z3,). Thus

2 o~ exp(phigi(z3,)) .
> A pAVgi(2},)

19 P
iGI(m;p)

and by VQ(z3,, A,p) = 0, we have

ViEi,)+ Y AVailai,) =0,

iEI(z’;p)

i=1



1480 Shu-jun Lian

where
i >0, gi(zy,) <0, i=1,-,m,
Aigi(x3,) =0, i=1,--- ,m.
We complete the proof. 0

Lemma 1 ([2] Lemma 3.2.1, p.298). Let P and Q be two symmetric matrices.
Assume that Q is positive semidefinite and P is positive definite on the null space
of Q, that is, xT Px > 0 for all x # 0 with 2T Qx = 0. Then there exists a scalar
¢ such that P + cQ is positive definite for all ¢ > ¢.

Definition 2. We say that the pair (z*, \*) satisfies the second-order sufficient

condition, if
> AVl
i€l(z*)
/\;k >0, gi(x*) <0,i=1,---,m,
/\*gi(ac*) =0,i=1,---,m,
d"(VE (") + Y AVEgi@"))d >0
i€I(x*)

foranyd € D ={d € B:Vg;(z*)Td <0, \iVgi(z*)Td =0 for all i € I(z*)},
where B ={d : ||d|| = 1}.

Theorem 3. Suppose that (x*,\*) satisfies the second-order sufficient condi-
tion, then z* is a strict local minimum point of problem (Px+p), where p > 0 is
sufficiently large. On the other hand, if v3, € S[(intX with \; > 0, Xigi(z},) =
0, i=1,---,m satisfies VQ(x’gp,)\,p) =0, VQQ(xB‘\p, A\, p) is positive definite,
then x3,, € L(P).

Proof. The Hessian matrix Hy+p(2*) of Q(z, \*,p) at z* is
H)\*p(x*) = VQQ(.’,E*, A*vp)

2~ exp(pAigi(™))
— 2 * z i *\T72 (%
=ViE) T p A Z 1 +exp(pAZ‘gi(x*))Mlv (")

exp(PATgi(T"))  yuo T (1

. PAT)"Vgi(x)V7 gi(x

ZlJrepr/\gl( *))( )" Vgi(z")V gi(z")

=V)+ Y NV ) +p Y. () V)V gi(a).

i€l(x*) i€l(x*)

By Lemma 1, when p > 0 is sufficiently large, V2Q(x*, \*, p) is positive definite.

Noting that z* is a stationary point of (Py+p) from Theorem 2, we obtain that

x* is a strict local minimum point of problem (Py«p).
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On the other hand, we have

i exp(pAigi(z3,))

VQ(z3,, A, p) =V f(z3,) + 1+ exp(pAigi(z3,))
19 D

pAiVgi(z},)

=1
= Vf(},) + > AiVei(a},)
=1
=0.

Therefore we have

Vi) + >, AValay,) =0,

iEI(l‘;\p)
)‘i Z 0; gz(‘rip) S 07 1= 1a , 1,
Azgl(x?\p) = 07 1= 17' s, M.

ie., 23, is a K-K-T point of (P). Furthermore, we have

0 < d" Hyp(z3,)d

=dT f(z3,) Z i V2 gi(zXp) | d+p Z d Vgi mAp)V gi(x}p)d
ZEI(Z ) i€l(x p)

:dT xkp Z )\V gz {L'/\p d,
161(9:

for any d € D' = {d € B : Vgi(z},)"d <0, \;Vgi(z3,)"d =0, i € I(z3},)}.
And by (4), we have thatz},, is a strictly local minimum of (P). O

Remark 2. If f(z), gi(z), i=1,--- ,m are convez, and f(z), gi(z) € C?, i =
1,---,m, then for any p > 0, z* € L(Py+p).

Theorem 4. Suppose that

(1) z* is a K-K-T point for problem (P) with Lagrangian multipliers A} > 0,i =
1,---,m, furthermore, suppose that the second-order sufficient condition holds
at x*;

(2) Vgi(x*), i € I(x*) are linearly independent, and ||I(x*)|| = n, where ||I(x*)||
is the number of elements in I(x*). If p > 0 is sufficiently large, \; > 0,1 =

1,--- ,m are finite, and AX;,i € I(x*) are appropriately chosen, then VQ(z*, \,p) =

0, V2Q(x*,\,p) is positive definite, where \; = X! + AN;,i € I(z*). It means
that * € L(Pyy).
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Proof. By A\ = Af + AN, for i€ I(z*), we have

VQ(", A p) = V() + 221_T_Xé))fﬁ();/g\i(gz;))))p)\ngi(x*)

Z A Vyi(z Z AN Vgi(x (5)

i€l (x*) i€l (x*)

2)\; exp(pA;gi (™)) *
+ Vagi(x™).
ﬁ;@ T+ exp(phgi(z) )

By K-K-T conditions, we have

Z AiVgi(z*) = 0. (6)

iel(x*)

Furthermore, Since Vg;(z*), i € I(z*) are linearly independent, there exist
oy, j € I(z*) such that Vg,;(z*) > ;jVg,(z*) for any i & I(z*). Thus
jel(z*)

by (5) and (6) we have

—

p/\igz (.’t

2); exp )

vQ(z*, )\, p) Z ANV g;(z Z g ()
)

)

1
i€l(x™) I (x*) T exp

2\; exp
AN Vg (z*
§ g(x)+.§ T+ oxp
i€l (x*) i1 (x*)

XY V() (7)

jel(zx)

S A+ Y a2 RPNy ey,

i€l(z*) JEI(z*) 71 +eXp(P>‘JQJ (z*))

—

(
pAigi(z
DAigi (x*

—

—

20 exp(ph;g;(x* . *
n (7), let A\, = —jg%*)aji%) for i € I(x*), then

VQ(z*, A\, p) =0. (8)
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Furthermore, by A\; = Af + A\, for i € I(z*), we have

2X; exp(pAigi(z™*))
V2Q(z", )\, p) = < 1+ exp(phigi(z*))

exp p)\ZQZ( )) (2 VYT g (2
+Z 1—|—epr)\zgz( o) Vgi(@")V" gi(z")

=V2f(z Z,\vgl ZA)\VgZ

i€l(x*) iel(x*)

V2gi(z")

2); exp p)\,gz(it*)) 2 *
Z 1+ exp(pigi(z*)) 9:(=")
iZI(x*)
+ Y p(A)* Vi)V gilz") (9)
iel(x*)
)? exp(pAigi(z*)) oo T ox
Vi V©gi
ry 2 1+exppAzgl(x*)) 5:(@ )V gi(")
iZI(x*)
=P4+pQ+ Y ANVigi(a")
i€I(z*)

2 exp(pAigi(z™))
* Z ) L exp (pAigi(z*))

VZgi(z")

iZI(x*
eXp p)\zgz( )) (o T %
+ g[z(: 1—|—exp p)\zgl(x*)) ng(x )V gz(gg )
where
P=Vf)+ Y MNVg), Q= 3 p(\)*Va(a)V g(2").
i€l(z*) iel(z)

By Lemma 1, when p > 0 is sufficiently large, P + pQ is positive definite. And
we have

Axi=— ) 2 ezp(p%gj(x*)) ) — 0, foriel(z"),

)

Qg
igI() "1+ eap(pA;g;(z7))
)

2); exp(pAigi(x*))

1+ exp(pAigi(z*))

2]7(/\) exp(px\zgl(x*))
1+ exp(pAigi(z*))

when p — +o0o0. From above and (9), we have that V2Q(z*, \,p) is positive
definite when p > 0 is sufficiently large. This completes our proof. O

— 0, foridgI(z"),

— 0, forigI(x"),

Remark 3. By ||I(z*)| = n, we have m > n, m denotes the number of con-
strained functions.
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3. The Algorithm and Numerical Examples

Algorithm 1.
Step 1. Let p > 0 is sufficiently large, \; > 0,i=1,--- ,m are finite, € > 0.
Step 2. Choose any 2° € X as an initial point. Compute
min {Q(z, \,p)} = min {f(x) £33 0y exp(pxigx:c)))}
TER" zER" p =

3, is an approzimate minimizer of Q(z, A, p), If [VQ(x3,, A, p)|| < €, then stop,
otherwise, goto Step 3.

Step 3. Let
o 2X; exp(pAigi(},))

" L+ exp(phigi(a3},)
p:=p+u, >\’L' = X’ia IO = xj\pa

i=1. -

) )

)

where u is a positive constant, goto Step 2.
Example 1.

min f(z) = —2x1 + 25 st (1 —21)% =22 >0, 224+0.2522 —1>0
We have

gi(x) =20 — (1 —21)> <0, go(z)=1—125—0.252% <0

2
QA p) = f(z) + ; S n(1 + exp(phigi(2)))

i=1

Starting point 2% = (—0.2500000, 1.200000), p = 10.0, \; = 1.0, i = 1,2, u =
0.002, e = 1.0FE — 4, we obtain results shown in table 1.

Table 1
Tk vQ P A1

(-0.2500000, 1.200000) 2.122941 10.000 | 1.000000
(2.180616, -1.645655) 2.5307140E-04 | 10.002 | 0.9997565
(1.899213, 4.3423112E-02) | 6.7522039E-04 | 10.004 | 1.998612
(1.725489, 0.2020586) 9.3312917E-04 | 10.006 | 3.997190
(1.622662, 0.2977812) 9.2928542E-04 | 10.008 | 7.994380
(-2.1323573E-02, 1.025487) | 2.0570308E-03 | 10.010 | 0.6329106
(9.6172364E-03, 0.9962481) | 5.3806911E-04 | 10.012 | 0.6825758
(-3.5840159E-03, 1.001504) | 1.7140124E-05

N[O O | W N | O
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k Az 91 (%) 92(x) f(z) Q(zk)

0 | 1.000000 -0.7531250 -0.2156250 1.700000 1.722014

1] 1.999999 | -4.8708862E-05 1.456883 -6.006886 | -2.954539
2 | 2.998571 0.7705120 5.4824539E-02 | -3.755002 | -1.937346
3 | 4.996642 0.5839090 5.3612988E-02 | -3.248920 | -0.5568899
4 | 8.994537 0.5391926 4.3960590E-02 | -2.947543 1.823324

5 | 1.632543 | -3.9857671E-02 | -2.5600500E-02 | 1.068134 1.095218

6 | 1.682267 | 2.4823191E-02 | 3.7288107E-03 | 0.9770136 | 1.276504

7 -9.2866849E-03 | -1.5071557E-03 | 1.008672 1.276841

We have © = (—3.5840159F — 03,1.001504), f(z) = 1.008672. In fact, the
optimal solution z* = (0.0, 1.0), f(z*) = 1.0.

Example 2.
min f(z) = 100(zg — 22)? + (1 — ;)2
1 1
st x? + x5 > —0.25, ST+ > —-0.1, —gT a2 > —0.1
We have
9 9 1 1
gi(x) = —21 — a3 — 0.25, go(z) = —3¥2 T 0.1, g3(z) = 3%~ 2 - 0.1
9 3
Qe A p) = £(2)+ = 31+ exp(pigs (@)
i=1
Starting point z° = (1.2.00000,1.100000), p = 1.0, X\; = 1.0, i = 1,2,3, u =
5, € = 1.0E — 4, we obtain results shown in table 2.
Table 2
k Tk VQ P A1 A2
0 | (-0.2500000, 1.200000) 177.0257 1.0 1.000000 1.000000
1 (1.277228, 1.631926) | 2.4357214E-04 | 6.0 | 4.5155751E-04 0.2393418
2 (1.111267, 1.235253 ) | 2.2340014E-04 | 11.0 | 4.4971582E-04 | 7.1507618E-02
3 (1.062761, 1.129658) 1.8836425E-04 | 16.0 | 4.4676193E-04 | 4.0910590E-02
4 (1.040610, 1.082999) | 3.0575768E-04 | 21.0 | 4.4276091E-04 | 2.6310483E-02
5 (1.040588, 1.082993) | 1.7617838E-02 | 26.0 | 4.3760342E-04 | 1.8283980E-02
6 (1.021427, 1.043382) | 2.5334687E-04 | 31.0 | 4.3167398E-04 | 1.3522550E-02
7 (1.021416, 1.043379) | 8.5470350E-03 | 36.0 | 4.2479482E-04 | 1.0401369E-02
8 (1.021421, 1.043361) | 9.9955704E-03 | 41.0 | 4.1705897E-04 | 8.2490547E-03
9 (1.011237, 1.022638) | 3.7909663E-04 | 46.0 | 4.0879330E-04 | 6.7169140E-03
10 | (1.009503, 1.019129) | 1.6116150E-04 | 51.0 | 3.9992481E-04 | 5.5767386E-03
11| (1.009491, 1.019114) | 4.6334486E-03 | 56.0 | 3.9051482E-04 | 4.7040856E-03
12 | (1.009494, 1.019110) | 2.3056224E-03 | 61.0 | 3.8066308E-04 | 4.0214998E-03
13 | (1.006291, 1.012643) | 2.9541465E-05
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k As 91 (%) 92() 93(x) f(z) Q(zk)

0 1.000000 -2.900000 | -1.300000 | -1.200000 11.60001 11.92301

1 0.1214337 -4.544495 | -1.377228 | -1.731926 | 7.6893203E-02 0.2621773

2 | 6.6620775E-02 | -3.010764 | -1.211267 | -1.335253 | 1.2391812E-02 0.4028926

3 | 3.8482636E-02 | -2.655590 | -1.162761 | -1.229658 | 3.9428622E-03 0.2520121

4 | 2.5055755E-02 | -2.505755 | -1.140610 | -1.182999 | 1.6508403E-03 0.1849063

5 | 1.7500091E-02 | -2.505697 | -1.140588 | -1.182993 | 1.6502559E-03 0.1481308

6 | 1.3047919E-02 | -2.381960 | -1.121427 | -1.143382 | 4.5959529E-04 0.1241425

7 | 1.0083369E-02 | -2.381930 | -1.121416 | -1.143379 | 4.5942853E-04 0.1069896

8 | 8.0203898E-03 | -2.381903 | -1.121421 | -1.143361 | 4.5922326E-04 | 9.4191276E-02
9 | 6.5565580E-03 | -2.318389 | -1.111237 | -1.122638 | 1.2641333E-04 | 8.4117189E-02
10 | 5.4604234E-03 | -2.307720 | -1.109503 | -1.119129 | 9.0414032E-05 | 7.6029547E-02
11 | 4.6163662E-03 | -2.307666 | -1.109491 | -1.119114 | 9.0255897E-05 | 6.9387071E-02
12 | 3.9532087E-03 | -2.307663 | -1.109494 | -1.119110 | 9.0237809E-05 | 6.3833192E-02
13 -2.288067 | -1.106291 | -1.112643 | 3.9621602E-05 | 5.9106242E-02

We have x = (1.006291, 1.012643), f(z) = 3.9621602E —05. In fact, the optimal
solution x* = (1.0, 1.0), f(x*) = 0.0.

Example 3.

s.t.

We have

We have x = (0.8000078,1.200013), f(z) =

g1(.13) =21+ T3 — 2,

min f(z) = 2% + 223 — 2x125 — 227 — 622

1+ 2 < 2,

—x1 + 229 < 2,

2

1,22 >0

g2(x) = —x1 + 2w0 — 2

Qe A p) = £(2)+ > 31+ exp(phigi(@))

i=1

X ={(z1,22): 0<2;<2;i=1,2}, z€ X

Let 2°=(0.0,0.7), p=1.0, \; = 1.0, i = 1,2, u =40, ¢ = 1.0E — 3, we obtain
results shown in table 3.

Table 3

k x vaQ P A1

0 | (0.0000000,0.7000000) 5.576121 1.000000 | 1.000000

1 (2.309561,1.852993) 2.827582 41.000000 | 1.793672

2 | (0.8102180,1.206876) | 5.0201250E-04 | 81.000000 | 2.792842

3 | (0.8000078,1.200013) | 8.9519215E-04
k A2 g1(z) gz2(z) f(z) Q(z, A\ p)
0 1.000000 -1.300000 -0.6000000 | -3.220000 | -1.863007
1 0.7070528 2.162554 -0.6035743 | -12.09504 | -6.679726
2 | 1.4422274E-05 | 1.7093956E-02 | -0.3964662 | -7.247805 | -7.174270
3 2.0682812E-05 | -0.3999819 | -7.200058 | -7.165776

solution x* = (0.8,1.2), f(z*) = —7.2.

—7.200058. In fact, the optimal




An Exact logarithmic-exponential multiplier Penalty Function 1487

REFERENCES

1. F. Alvarez and R.Cominetti, Primal and dual convegence of a prozimal point exponential
penalty method for linear programming, Math. Prog. 93 (2002), 87-96.

2. D.P. Bertsekas, Nonlinear Programming, second edition, Athena Scientific, Belmont Mas-
sachusetts, 1999

3. J. Burke, Calmness and ezact penalization, SIAM J. Control and Optimization 29 (1991),
493-497.

4. R. Cominetti and J.M. Pez-Cerda, Quadratic rate of convergence for a primal-dual expo-
nential penalty algorithm, Optimization 39 (1997), 13-32.

5. R. Cominetti and J.P. Dussault, Stable exponential-penalty algorithm with superlinear con-
vergence, J. Optimiz. Theory Appls. 83(1994), 285-309.

6. J.P. Evans, F.J. Gould and J.w. Tolle, Ezact Penalty Function in Nonlinear Programming,
Math. Prog. 4 (1973), 72-97.

7. R. Fletcher, Penalty functions in mathematical programming, the state of the art, A. Bachen
et al.(eds), Springer-Verlag, 1983, 87-114.

8. M. Herty, A. Klar, A. K. Singh and P. Spellucci, Smoothed penalty alogrithms for optimiza-
tion of nonlinear models, Comput. Optim. Appl. 37 (2007), 157-176.

9. Z. Q. Meng, C. Y. Dang and X. Q. Yang, On the smoothing of the square-root exact penalty
function for inequality constrained optimization, Comput. Optim. Appl. 35(2006), 375-398.

10. G.D. Pillo, Ezact penalty methods, Algorithms for continuous Optimization, E. Spedi-
cato(ed.), Kluwer Academic Publishers, Netherlands, 1994, 209-253.

11. P. Tseng and D.P. Bertsekas, On the convergence of the exponential multiplier method for
conver programming, Math. Prog. 60 (1993), 1-19.

12. X.L. Sun and D. Li, Asymptotic strong duality for bounded integer programming, a
logarithmic-exponential dual formulation, Mathematics of Operations Research 25(2000),
625-644.

13. W.I. Zangwill, Non-linear programming via penalty functions, Manage. Sci. 13(1967),
344-358.

14. A.J. Zaslavski, A sufficient condition for exact penalty in constrained optimization, STAM
J. Optim. 16(2005), 250-262.

15. A.J. Zaslavski, Ezact penalty property for a class of inequality-constrained minimization
problems, Optimization Letters 2(2008), 287-298.

Shu-jun Lian received her BS from Qufu Normal University and Ph.D at Dalian Univer-
sity of Technology under the direction of Operations Research. Since 2000 she has been
teaching as a lecturer at Qufu Normal University, in 2004 she was appointed an associate.
Her research interests focus on nonlinear optimization. Her research work is supported by
National Natural Science Foundation of China (10971118) and the Science foundation of
Shandong Province(2008BS10003).

College of Operations and Management, Qufu Normal University, Rizhao, 276826, China.
e-mail: 1sjsd2003@126.com



