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NEW TRAVELING WAVE SOLUTIONS TO THE

SEVENTH-ORDER SAWADA-KOTERA EQUATION

JISHE FENG

Abstract. We use the (G’/G)-expansion method to seek the traveling
wave solution of the Seventh-order Sawada-Kotera Equation. The solutions
that we get are more general than the solutions given in literature. It
is shown that the (G’/G)-expansion method provides a very effective and
powerful mathematical tool for solving nonlinear equations in mathematical
physics.
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1. Introduction

In this paper, we will extend the (G′/G)-expansion method to the following
Seventh-order Sawada-Kotera equation (sSK) [1]

ut + (63u4 + 63(2u2u2x + uu2
x) + 21(uu4x + u2

2x + uxu3x) + u6x)x = 0 (1.1)

Recently, Wang et al. [2] proposed a new method called the (G′/G)-expansion
method to find traveling wave solutions of NLEEs. Many literatures [3-19] show
that the (G′/G)-expansion method is very effective; many nonlinear equations
have been successfully solved. The rest of this paper is arranged as follows. In
section 2, we simply provide the (G′/G)-expansion method and it algorithm. In
section 3, we apply the method to the sSK equation, and some new traveling
wave solutions are obtained. In addition, we conclude the paper in the last
section.
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2. The (G/G)-expansion method

Suppose that a nonlinear equation, say in two independent variable x and t,
is given by

P (u, ut, ux, utt, uxt, uxx, ...) = 0 (2.1)

where u = u(x, t) is an unknown function, P is a polynomial in u = u(x, t)
and its various partial derivatives, in which the highest order derivatives and
nonlinear terms are involved. In the following we give the main steps of the
(G′/G)-expansion method.

Step 1. Combining the independent variables x and t into one variable
ξ = x− ct , we suppose that

u(x, t) = u(ξ), ξ = x− ct (2.2)

the traveling wave variable (2.2) permits us reducing (2.1) to an ODE for u =
u(ξ)

P (u,−cu′, u′, c2u′′,−cu′′, u′′, · · · ) = 0 (2.3)

Step 2. Suppose that the solution of ODE (2.3) can be expressed by a
polynomial in (G′/G) as follows:

u(ξ) = αm

(
G′

G

)m

+ αm−1

(
G′

G

)m−1

+ · · · (2.4)

where G = G(ξ) satisfies the second order LODE in the form

G′′ + λG′ + γG = 0 (2.5)

where αm, αm−1, · · · , λ and γ are constants to be determined later,αm 6= 0 , the
positive integer m can be determined by considering the homogeneous balance
between the highest order derivatives and nonlinear terms appearing in (2.3). It
is well known that exact solutions of Eq. (2.5) are as follows:

(i) When 4 = λ2 − 4γ > 0,

G(ξ) =

(
C1 sinh

(√4
2

ξ

)
+ C2 cosh

(√4
2

ξ

))
e−

λ
2 ξ (2.6)

(ii) When 4 = λ2 − 4γ < 0,

G(ξ) =

(
C1 sin

(√−4
2

ξ

)
+ C2 cos

(√−4
2

ξ

))
e−

λ
2 ξ (2.7)

(iii)When 4 = λ2 − 4γ = 0,

G(ξ) = (C1 + C2ξ)e
−λ

2 ξ (2.8)

where C1 and C2 are arbitrary constants.
Therefore, there are the follows:
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(i) When 4 = λ2 − 4γ > 0,

G′

G
=

√4
2

C1 cosh

(√
4
2 ξ

)
+ C2 sinh

(√
4
2 ξ

)

C1 sinh

(√
4
2 ξ

)
+ C2 cosh

(√
4
2 ξ

) − λ

2
(2.9)

(ii) When 4 = λ2 − 4γ < 0,

G′

G
=

√−4
2

C1 cos

(√
−4
2 ξ

)
− C2 sin

(√
−4
2 ξ

)

C1 sin

(√
−4
2 ξ

)
+ C2 cos

(√
−4
2 ξ

) − λ

2
(2.10)

(iii) When 4 = λ2 − 4γ = 0,

G′

G
=

C2

C1 + C2ξ
− λ

2
(2.11)

where C1 and C2 are arbitrary constants.
Step 3. By substituting (2.4) into (2.3) and using second order LODE (2.5),

collecting all terms with the same order of (G′/G) together, left-hand side of (2.3)
is converted into another polynomial in (G′/G). Equating each coefficient of this
polynomial to zero, yields a set of algebraic equations for αm, αm−1, · · · , c, λ and
γ.

Step 4. Assuming that the constants αm, αm−1, · · · , c, λ and γ can be ob-
tained by solving the algebraic equations in Step 3, since the general solutions
of the second order LODE (2.5) have been well known for us, then substituting
αm, αm−1, · · · , c, λ and γ the general solutions of Eq. (2.5) into (2.4), we have
more traveling wave solutions of the NLEEs (2.1).

3. The The traveling wave solution of sSK equation

By considering the wave transformation Eq. (2.2), we change Eq. (2.5) to
the form

−cu′ + (63u4 + 63(2u2u′′ + uu′2) + 21(uu(4) + u′′2 + u′u(3)) + u(6))′ = 0 (3.1)

integrating Eq.(3.1) with respect to ξ once yields

−cu+ 63u4 + 63(2u2u′′ + uu′2) + 21(uu(4) + u′′2 + u′u(3)) + u(6)) = β (3.2)

where β is an integration constant.
Suppose that the solution of Eq. (3.2) can be expressed by a polynomial in

(G’/G) as Eq. (2.4). By using Eq. (2.4) and Eq.(2.5) it is easily derived that

(
G′

G
)′ =

G′′G−G′2

G2
= −(

G′

G
)2 − λ

G′

G
− γ
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(
G′

G
)′′ = 2(

G′

G
)3 + 3λ(

G′

G
)2 + (2γ + λ2)(

G′

G
) + λγ (3.3)

and

u4 = α4
m(

G′

G
)4m + · · · (3.4)

u′ = −mαm(
G′

G
)m+1 + · · ·

u′′ = m(m+ 1)αm(
G′

G
)m+2 + · · ·

· · ·
u(6) = m(m+ 1) · · · (m+ 5)αm(

G′

G
)m+6 + · · · (3.5)

Considering the homogeneous balance between u4 and u(6) in Eq.(3.2), based
on Eq.(3.4) and (3.5) we required that 4m = m + 6 ⇒ m = 2, so we yields the
solution of Eq. (3.2) as the following form

u(ξ) = α2(
G′

G
)2 + α1(

G′

G
) + α0, α2 6= 0 (3.6)

and therefore

u2 = α2
2(
G′

G
)4 + 2α2α1(

G′

G
)3 + (2α2α0 + α2

1)(
G′

G
)2 + 2α1α0(

G′

G
) + (α0)

2, (3.7)

u4 = α4
2(
G′

G
)8 + 4α3

2α1(
G′

G
)7 + · · · (3.8)

u′ = −2α2(
G′

G
)3 − (2α2λ+ α1)(

G′

G
)2 − (2α2γ + α1λ)(

G′

G
)− α1λ, (3.9)

u′′ = 6α2(
G′

G
)4 + (10α2λ+ 2α1)(

G′

G
)3 + · · · , (3.10)

u(3) = −24α2(
G′

G
)5 − (54α2λ+ 6α1)(

G′

G
)4 + · · · , (3.11)

u(4) = 120α2(
G′

G
)6 + (336α2λ+ 24α1)(

G′

G
)5 + · · · , (3.12)

u(6) = 5040α2(
G′

G
)8 + (19440α2λ+ 720α1)(

G′

G
)7 + · · · , (3.13)

By substituting Eq. (3.6)-(3.13) into Eq. (3.2) and collecting all terms with
the same power of (G′/G) together, the left-hand side of Eq. (3.2) is converted
into another polynomial in (G′/G). Equating each coefficient of this polynomial
to zero, we obtain a set of simultaneous algebraic equations for α1, α2, c, λ and
λ. Solving the above system gives by Maple, we have the following solutions:

Case 1.

α2 = −4, α1 = ±4

√
4γ + 3

1
4 β

1
4 , α0 = −4γ − 3−

3
4 β

1
4 , c = −4× 3

−1
4 β

3
4 , λ = ∓

√
4γ + 3

1
4 β

1
4

(3.14)
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Case 2.

α2 = −4, α1 = ±4

√
4γ − 3

1
4 β

1
4 , α0 = −4γ + 3−

3
4 β

1
4 , c = 4× 3

−1
4 β

3
4 , λ = ∓

√
4γ − 3

1
4 β

1
4

(3.15)

Case 3.

α2 = −2, α1 = ±4
√
γ, α0 = −2γ − β

3
3
4 (−7β3)

1
4

, c = 4×(
7

3
(−β3))

1
4 , λ = ∓2

√
γ (3.16)

Case 4.

α2 = −2, α1 = ±4
√
γ, α0 = −2γ +

β

3
3
4 (−7β3)

1
4

, c = −4×(
7

3
(−β3))

1
4 , λ = ∓2

√
γ (3.17)

where γ is an arbitrary constant.
Substituting the solutions (3.14)-(3.17) into (3.6), we obtain the following

traveling wave solutions: Substituting the solutions (3.14)-(3.17) into (3.6), we
obtain the following traveling wave solutions:

u1(x, t) = −3
1
4 β

1
4 (

C1cosh
1
2

√4ξ + C2sinh
1
2

√4ξ

C1sinh
1
2

√4ξ + C2cosh
1
2

√4ξ
)2 + 2×3−

3
4 β

1
4 , (3.18)

u2(x, t) = −3
1
4 β

1
4 (

C1cos
1
2

√−4ξ − C2sin
1
2

√−4ξ

C1sin
1
2

√−4ξ + C2cos
1
2

√−4ξ
)2 − 2×3−

3
4 β

1
4 , (3.19)

where ξ = x±4×3−
1
4 β

3
4 t, ∆ = λ2 − 4γ = ±3

1
4 β

1
4 , C1 and C2 are arbitrary con-

stants.

u3(x, t) = −2(
C2

C1 + C2(x−4×(73 (−β3))
1
4 t)

)2 − β

3
3
4 (−7β3)

1
4

, (3.20)

u4(x, t) = −2(
C2

C1 + C2(x+4×(73 (−β3))
1
4 t)

)2 +
β

3
3
4 (−7β3)

1
4

, (3.21)

where C1 and C2 are arbitrary constants.
If C1 and C2 are taken as special values, the various known results in the

literature can be rediscovered, for instance, if C2 = 0, then u1(x, t) can be
written as

u1(x, t) = −3
1
4 β

1
4 (tanh(

3
1
8 β

1
8

2
(x±4×3−

1
4 β

3
4 t)))2 + 2× 3−

3
4 β

1
4 (3.18′)

Set k = 3
1
8 β

1
8

2 , Eq. (3.18) becomes

u1(x, t) =
4

3
k2(2− 3 tanh2(k(x+

256

3
k6t))) (3.18′′)

this agrees with the solution given in (6.6) of Ref.[20] and Ref.[1].
To our knowledge, the above solutions (3.18)-(3.21) have not been reported

in literatures.
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4. Conclusion

In this paper, we use the (G’/G)-expansion method to seek the traveling
wave solution of the Seventh-order Sawada-Kotera Equation. It is a kind of
more general than the solutions given in [1, 20]. It is shown that the (G’/G)-
expansion method provides a very effective and powerful mathematical tool for
solving nonlinear equations in mathematical physics.
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