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LUPAŞ TYPE OPERATORS

NAOKANT DEO

Abstract. The aim of this paper is to give some simultaneous approxi-
mation properties as well as differential properties, Voronovskaya type the-
orem, several asymptotic formulae for the partial derivative and the degree
of approximation for two dimensional Lupaş type operators.
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1. Introduction

In [8], Lupaş type operators are defined as:

(Bnf) (x) =
1

n

∞∑

k=0

bn,k(x)f

(
k

n+ 1

)
, (1)

where

bn,k(x) =
1

β(k + 1, n)

xk

(1 + x)n+k+1
, x ∈ [0,∞) ≡ R0, n ∈ N := {1, 2, ...},

and β(v + 1, n) denotes as:

β (v + 1, n) =
Γ(v + 1)Γn

Γ(v + n+ 1)
,

in polynomial weighted spaces Cp, such type operators were examined in [2].
Author [4] has given Durrmeyer variant of these operators as:

(Dnf) (x) =
1

n

∞∑

k=0

bn,k(x)

∫ ∞

0

bn,k(t)f(t)dt, (2)
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and studied some direct results of these operators. Now in this paper, we consider
bivariate Lupaş type operators as:

Bn,n(f ;x, y) =
1

n2

∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y)f

(
k

n+ 1
,

l

n+ 1

)
(3)

where

n ∈ N, (x, y) ∈ [0,∞)× [0,∞) ≡ R2
0 and f ∈ C([0,∞)× [0,∞)).

Now we propose Durrmeyer variant of (3) as:

Z [i,j]
n (f ;x, y) =

1

n2

∞∑

k=0

∞∑

l=0

b
(i)
n,k(x)b

(j)
n,l(y)

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)f (s, t)dsdt. (4)

In particular, if f (0)(x) = f(x) then the meanings of b[i,0]n (f ; x, y) and b[0,j]n (f ; x, y)

are clear. By H[0,∞)2, we denote the class of all measurable functions defined
on [0,∞) satisfying

∫ ∞

0

∫ ∞

0

|f(s)| |f(t)|
{(1 + s)(1 + t)}n+1

dsdt <∞, for some positive integer n.

Similar type operators were studied by several researchers (see e.g. [3], [5], [7],
[10], [11], [12]). In the present paper, we study the degree of approximation
and Voronovskaya type theorem the for two dimensional Lupaş type operators
Bn,n(f, x, y) and at the end of this paper, we obtain the properties of simulta-
neous approximation and several asymptotic formulas for the partial derivative
of these operators.

Throughout this paper φ(x) = x(1 + x) and Ck(g, h), k = 1, 2, ..., will denote
positive constants depending only on parameters g, h.

2.Auxiliary Results

In this section we give some notational convention, definitions and lemmas,
which will be needed to prove our main results, given in section 3.

The space Cp, p ∈ N0 := {0, 1, 2, ...}, is associated with the weighted function

ω0(x) := 1, ωp(x) := (1 + xp)−1 if p ≥ 1, x ∈ R0 (5)

and consists of all real-valued functions f , continuous on R0 and such that wpf
is uniformly continuous and bounded on R0. The norm on Cp is defined by the
formula

‖f‖p ≡ ‖f(.)‖p := sup
x∈R0

ωp |f(x)| .

For given p, q ∈ N0, we define the weighted function ωp,q on R2
0 as

ωp,q(x, y) := ωp(x)ωq(y), (x, y) ∈ R2
0 := R0 ×R0, (6)
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and the weighted space Cp,q of all real-valued functions f continuous on R2
0 for

which ωp,qf is uniformly continues and bounded on R2
0. The norm on Cp,q is

defined by the formula

‖f‖p,q ≡ ‖f(., .)‖p,q := sup
(x,y)∈R2

0

ωp,q(x, y) |f(x, y)| . (7)

The modulus of continuity of f ∈ Cp,q we define as usual by the formula

ω(f, Cp,q; t, s) := sup
0≤h≤t, 0≤δ≤s

‖∆h,δf(., .)‖p,q , t, s ≥ 0, (8)

where ∆h,δf(x, y) := f(x + h, y + δ) − f(x, y) for h, δ ∈ R0 and (x, y) ∈ R2
0.

Let Cm
p,q be the set of all the functions f ∈ Cp,q having partial derivatives

∂kf
∂xs∂yk−s ∈ Cp,q, for fixed m ∈ N, p, q ∈ N0 and k = 1, 2, ...,m.

Lemma 2.1. Suppose n ∈ N and x ∈ R0, then it is easily verified from (1)

Bn(1;x) = 1,

Bn ((t− x);x) = 0,

Bn

(
(t− x)2;x

)
=

φ(x)

n+ 1
.

Lemma 2.2. [8] For all (x, y) ∈ R2
0 and n ∈ N , we get

Bn,n(1;x, y) = 1, (9)

Moreover, if f ∈ Cp,q and f(x, y) = f1(x)f2(y) for all (x, y) ∈ R2
0 and for n ∈ N ,

then we obtain

Bn,n(f(t, v);x, y) = Bn(f1(t);x)Bn(f2(v); y). (10)

Lemma 2.3. [1] For ever fixed x0 ∈ R0 there exists a positive constant C1(x)
such that

Bn

(
(t− x0)

4;x0

) ≤ C1(x0)(n+ 1)−2, for n ∈ N,

Now for every p ∈ N0 there exist positive constants Ck(p), k = 2, 3, such that

ωp(x)Bn

(
1

ωp(t)
;x

)
≤ C2(p),

ωp(x)Bn

(
(t− x)2

ωp(t)
;x

)
≤ C3(p).

φ(x)

n+ 1
,

for all x0 ∈ R0 and n ∈ N .

Lemma 2.4. For every fixed p ∈ N0 there exists positive constants C4(p) such
that for all x ∈ R0, n ∈ N , we have

ωp(x)

∞∑

k=0

∣∣∣∣
1

n

d

dx
bn,k(x)

∣∣∣∣
(
ωp

(
k

n+ 1

))−1

≤ (n+ 1)C4(p) (11)
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Proof. Applying (1) and (5), we get

∞∑

k=0

∣∣∣∣
1

n

d

dx
bn,k(x)

∣∣∣∣
(
ωp

(
k

n+ 1

))−1

≤ 1

n

(n+ 1)

(1 + x)

{ ∞∑

k=0

bn,k(x)

(
ωp

(
k

n+ 1

))−1

+

∞∑

k=0

bn+1,k(x)

(
ωp

(
k + 1

n+ 1

))−1}

≤ (n+ 1)

{
Bn

(
1

ωp(t)
;x

)
+Bn+1

(
1

ωp(t)
;x

)}
,

this lead to (11) by above Lemma. This complete the proof of Lemma 2.4. ¤

Lemma 2.5. For every fixed p, q ∈ N0 there exist two positive constants C5(p, q)
and C6(p, q), such that∥∥∥∥Bn,n

(
1

ωp,q(t, v)
;x; ., .

)∥∥∥∥
p,q

≤ C5(p, q), for n ∈ N. (12)

Moreover for every f ∈ Cp,q and for all n ∈ N we have

‖Bn,n(f ; ., .)‖p,q ≤ C5(p, q) ‖f‖p,q , (13)

∥∥∥∥
∂

∂x
Bn,n(f ;x, y)

∥∥∥∥
p,q

≤ (n+ 1)C6(p, q) ‖f‖p,q , (14)

∥∥∥∥
∂

∂y
Bn,n(f ;x, y)

∥∥∥∥
p,q

≤ (n+ 1)C6(p, q) ‖f‖p,q . (15)

Thus, Bn,n is a linear operators from the space Cp,q into C1
p,q.

Proof. From (5), (6) and (10) we get for (x, y) ∈ R2
0 and n ∈ N

ωp,q(x, y)Bn,n

(
1

ωp,q(t, v)
;x, y

)
=

(
ωp(x)Bn

(
1

ωp(t)
;x

))(
ωq(y)Bn

(
1

ωq(v)
; y

))

Using Lemma 2.3 and from (7), we obtain (12).

Now from (6), (7) and (3) we get for f ∈ Cp,q and for all n ∈ N

‖Bn,n(f ; ., .)‖p,q ≤ ‖f‖p,q
∥∥∥∥Bn,n

(
1

ωp,q(t, v)
; ., .

)∥∥∥∥
p,q

,

which by (12) implies (13). Moreover, we obtain from (3)

∣∣∣∣
∂

∂x
Bn,n(f ;x, y)

∣∣∣∣ ≤
∞∑

l=0

∞∑

k=0

∣∣∣∣
1

n

d

dx
bn,l(x)

∣∣∣∣
1

n
bn,k(y)

∣∣∣∣f
(

l

n+ 1
,

k

n+ 1

)∣∣∣∣ ,

which implies, from (5) to (7) and Lemma 2.3 and Lemma 2.4, we get
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ωp,q(x, y)

∣∣∣∣
∂

∂x
Bn,n(f ; x, y)

∣∣∣∣ ≤ ‖f‖p,q

1

n

{
ωp(x)

∞∑

l=0

∣∣∣b′n,l(x)
∣∣∣
(
ωp

(
l

n

))−1
}

ωq(y)Bn

(
1

ωq(v)
; y

)

≤ (n + 1)C2(p)C4(p) ‖f‖p,q ,

which leads (14). The proof of (15) is analogous. ¤

Lemma 2.6. [6] For m ∈ N ∪ {0}, if

Tn,m(x) =
1

n

∞∑

k=0

bn,k(x)

(
k

n+ 1
− x

)m

,

then

(n+ 1)Tn,m+1(x) = x(1 + x)
[
T ′
n,m(x) +mTn,m−1(x)

]
.

Consequently, we have

(i) Tn,m(x) is a polynomial in x of degree ≤ m.

(ii) Tn,m(x) = O
(
n−[(m+1)/2]

)
, where bγc denotes the integral part of γ.

Lemma 2.7. There exists the polynomials qc,h,r(x) independent of n and k such
that

xr(1 + x)r
dr

dxr
bn.k(x) =

∑
2c+h≤r
c,h≥0

(n+ 1)c{k − (n+ 1)x}hqc,h,r(x)bn.k(x). (16)

Proof. The proof of this lemma follows along the lines of [9, Theorem 1.8.1, p.
26]. ¤

Lemma 2.8. [4] For i, r ∈ N ∪ {0} and n ∈ N , if

Un,r,i(x) =
1

(n+ r)

∞∑

k=0

bn+r,k(x)

∫ ∞

0

bn−r,k+r(s)(s− x)idt

then, we have following recurrence relation:

(n− i− r − 1)Un,r,i+1(x) = x(1 + x)
[
U ′
n,r,i(x) + 2iUn,r,i−1(x)

+ (1 + 2x)(r + i+ 1)Un,r,i(x)
]
. (17)

where n > i+ r + 1. Consequently,

(i): we have

Un,r,0(x) = 1, Un,r,1(x) =
(1 + 2x)(1 + r)

(n− r − 1)

and

Un,r,2(x) =
x(1 + x)2n

(n− r − 1)(n− r − 2)
+

(1 + 2x)2(r + 1)(r + 2)

(n− r − 1)(n− r − 2)
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(ii): for all x ∈ [0,∞), we get

Un,r,i(x) = O
(
n−[ i+1

2 ]
)
,

where bαc stands for the integral part of α.

Lemma 2.9. [4] Suppose that

Sn,r1,r2,i,j(x, y) =
1

(n+ r1)(n+ r2)

∞∑

k=0

∞∑

l=0

bn+r1,k(x)bn+r2,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r1,k+r1(s)bn−r2,l+r2(t) (s− x)i (t− y)j dsdt

= Un,r1,i(x).Un,r2,j(y), (18)

then we obtain the following results by Lemma 2.8

Sn,r1,r2,0,0(x, y) = 1, Sn,r1,r2,i,j(x, y) = O
(
n−([ i+1

2 ]+[ j+1
2 ])

)
,

Sn,r1,r2,1,0(x, y) =
(r1 + 1)(1 + 2x)

(n− r1 − 1)
, Sn,r1,r2,0,1(x, y) =

(r2 + 1)(1 + 2y)

(n− r2 − 1)
,

Sn,r1,r2,1,1(x, y) =
(r1 + 1)(r2 + 1)(1 + 2x)(1 + 2y)

(n− r1 − 1)(n− r2 − 1)
,

Sn,r1,r2,2,0(x, y) =
2(n− 1)x(1 + x) + (r1 + 1)(r1 + 2)(1 + 2x)2

(n− r1 − 1)(n− r1 − 2)
,

Sn,r1,r2,0,2(x, y) =
2(n− 1)y(1 + y) + (r2 + 1)(r2 + 2)(1 + 2y)2

(n− r2 − 1)(n− r2 − 2)
.

Lemma 2.10. [4] If f(x, y) exist r1 + r2 derivatives on [0,∞) , then we obtain

Z [r1,r2]
n (f ;x, y) = C(n, r1, r2)

∞∑

k=0

∞∑

l=0

bn+r1,k(s)bn+r2,l(t)

.

∫ ∞

0

∫ ∞

0

bn−r1,k+r1(s)bn−r2,l+r2(t)
∂r1+r2

∂sr1∂tr2
f (s, t) dsdt,

where

C(n, r1, r2) =
(n− r1 − 1)!(n− r2 − 1)!(n+ r1 − 1)!(n+ r2 − 1)!

{n!(n− 1)!}2 .

3.Main Results

In this section we shall give total four theorems, first two theorems on the
degree of approximation of functions by Bn,n and the last two theorems are
Voronovskaya type theorems.

Theorem 3.1. Suppose that f ∈ C1
p,q with fixed p, q ∈ N0, then there exists a

positive constant C7 = C7(p, q) such that for all (x, y) ∈ R2
+ and n ∈ N
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ωp,q(x, y) |Bn,n(f ;x, y)− f(x, y)| ≤ C7




∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

√
φ(x)

n+ 1
+

∥∥∥∥
∂f

∂y

∥∥∥∥
p,q

√
φ(y)

n+ 1



 . (19)

Proof. Let (x, y) ∈ R2
+ be a fixed point then for f ∈ C1

p,q, we have

f(t, v)− f(x, y) =

∫ t

x

∂

∂u
f(u, v)du+

∫ v

y

∂

∂z
f(x, z)dz, (t, v) ∈ R2

0. (20)

From (9), we obtain

Bn,n (f(t, v);x, y) − f(x, y) = Bn,n

(∫ t

x

∂

∂u
f(u, v)du; x, y

)
+ Bn,n

(∫ v

y

∂

∂z
f(x, z)dz; x, y

)

(21)

From (5) to (7), we get
∣∣∣∣
∫ t

x

∂

∂u
f(u, v)du

∣∣∣∣ ≤
∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

∣∣∣∣
∫ t

x

du

ωp,q(u, v)

∣∣∣∣

≤
∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

(
1

ωp,q(t, v)
+

1

ωp,q(x, v)

)
|t− x| ,

and similar manner, we obtain
∣∣∣∣
∫ v

y

∂

∂x
f(x, z)dz

∣∣∣∣ ≤
∥∥∥∥
∂f

∂y

∥∥∥∥
p,q

(
1

ωp,q(x, v)
+

1

ωp,q(x, y)

)
|v − y| .

Using these inequalities and from (10), we have for all m,n ∈ N

ωp,q(x, y)

∣∣∣∣Bn,n

(∫ t

x

∂

∂u
f(u, v)du;x, y

)∣∣∣∣

≤ ωp,q(x, y)Bn,n

(∣∣∣∣
∫ t

x

∂

∂u
f(u, v)du

∣∣∣∣ ;x, y
)

≤
∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

ωp,q(x, y)

{
Bn,n

( |t− x|
ωp,q(t, v)

;x, y

)
+Bn,n

( |t− x|
ωp,q(x, v)

;x, y

)}

=

∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

ωq(y)Bn

(
1

ωq(v)
; y

){
ωp(x)Bn

( |t− x|
ωp(t)

;x

)
+Bn(|t− x| ;x)

}
,

again by similar manner, we obtain the following

ωp,q(x, y)

∣∣∣∣Bn,n

(∫ v

y

∂

∂z
f(x, z)dz;x, y

)∣∣∣∣

=

∥∥∥∥
∂f

∂y

∥∥∥∥
p,q

ωp(x)Bn

(
1

ωp(z)
;x

){
ωq(y)Bn

( |v − y|
ωq(v)

; y

)
+Bn(|v − y| ; y)

}
,
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Applying Hölder inequality, Lemma 2.1 and Lemma 2.3, we have

Bn(|t− x| ;x) ≤ {
Bn

(
(t− x)2;x

)
Bn(1;x)

}1/2 ≤
√

φ(x)

n+ 1
,

and

ωp(x)Bn

( |t− x|
ωp(t)

;x

)
≤ ωp(x)

{
Bn

(
(t− x)2

ωp(t)
;x

)
Bn

(
1

ωp(t)
;x

)}1/2

≤ C8(p)

√
φ(x)

n+ 1
.

Similarly, for n ∈ N , we get

Bn(|v − y| ; y) ≤
√

φ(y)

n+ 1
,

ωp(y)Bn

( |v − y|
ωq(v)

; y

)
≤ C9(q)

√
φ(y)

n+ 1
,

Combining these estimations, we derive from (21)

ωp,q(x, y) |Bn,n (f(t, v);x, y)− f(x, y)| ≤ C10

[∥∥∥∥
∂f

∂x

∥∥∥∥
p,q

√
φ(x)

n+ 1
+

∥∥∥∥
∂f

∂y

∥∥∥∥
p,q

√
φ(y)

n+ 1

]
,

for all m,n ∈ N , where C10 = C10(p, q) = constant > 0. This ends the proof
of (19). ¤

Theorem 3.2. Suppose that f ∈ Cp,q, p, q ∈ N0, then there exists a positive
constant C11 = C11(p, q) such that for all (x, y) ∈ R2

+ and n ∈ N

ωp,q(x, y) |Bn,n(f ;x, y)− f(x, y)| ≤ C11ω

(
f, Cp,q;

√
φ(x)

n+ 1
,

√
φ(y)

n+ 1

)
. (22)

Proof. Applying the Steklov function fh,δ for f ∈ Cp,q

fh,δ(x, y) :=
1

hδ

∫ h

0

du

∫ δ

0

f(x+ u, y + z)dz, (x, y) ∈ R2
0 h, δ > 0. (23)

Using (23), we get

fh,δ(x, y)− f(x, y) =
1

hδ

∫ h

0

du

∫ δ

0

∆u,zf(x, y)dz,

∂

∂x
fh,δ(x, y) =

1

hδ

∫ δ

0

(∆h,zf(x, y)−∆0,zf(x, y))dz,

∂

∂y
fh,δ(x, y) =

1

hδ

∫ h

0

(∆u,δf(x, y)−∆u,0f(x, y))du.

This implies that fh,δ ∈ C1
p,q for f ∈ Cp,q and h, δ > 0. Moreover, from (7)

and (8), we obtain

‖fh,δ − f‖p,q ≤ ω (f, Cp,q;h, δ) , (24)
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∥∥∥∥
∂fh,δ
∂x

∥∥∥∥
p,q

≤ 2h−1ω (f, Cp,q;h, δ) , (25)

∥∥∥∥
∂fh,δ
∂y

∥∥∥∥
p,q

≤ δ−1ω (f, Cp,q;h, δ) , (26)

for all h, δ > 0. Thus

ωp,q(x, y) |Bn,n(f(t, v);x, y)− f(x, y)|
≤ ωp,q(x, y)

{ |Bn,n (f(t, v)− fh,δ(t, v);x, y)|+ |Bn,n (fh,δ(t, v);x, y)− fh,δ(x, y)|
+ |fh,δ(x, y)− f(x, y)|} := T1 + T2 + T3

From (7), (13) and (24), we get

T1 ≤ ‖Bn,n (f − fh,δ; ., .)‖p,q ≤ C5 ‖f − fh,δ‖p,q ≤ C5 ω (f, Cp,q;h, δ) ,

T3 ≤ ω (f, Cp,q;h, δ) .

Using Theorem 3.1 and (25) and (26), we obtain

T2 ≤ C7

{∥∥∥∥
∂fh,δ
∂x

∥∥∥∥
p,q

√
φ(x)

n+ 1
+

∥∥∥∥
∂fh,δ
∂y

∥∥∥∥
p,q

√
φ(y)

n+ 1

}

≤ 2C7 ω (f, Cp,q;h, δ)

{
h−1

√
φ(x)

n+ 1
+ δ−1

√
φ(y)

n+ 1

}
.

From the above we deduce that there exists a positive constant C12 ≡ C12(p, q)
such that

ωp,q(x, y) |Bn,n(f ;x, y)− f(x, y)| ≤ C12 ω (f, Cp,q;h, δ)



1 + h−1

√
φ(x)

n+ 1
+ δ−1

√
φ(y)

n+ 1



 ,

(27)

form,n ∈ N and h, δ > 0. Now, form,n ∈ N setting h =
√

φ(x)
n+1 and δ =

√
φ(y)
n+1

to (27), we obtain (22). ¤

Corollary 3.3. Suppose that f ∈ Cp,q, p, q ∈ N0, then for every x, y ∈ R2
+ we

get

lim
n→∞

Bn,n(f ;x, y) = f(x, y). (28)

Moreover, the assertion hold uniformly on every rectangle 0 ≤ x ≤ a, 0 ≤ y ≤ b.

Theorem 3.4. Suppose that f ∈ C2
p,q with some p, q ∈ N0, then for every

(x, y) ∈ R2
+

lim
n→∞

n {Bn,n(f ;x, y)− f(x, y)} =
φ(x)

2

∂2

∂x2
f(x, y) +

φ(y)

2

∂2

∂y2
f(x, y)(x, y). (29)



1110 Naokant Deo

Proof. Let (x, y) be a fixed point in R2
+. Applying the Taylor formula for f ∈

C2
p,q, we get

f(t, v) = f(x, y) +
∂

∂x
f(x, y)(t− x) +

∂

∂y
f(x, y)(v − y)

+
1

2

{
∂2

∂x2
f(x, y)(t− x)2 + 2

∂2

∂x∂y
f(x, y)(t− x)(v − y) +

∂2

∂y2
f(x, y)(v − y)2

}

+ χ(t, v;x, y)
√

(t− x)4 + (v − y)4,

for (t, v) ∈ R2
0, where χ(., .;x, y) ≡ χ(., .) ∈ Cp,q and χ(x, y) = 0. Hence, we get

Bn,n (f(t, v); x, y) = f(x, y) +
∂

∂x
f(x, y)Bn(t − x; x) +

∂

∂y
f(x, y)Bn(v − y; y)

+
1

2

{
∂2

∂x2
f(x, y)Bn

(
(t − x)

2
; x

)
+ 2

∂2

∂x∂y
f(x, y)Bn(t − x; x)Bn(v − y; y)

+
∂2

∂y2
f(x, y)Bn

(
(v − y)

2
; y

)}
+ Bn,n

(
χ(t, v)

√
(t − x)4 + (v − y)4; x, y

)
.

(30)

Applying the Hölder inequality, we obtain

∣∣∣Bn,n

(
χ(t, v)

√
(t− x)4 + (v − y)4;x, y

)∣∣∣

≤ {
Bn,n

(
χ2(t, v);x, y

)}1/2 {
Bn,n

(
(t− x)4 + (v − y)4;x, y

)}1/2
(31)

=
{
Bn,n

(
χ2(t, v);x, y

)}1/2 {
Bn

(
(t− x)4;x

)
+Bn

(
(v − y)4; y

)}1/2
.

From Corollary 3.3 it follows that

lim
n→∞

Bn,n

(
χ2(t, v);x, y

)
= χ2(x, y) = 0. (32)

By Lemma 2.3 and (32), we get from (31)

lim
n→∞

nBn,n

(
χ(t, v)

√
(t− x)4 + (v − y)4;x, y

)
= 0. (33)

By using Lemma 2.1 and (33), we reach (29), from (30). ¤

Theorem 3.5. Suppose that f ∈ C1
p,q with some p, q ∈ N0, then for every

(x, y) ∈ R2
+

lim
n→∞

∂

∂x
Bn,n(f ;x, y) =

∂

∂x
f(x, y), (34)

lim
n→∞

∂

∂y
Bn,n(f ;x, y) =

∂

∂y
f(x, y). (35)

Proof. Let (x, y) ∈ R2
+ be a fixed point and n ∈ N , then from (1) and (3), we

get

∂

∂x
Bn,n(f ;x, y) = − 1

n2

(
n+ 1

1 + x

) ∞∑

l=0

∞∑

k=0

bn,l(x)bn,k(y)f

(
l

n+ 1
,

k

n+ 1

)
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+
1

n2
{x(1 + x)}−1

∞∑

l=0

∞∑

k=0

lbn,l(x)bn,k(y)f

(
l

n+ 1
,

k

n+ 1

)

= −
(
n+ 1

1 + x

)
Bn,n(f(t, v);x, y) +

(n+ 1)

x(1 + x)
Bn,n(tf(t, v);x, y).

Applying the Taylor formula for f ∈ C1
p,q, we get

f(t, v) = f(x, y) +
∂

∂x
f(x, y)(t− x) +

∂

∂y
f(x, y)(v − y)

+ ζ(t, v;x, y)
√
(t− x)2 + (v − y)2, for (t, v) ∈ R2

0, (36)

where ζ(., .;x, y) ≡ ζ(., .) ∈ Cp,q and ζ(x, y) = 0. From (9), (10) and Lemma 2.1
we obtain
∂

∂x
Bn,n(f(t, v);x, y) = −

(
n+ 1

1 + x

){
f(x, y) +

∂

∂x
f(x, y)Bn(t− x;x) +

∂

∂y
f(x, y)Bn(v − y; y)

+Bn,n

(
ζ(t, v)

√
(t− x)2 + (v − y)2;x, y

)}

+

{
n+ 1

x(1 + x)

}{
f(x, y)Bn(t;x) +

∂

∂x
f(x, y)Bn(t(t− x;x))

+
∂

∂y
f(x, y)Bn(t;x)Bn(v − y; y)

+Bn,n

(
tζ(t, v)

√
(t− x)2 + (v − y)2;x, y

)}
, n ∈ N.

From Lemma 2.1 we get for x ∈ R0 and n ∈ N

Bn(t;x) = x,

Bn(t(t− x);x) = Bn

(
(t− x)2;x

)
+ xBn(t− x;x) =

x(1 + x)

n+ 1
.

Consequently, we get

∂

∂x
Bn,n(f(t, v);x, y)

=
∂

∂x
f(x, y) +

n+ 1

x(1 + x)
Bn,n

(
ζ(t, v)(t− x)

√
(t− x)2 + (v − y)2;x, y

)
. (37)

Applying the Hölder inequality and from Lemma 2.1, Lemma 2.2 and Lemma 2.3,
we get

∣∣∣Bn,n

(
ζ(t, v)(t− x)

√
(t− x)2 + (v − y)2;x, y

)∣∣∣

≤
{
Bn,n

(
ζ2(t, v);x, y

)} 1
2
{
Bn

(
(t− x)4;x

)
+Bn

(
(t− x)2;x

)
Bn

(
(v − y)2; y

)} 1
2

≤ C13(x, y)(n+ 1)−1

{
Bn,n

(
ζ2(t, v);x, y

)} 1
2
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Corollary 3.3 yields

lim
n→∞

nBn,n

(
ζ2(t, v);x, y

)
= χ2(x, y) = 0.

and therefore

lim
n→∞

nBn,n

(
ζ(t, v)(t− x)

√
(t− x)2 + (v − y)2;x, y

)
= 0. (38)

By (37) and (38), we leads to (34). The proof of (35) is identical. ¤

Theorem 3.6. Suppose f ∈ H[0,∞)2 and is bounded on every finite subinterval

of [0,∞). If f (r+2) exists at a fixed point x ∈ [0,∞) and
∣∣∣ ∂r+2

∂xj∂yr+2−j f(x, y)
∣∣∣ ≤

µxρyη, (x → ∞, y → ∞); j = 1, ..., r + 2 for some ρ, η ≥ 0, then we get

lim
n→∞

[
Z

∗[r,0]
n (f ;x, y)− ∂r

∂xr
f(x, y)

]
= (1 + 2y)

∂r+1

∂xr∂y
f(x, y) + (1 + 2x)(r + 1)

∂r+1

∂xr+1
f(x, y)

+ y(1 + y)
∂r+2

∂xr∂y2
f(x, y) + x(1 + x)

∂r+2

∂xr+2
f(x, y)

(39)

and

lim
n→∞

[
Z

∗[0,r]
n (f ;x, y)− ∂r

∂yr
f(x, y)

]
= (1 + 2x)

∂r+1

∂yr∂x
f(x, y) + (1 + 2y)(r + 1)

∂r+1

∂yr+1
f(x, y)

+ x(1 + x)
∂r+2

∂yr∂x2
f(x, y) + y(1 + y)

∂r+2

∂yr+2
f(x, y).

(40)

Proof. Using Taylor’s expansion of f(s, t) as in [12], we have

f(s, t) =

r+2∑

d=0

∑

i+j=d

1

i!j!

(
∂d

∂xi∂yj
f(x, y)

)
(s− x)i(t− y)j +

∑

i+j=r+2

ε(s, t, x, y)(s− x)i(t− y)j .

where ε(s, t, x, y) → 0 as s → x, t → y and ε(s, t, x, y) ≤ µ(s − x)ρ(t − y)η as
s → ∞ , x → ∞ for some ρ, η > 0 then

n

[
Z

∗[r,0]
n (f ; x, y) − ∂r

∂xr
f(x, y)

]
= n

r+2∑

d=0

∑

i+j=d

1

i!j!

(
∂d

∂xi∂yj
f(x, y)

)
Z

∗[r,0]
n

(
(s − x)

i
(t − y)

j
; x, y

)

+ n
∑

i+j=r+2

Z
∗[r,0]
n

(
ε(s, t, x, y)(s − x)

i
(t − y)

j
; x, y

)
− n

∂r

∂xr
f(x, y)

= Q1 + Q2 − n
∂r

∂xr
f(x, y).

From Lemma 2.10, we get

Q1 = n

r+2∑

d=0

∑

i+j=d

1

i!j!

∂d

∂xi∂yj
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)
∂r

∂sr

(
(s− x)i(t− y)j

)
dsdt

=
n

r!

∂r

∂xr
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)
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.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)r!dsdt

+
n

r!1!

∂r+1

∂xr∂y
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)r!(t− y)dsdt

+
n

(r + 1)!

∂r+1

∂xr+1
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)
∂r

∂sr
(s− x)r+1dsdt

+
n

r!2!

∂r+2

∂xr∂y2
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)r!(t− y)2dsdt

+
n

(r + 1)!

∂r+2

∂xr+1∂y
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)
∂r

∂sr
{
(s− x)r+1(t− y)

}
dsdt

+
n

(r + 2)!

∂r+2

∂xr+2
f(x, y)

1

n(n+ r)

∞∑

k=0

∞∑

l=0

bn+r,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn−r,k+r(s)bn,l(t)
∂r

∂sr
(s− x)r+2dsdt

= n
∂r

∂xr
f(x, y)Sn,r,0,0,0(x, y) + n

∂r+1

∂xr∂y
f(x, y)Sn,r,0,0,1(x, y)

+ n
∂r+1

∂xr+1
f(x, y)Sn,r,0,1,0(x, y) +

n

2

∂r+2

∂xr∂y2
f(x, y)Sn,r,0,0,2(x, y)

+ n
∂r+2

∂xr+1∂y
f(x, y)Sn,r,0,1,1(x, y) +

n

2

∂r+2

∂xr+2
f(x, y)Sn,r,0,2,0(x, y)

= n
∂r

∂xr
f(x, y) +

n(1 + 2y)

(n− 1)

∂r+1

∂xr∂y
f(x, y) +

n(r + 1)(1 + 2x)

(n− r − 1)

∂r+1

∂xr+1
f(x, y)

+
n{(n− 1)y(1 + y) + (1 + 2y)2}

(n− 1)(n− 2)

∂r+2

∂xr∂y2
f(x, y)

+
n(r + 1)(1 + 2x)(1 + 2y)

(n− 1)(n− r − 1)

∂r+2

∂xr+1∂y
f(x, y)

+
n{2(n− 1)x(1 + x) + (r + 1)(r + 2)(1 + 2x)2}

2(n− r − 1)(n− r − 2)

∂r+2

∂xr+2
f(x, y), (by Lemma 2.9).

In order to prove the theorem, it is sufficient to show that

En
∼= xr(1 + x)rQ2 =

1

n

∑

i+j=r+2

∞∑

k=0

∞∑

l=0

xr(1 + x)rb
(r)
n,k(x)bn,l(y)
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.

∫ ∞

0

∫ ∞

0
bn,k(s)bn,l(t)ε(s, t, x, y)(s− x)i(t− y)jdsdt → 0 as (n → ∞).

Using Lemma 2.7, we get

|En| ≤
1

n

∑

i+j=r+2

∞∑

k=0

∞∑

l=0

∑

2c+h≤r

(n + 1)
c
∣∣∣k − (n + 1)x

∣∣∣h|qc,h,r(x)|bn,k(x)bn,l(y)

.

∫ ∞

0

∫ ∞

0

bn,k(s)pn,l(t)|ε(s, t, x, y)||s − x|i|t − y|jdsdt

≤ n
∑

2c+h≤r
c,h≥0

sup |qc,h,r(x)|
∑

i+j=r+2

∑

2c+h≤r

(n + 1)
c

∞∑

k=0

∞∑

l=0

(
(bn,k(x)bn,l(y))

1
2

∣∣∣k − (n + 1)x
∣∣∣h

)

. (bn,k(x)bn,l(y))
1
2

1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)|ε(s, t, x, y)||s − x|i|t − y|jdsdt

≤ n
∑

2c+h≤r
c,h≥0

sup |qc,h,r(x)| .
∑

i+j=r+2

∑

2c+h≤r

(n + 1)
c

[ ∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y){k − (n + 1)x}2h

] 1
2

.

[ ∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y)

{
1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)|ε(s, t, x, y)||s − x|i|t − y|jdsdt
}2

] 1
2

.

From Lemma 2.6, we get
∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y){k − (n + 1)x}2h
= (n + 1)

2h
∞∑

k=0

bn,k(x)

(
k

n + 1
− x

)2h

= (n + 1)
2h

O

(
n
−

[
2h+1

2

])
= (n + 1)

2h
O

(
n
−h

)

= n
h

(
1 +

1

n

)2h

O(1)

and let

τn =
∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y)

[
1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)|ε(s, t, x, y)(s − x)
i
(t − y)

j |dsdt
]2

.

Therefore, we obtain

|En| ≤ n
∑

2c+h≤r
c,h≥0

sup |qc,h,r(x)| .
∑

i+j=r+2

∑

2c+h≤r

(n + 1)
c

(
n
h

(
1 +

1

n

)2h

O(1)

) 1
2

(τn)
1
2 .

Now
[

1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)|ε(s, t, x, y)(s − x)
i
(t − y)

j |dsdt
]2

≤ 1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)dsdt.
1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)ε
2
(s, t, x, y)(s − x)

2i
(t − y)

2j
dsdt

=
1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)ε
2
(s, t, x, y)(s − x)

2i
(t − y)

2j
dsdt

=
1

n2

[∫

(s−x)2+(t−y)2≤δ2
+

∫

(s−x)2+(t−y)2>δ2

]
bn,k(s)bn,l(t)ε

2
(s, t, x, y)(s − x)

2i
(t − y)

2j
dsdt.

For a given ε > 0, there exists a δ > 0 such that |ε(s, t, x, y)| < ε whenever
(s− x)2 + (t− y)2 ≤ δ2. For (s− x)2 + (t− y)2 > δ2, we obtain |ε(s, t, x, y)| <
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K(s− x)ρ(t− y)η.

τn ≤ ε2
∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y)
1

n2

∫ ∞

0

∫ ∞

0

bn,k(s)bn,l(t)(s− x)2i(t− y)2jdsdt

+K

∞∑

k=0

∞∑

l=0

bn,k(x)bn,l(y)
1

n2

∫

(s−x)2+(t−x)2>δ2

(s− x)2 + (t− y)2

δ2

.(s− x)2(i+ρ)(t− y)2(j+η)bn,k(s)bn,l(t)dsdt

= ε2O
(
n−([ 2i+1

2 ]+[ 2j+1
2 ])

)
+

1

δ2
O
(
n−([ 2i+2ρ+2+1

2 ]+[ 2j+2η+1
2 ])

)

+
1

δ2
O
(
n−([ 2i+2ρ+1

2 ]+[ 2j+2η+2+1
2 ])

)

= ε2O
(
n−(i+j)

)
+

1

δ2
O
(
n−(i+j)n−([ 2ρ+1

2 ]+1+[ 2η+1
2 ])

)

+
1

δ2
O
(
n−(i+j)n−([ 2ρ+1

2 ]+1+[ 2η+1
2 ])

)

= O
(
n−(i+j)

)(
ε2 +

2

δ2
n−W

)
, where W =

[
2ρ+ 1

2

]
+ 1 +

[
2η + 1

2

]
> 0.

Thus, we get

|En| ≤ n
∑

2c+h≤r
c,h≥0

sup |qc,h,r(x)|
∑

i+j=r+2

∑

2c+h≤r

(n+ 1)c
(
nh

(
1 +

1

n

)2h

O(1)

) 1
2

.

[
O
(
n−(i+j)

)(
ε2 +

2

δ2
n−W

)] 1
2

≤ n
∑

2c+h≤r
c,h≥0

sup |qc,h,r(x)|
∑

2c+h≤r

n
2c+h

2

(
1 +

1

n

)c+h

O(1)

.
∑

i+j=r+2

[
O
(
n−(i+j)

)(
ε2 +

2

δ2
n−W

)] 1
2

= O(1)n
r+2
2 n− r+2

2

(
1 +

1

n

)r−c (
ε2 +

2

δ2
n−W

) 1
2

= O(1)

(
1 +

1

n

)r−c (
ε2 +

2

δ2
n−W

) 1
2

→ 0, as n → ∞.

This completes the proof of (39) and the proof of (40) is identical. ¤
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