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orem, several asymptotic formulae for the partial derivative and the degree
of approximation for two dimensional Lupag type operators.
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1. Introduction

In [8], Lupas type operators are defined as:

B.)(2) = £ Y b0l (7). )
k=0

n+1

where
1 xF
bn,k(x) =

S T e PE0) = R N = (12,0,

and B(v + 1,n) denotes as:

T'(v+1)Tn

Flv+n+1)’

in polynomial weighted spaces C), such type operators were examined in [2].
Author [4] has given Durrmeyer variant of these operators as:

(Duf) @) = £ S bs@) [ buatrs 01 2)
k=0 0

B(v+1,n)=
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and studied some direct results of these operators. Now in this paper, we consider
bivariate Lupag type operators as:

B u(f52,y) kzngn,k(x)bn,l(y)f <n—|—1’n+1> (3)
where
n €N, (z,y) € [0,00) x [0, oo)ER(Q) and f € C(]0,00) x [0,00)).

Now we propose Durrmeyer variant of (3
(f»xy stk bj / / bk (8)bp 1 (8) f (s,t)dsdt.  (4)
=0 1=0

In particular, if f(O (z) = f(z) then the meanings of o[- (f; x,y) and b9 (f; 2, y)
are clear. By H|[0,0)?, we denote the class of all measurable functions defined
on [0, 00) satisfying

/ / e + |1|i(t;!} T dsdt <oo, for some positive integer n.
S n

Similar type operators were studied by several researchers (see e.g. [3], [5], [7],
[10], [11], [12]). In the present paper, we study the degree of approximation
and Voronovskaya type theorem the for two dimensional Lupas type operators
B, »(f,z,y) and at the end of this paper, we obtain the properties of simulta-
neous approximation and several asymptotic formulas for the partial derivative
of these operators.

Throughout this paper ¢(x) = z(1+ ) and 6x(g,h), k = 1,2, ..., will denote
positive constants depending only on parameters g, h.

2.Auxiliary Results

In this section we give some notational convention, definitions and lemmas,
which will be needed to prove our main results, given in section 3.

The space Cp, p € No :={0,1,2,...}, is associated with the weighted function

wo(z) =1, wy(z):=(1+2P)"! if p>1, 2€Ry (5)

and consists of all real-valued functions f, continuous on Ry and such that w, f
is uniformly continuous and bounded on Ry. The norm on C), is defined by the
formula

11, = WF O, == sup wp | f(2)]

r€Ro

For given p, ¢ € Ny, we define the weighted function wy, , on R3 as

wp,q(7,y) = wy(x)we(y), (x,y) € R§ := Ry x Ry, (6)
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and the weighted space Cj, 4 of all real-valued functions f continuous on Rj for
which w, ,f is uniformly continues and bounded on R3. The norm on C,, is
defined by the formula

[fllp,g = NFC Mg = sup wpql@,y) [f(2,9)]. (7)

(z,y)€RS

The modulus of continuity of f € C), ;, we define as usual by the formula

w(f,Cpgit,s) = sup  [[Apsf(, ), ts=0, (8)
0<h<t, 0<5<s

where Ay 5f(z,y) == f(x + h,y +6) — f(z,y) for h,§ € Ry and (z,y) € R3.
Let €}, be the set of all the functions f € ()}, having partial derivatives

%yfk_s € Cpyq, for fixed m € N, p,qg € Ngand k=1,2,...,m.

Lemma 2.1. Suppose n € N and x € Ry, then it is easily verified from (1)

B,(1;2) =1,
B, ((t —x);x) =0,
B, ((t—2)*2) = jf)l

Lemma 2.2. [8] For all (z,y) € R3 and n € N, we get
Bn,n(l;x7y) = 17 (9)

Moreover, if f € Cpq and f(x,y) = f1(z)f2(y) for all (z,y) € R and forn € N,
then we obtain

Bn,n(f(t7 U); T, y) = Bn(fl (t); ‘T)Bn(fZ(v)a y) (10)

Lemma 2.3. [1] For ever fized xy € Ry there exists a positive constant € (x)
such that

B, ((t - x0)4;x0) < Gi(xo)(n+1)"2 forneN,
Now for every p € Ny there exist positive constants €i(p), k = 2,3, such that

op(@) B (wl(t)) < (),
@8, (1 o)’ 0) <o)

wy(t)
for all xg € Ry andn € N.

Lemma 2.4. For every fized p € Ny there exists positive constants €y4(p) such
that for all x € Ry, n € N, we have

wp(2) gj (e (k)) <mVEE) ()

1d
——b
k(x) n+1

— b,
n dx
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Proof. Applying (1) and (5), we get

SES
S o 4) i (1)) )
ool () e ()}

this lead to (11) by above Lemma. This complete the proof of Lemma 2.4. O

Lemma 2.5. For every fized p,q € Ny there exist two positive constants €5 (p, q)
and 6s(p, q), such that

1
Bn,n (7 s )
wp.q(t,v)

Moreover for every f € Cp 4 and for alln € N we have

<%(p,q), for ne N. (12)

p.q

B3y < %000) 1 13

0

g Bontfis)| < 4 060.0) 111, (1)
p.q

0

|y Buntfia)]| < (o4 060 151 (15)

y p.q

. . ; 1
Thus, Bn,n is a linear operators from the space Cp 4 into C,, .

Proof. From (5), (6) and (10) we get for (z,y) € R3 and n € N

st (5 o) = s ) (s )

Using Lemma 2.3 and from (7), we obtain (12).

Now from (6), (7) and (3) we get for f € Cp, , and for alln € N

1
Bn AVERTE < Bn n\ 7, -
1B My < Wl B (i)
which by (12) implies (13). Moreover, we obtain from (3)

k
b ’f<n—|—l n—i—l)'

=0
which implies, from (5) to (7) and Lemma 2.3 and Lemma 2.4, we get

)
p.q
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ol (o (2) o ()

o 1 >

(@) ‘EBn,n(f;x,w] <Ml {wp(mz
1=

<+ VGG I,

which leads (14). The proof of (15) is analogous. O

Lemma 2.6. [6] For m € N U{0}, if
bn 1 )
Z . < 1 x)
then
(n+1)Thmi1(z) = (1 + ) [T/zm(x) + an,mfl(x)] :

Consequently, we have

(i) Thnm(z) is a polynomial in = of degree < m.

(il) Tnom(z) = O (n~Im+D/2)) “where || denotes the integral part of .

Lemma 2.7. There exists the polynomials qc p »(x) independent of n and k such
that

d’l‘
(14 a2) —bur(x) = Y (n+ 1)k~ (n+ 1)z} g (2)bni(z). (16)
dx” 2c+h<r
c,hfo
Proof. The proof of this lemma follows along the lines of [9, Theorem 1.8.1, p.
26). (|

Lemma 2.8. [4] Fori,r € NU{0} andn € N, if

oo
Un,rz = 77,+T’ kz nJer? / bn*TJH“T(S)(S_‘T)ldt

then, we have following recurrence relation:
(n—i—r—1)Unpit1(x) =1+ 2)[U}, . ;(x) + 2iUp ri—1(2)
+ (1 +2z)(r+i4+ DU ri(x)]. (17
where n > 1+ r + 1. Consequently,
(i): we have

(I1+2x)(1+7r)

Unro(z) =1, Unra(e) = (n—r—1)

(14 x)2n (1+22)%(r+1)(r +2)
" Cn—r—=1n-r—-2 m-r—1)n-r-2)
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(ii): for all z € [0,00), we get
Un,ri(z) = O(nf[izl])

where | stands for the integral part of a.

Lemma 2.9. [4] Suppose that

1 o0 o0
Sn,ryraing (%, e bptr brr
rrratd(B09) = Gy 2 3 i (Pbnraay)

/ / et ()b e (£) (5 — @) (¢ — )7 dsd
= Uy i(2) Unry 5 (9), (18)

then we obtain the following results by Lemma 2.8

Sn,n,rg,O,O(xvy) =1, Sn,rl,rz,i,j(x’y) =0 (n—([“gl]-ﬁ-[%])) )
(ri+1)(1+22) (ro +1)(1+ 2y)
(n—mr —1) (n—ro—1) ~’
(r1+1)(re + 1)(1 4 22)(1 + 2y)
(n—ri—1)(n—ry—1) ’

2(n — Da(14+x) + (ry + 1) (r1 +2)(1 + 22)?
m—r—1n-r—2) ’

2(n — Dy(1 +y) + (r2 + 1)(r2 + 2)(1 + 2y)?
(n—ro—1)(n—1ry —2) '

Sn,rl,rz,l,O(xvy) = 5 Sn,n,rz,o,l(xvy) =

Snﬂ‘l,?“ml,l('% y) =

Sn,rl ,r2,2,0 (l’, y) =

Snﬂ'l ,T270,2(x7 y) =

Lemma 2.10. [4] If f(z,y) exist r1 + ro derivatives on [0,00), then we obtain

Z ra,ral (fv Z, y) (77‘7 1, Tg) Z Z bn+T1,k(s)bn+Tz7l(t)

k=0 1=0
o0 o0 8T1+T2
-/0 /0 br—ry kot (8)br—rg 14y (t)wf (s,t)dsdt,
where
Cn,r1,7a) = (n—r—Dln—rs—Din+r - Hin+r; - 1!

{nl(n —1)!}2
3.Main Results

In this section we shall give total four theorems, first two theorems on the
degree of approximation of functions by B, , and the last two theorems are
Voronovskaya type theorems.

Theorem 3.1. Suppose that f € C’éq with fixed p,q € Ny, then there ezists a
positive constant €7 = €(p,q) such that for all (z,y) € R% andn € N
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(L) -

Proof. Let (z,y) € R% be a fixed point then for f € C p 4> We have

wpra(@,9) |Brn (F2,5) — f(@, )| < % {H

to Y0
s =t = [ gt [ e ad tnert @)
From (9), we obtain

t 9 v 9
Bun (f(6,0)i2,) — F(2,9) = Buon (/ af(uw)du;z,y) + B (/ af(:mz)dzw,y)
@ y
(21)

From (5) to (7), we get

t du
flu,v)du| < H R
(u,v) 0z ||, 4 1Je wWpq(u,v)
af ( 1 1 >
<%= + t—zx,
’833 p,q wp,q(t,v)  wpg(z,v) | |

and similar manner, we obtain

of ( 1 N 1 ) | |
90 v =Y.
Wiy Wp,g(T,v)  wpq(z,Yy)

v
— <
; xf(x,z)dz <

Using these inequalities and from (10), we have for all m,n € N

e ([ s

S wp,q(xay)Bn,n ( ax7y>

wpqzy

f(u, v)du

< ‘ oz Wp,q(2, Y) {Bn,n (wpyq(t,v)’m’y + B RN
_||9f 1 [t — x| '
=[[52],, rm: (i) {riomn (5 50) + Bath =i},

again by similar manner, we obtain the following

Bun (/J (if(m,z)dz;a:,y)
2)B, (wpl(z)x> {wq(y)Bn (W;@ + Bu(jv -y ;y)}7

Wp.q(T,Y)

s
[
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Applying Holder inequality, Lemma 2.1 and Lemma 2.3, we have

¢(z)
n+1

Bu(lt — ] ;2) < {B, ((t —2)%:2) By(1;2)}* <

)

and

a@8, (o) <o B (20 b, () }1/2 <y 2

Similarly, for n € N, we get

o(y)
oyl ) < 4 2L
By(lv—yl;y) < P
v —yl o(y)
v <
wp(y)Bn ( o) V) = Gl 1
Combining these estimations, we derive from (21)
) _ of [ ¢(x) of ?(y)
wpvQ(m7y)‘an’ﬂ (f(t,v),x,y) f(l‘7y)‘ Sglo |:Hax o n+1 +H8y o TL+1 )

for all m,n € N, where %19 = %10(p,q) = constant > 0. This ends the proof
of (19). O

Theorem 3.2. Suppose that f € Cp 4, p,q € Ny, then there exists a positive
constant 611 = €11(p, q) such that for all (x,y) € RY andn € N

pal,9) B fi,) — F(a.9)] < Gure (f, G| 22, \/f(f’l) @

Proof. Applying the Steklov function fy, s for f € Cp 4

1 h §
fh75(xay) = %/ du/ f(x+u,y+z)dz, (.’L‘,y) ER% h75>0 (23)
0 0

Using (23), we get
h 4
o) = Fla) = 55 [ du [ A, p(egpa,
9 &
S nste) = gz [ Qe (e) = Bofa )i

h
s fnol@n) = g [ (Busf(e0) = Auaf(e.p))du

This implies that f,s € C}, for f € Cpq and h,6 > 0. Moreover, from (7)
and (8), we obtain

||fh,5 - f||p7q <w (fa Cp,q; h, 5) ) (24)
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0

%] <m0 G, (25)

2] <07t (1, Cpain. (26)
p,q

for all h,6 > 0. Thus
Wp,q(@,Y) [ B (f(t0);2,y) — fz,y)]
< Wpg (@, Y){ B (f(t,0) = fus(t,v); 2,9)] + |Bun (fas(t,0); 2,9) = fas(z,y)]
+ | fns(@,y) — flay)|} =T+ T+ T3
From (7), (13) and (24), we get

Ty < |Bpn (f = frsio ), < 6

p,q —

(f7 D, qa 7 ) )
T3 <w(f,Cpq;h, 6) .
Using Theorem 3.1 and (25) and (26), we obtain

Ofns o(z) Ofns P(y)
nso |5 % |
2 7{ v n+1 oy b n+1

< 26w (f,Cpih, ){h_lm”_l\/ﬁ}-

From the above we deduce that there exists a positive constant 12 = %12(p, q)
such that

wWp,q(2,Y) | Bnn (f;2,9) — f(2,9)| < 612 w (f,Cp,q; b, 9) {1 +hy j(if)l \/ p—y 1}

form,n € N and h,d > 0. Now, for m,n € N setting h = Z(fl and § = 4/ ﬁ(j’l
o (27), we obtain (22).

Corollary 3.3. Suppose that f € Cp 4, p,q € Ny, then for every x,y € Rf_ we
get

lim By, (f;z,y) = f(z,y). (28)
n—oo
Moreover, the assertion hold uniformly on every rectangle 0 <z < a,0 <y <b.
Theorem 3.4. Suppose that f € C';q with some p,q € Ny, then for every
(z,y) € RL

lim n{Bun(fizy) — f@y)} = 2D 0 pa g+

n—soo0 ? 2 0Ox2

2 e (29)
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Proof. Let (x,y) be a fixed point in R%. Applying the Taylor formula for f €

C; ¢ We get

F(t0) = F@0) + o fn)E - 2) + o fla, ) - 1)
z Yy

{07 + 250 (- 2o ) + 2 S -}
515527 @Y Bedy’ &Y W+ gaf@-y
+x(t vz, y)y/ (= 2)t + (v —y)1,
for (t,v) € RZ, where x(.,.;z,y) = x(.,.) € Cp 4 and x(z,y) = 0. Hence, we get
B (F(0)52,9) = £(2,) + 50 £, ) Bt = 533) + 2 (@) B (v = 9:9)

2

1( 0° )
3 { T @B (= 0)%0) 4 250 F @ ) Bt = ) B = 330)

2
ot By (0= %) b+ B (xt0/0= 0+ 0 =it
(30)
Applying the Holder inequality, we obtain
|Bun (x(t.0)V/ (= 2)"+ (0 = g y) |
1/2 1/2
< B (2 0):2,9) Y2 { B (= 2)* + (v —9) s 2,9) } (31)
1/2 1/2
— (B (6, 0);2,9) Y2 {Bn ((t = 2)%2) + Ba (v — )5 ) /2.
From Corollary 3.3 it follows that
. 2 ) 2 _
Jim B, (X*(t,v);7,y) = X7 (2,y) = 0. (32)
By Lemma 2.3 and (32), we get from (31)
Tim B, (X(t, DVt —2) + (v -y, y) —0. (33)
By using Lemma 2.1 and (33), we reach (29), from (30). O

Theorem 3.5. Suppose that f € C;,q with some p,q € Ny, then for every
(z,y) € RE

. 0 0
im LB, (fiey) = 2 fay) (35)
o 8y nn\J3 T, Y) = ay x,Y).

Proof. Let (z,y) € R be a fixed point and n € N, then from (1) and (3), we
get

0 1 (n+1\ o ! k
seBunliea) == (TS S babosf ()
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bl S st ()

P n+l n+1

(n+1)
z(1+4 )

B, o (tf(t,v);z,y).

1
= — <717zix) Bn,n(f(tvv);x’y) +

Applying the Taylor formula for f € C’Zl, we get

f(tw)=f(fc,y)+%f(%y)(t—w)+6%f(w7y)(v—y)
+ ¢t vz, )/ (t — )2 + (v —y)2, for (t,v) € RZ, (36)

where ((.,.;z,y) =((.,.) € Cp 4 and ((z,y) = 0. From (9), (10) and Lemma 2.1
we obtain

0 0 0
S Bt = = () {#@) + - F@)Batt = ai0) + @) Balo - 0)

. (q(t, o/ t—2)? + (o — y)2;w,y) }

e ; i T —z;x
+{$(1+x)}{f(a:,y)Bn(t,:c)-i-axf( ) Bu(t(t — z;7))

+ gf(% y)Bn(t; ) Bn (v — y;9)
y

T (N i) | R

From Lemma 2.1 we get for x € Ry and n € N

B, (t:z) = =,
Bo(t(t — x);2) = By ((t — 2)%2) + 2By (t — w7) = xS:f)
Consequently, we get
2 Bunlf(t0);0,9)
Sl @)+ B (Gt = T i) 6T

Applying the Holder inequality and from Lemma 2.1, Lemma 2.2 and Lemma 2.3,
we get

‘Bn)n (C(t, v)(t —2)\/(t —2)2 + (v — y)Q;x,y) ’
< {Bn,n (C*(tv);2,y) }

1
2

{Bn ((t — )4 a?) + B, ((t — )% :E) B, ((v — y)2;y) }

< Giate. )0+ )7 B (Cl0)imn) b

N
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Corollary 3.3 yields
lim nB,, (¢(t,v);z,y) = x*(z,y) = 0.

n— oo

and therefore

lim 1By, (g(t, V)t — )/t —2)2+ (v —y)% 2, y) —0. (38)
n— oo
By (37) and (38), we leads to (34). The proof of (35) is identical. O

Theorem 3.6. Suppose f € H[0,00)? and is bounded on every finite subinterval
of [0,00). If f"t2) exists at a fized point x € [0,00) and #ﬁzﬂﬂx,y) <

uxPy" (x — oo, y—>oo); j=1,..,r+2 for some p,n > 0, then we get

) «[r,0] T+1 ar+1
Jim |20 ) = )| = (0 20) S ) + (L 200+ ) 3 f )
T+2 or+2
+y(l+ y)wf(%y) +2(1+ f)mf(% )
(39)
and
. [0,7] or or+1 gr+1
i [Z307 ) = )| = (14 20) 2 ) + (4 2) (0 + 1) 5 )
n—oo Y Oy o,
ar+2 ar-‘r
+az(l+ m)wf(%y) +y(l+ y)wf(%y)-
(40)
Proof. Using Taylor’s expansion of f(s,t) as in [12], we have
r+2 d
D=2 2 5 (G @) G-oa- + 5 elstae-oc-sy.
itj= d i+j=r+2

where e(s,t,x,y) > 0as s =z, t > yand e(s,t,z,y) < u(s —x)P(t —y)" as
s — 00 ,x — oo for some p,n > 0 then

r+2

n[ 0l (g g y) — o (w y} =nd > o= (a;?;yj f(r,y)) z; 0 ((S*I)i(t*y)j;m»y)

d=01i+4j= d

tn Y (ot ) — ) - ) y) — ()
itj=r+2

1Y)

From Lemma 2.10, we get

r+2 oo 0
Ql_nz Z z']'axlayf wY n(n+r) ZZwak bn.1(v)
d=0i+j=d k=0 1=0
_ Y
/ / b () (1) o ((s 2)'(t —y)’) dsdt
n 0" s
Tyl oz f(z,y) n(n-l—r) Zzbn+rk (v)

k=0 1=0
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/ / bn—r,ktr(8)bn,i (t)rldsdt
0

n "1 = &
+W8:ﬂ8yfx n+r ZZ@HHC bni(y)

n o+t a

+(T+1)'3IT+1f n+r Zzbn-H“k nl )

n 8T+2 1

+ ﬁwﬂx y)m SN b r(@)bai(y)

/ / bn—r etr ()b, (£)r!(t — y)stdt

ar+2

+ (r + 1)! 31’T+18yf(x y)m Z Z Ontrok (2)bn .1 (y)

8T+2 1

T :2)! pre R ACH e o Z; D brtrk(@)bni ()
o

41

o
o F(@y)Snr000(2,y) +nmf($,y)5nmo,o,1($,y)

T+1

n 0
+ n@ 1 J(@,y)Sn,ro10(z,y) + §Wf($7 Y)Sn,r0,0,:2(,y)

r+2

8r+2
+ ”mf(ﬁ% Y)Sn,r0,1,1(2, ) +

n ar+2

b Wf(x’ Y)Sn,r0,2,0(T, Y)

o n(1+2y) 97+ n(r+1)(1+2x) o
nam,.f(:r,y) + Wawayﬂm’y) + —r—1) oo+ f(@,y)
n{(n—Dy(l+y) + (1+2y)?*} 9+

+ (n—1)(n—2) w2’ @Y
nr+1)(1+2x)(1+2y) 0"

W= D)im—r—1) oy’ ©Y)

n n{2(n — Dz(1 + ) + (r + D) (r +2)(1 + 22)?} 972

1113

2n—r—1)(n—r—2) 9Tz f(z,y), (by Lemma 2.9).

In order to prove the theorem, it is sufficient to show that

Ep=z"(1+2)" Qs = > Z Zxr b(r) 2 (@) 1 (1)

i+j=r+2k=01=0



1114 Naokant Deo

./0o /oo b e ()b (D) (s, £, 2, y) (s — @) (t — y)idsdt — 0 as (n — oo).
0 0
Using Lemma 2.7, we get

h
(n+ Dz ge.n,r (@) lbn ik (2)bn,1 ()
/ / b 1k (8)Pn.1(t)|e(s, t, T, )]s — z|* |t — y|” dsdt
0 0

<n Y swlans@l XX @0 S (Gax@bai)? [b— o+ va]")

2c+h<r itj=r4+22c+h<r —01=0
c,h >0

>

11 oo foo B .
(bn k(@)1 ()2 — b ($)bn,1(D)]e(s, t, @, y)|ls — ||t — y|” dsdt
n2 Jo 0

1

X 2
<n > suplgenr(@|. D, > (n+1)° [ZZb,Lk(w)bnly){k—(n+1)w}2’tj|

2c+h<r itj=r+22c+h<r k=01=0
c,h>0

1

1 oo oo P . 2172
: ;;bnm ba) { oz [T [T b @bna@lets. vzl — o ‘t,y,adsdt}]

From Lemma 2.6, we get

>2h

:(n+1)2ho< (2 1) (n+1)*0 (—h)

—nh (1 + %)MO(l)

n,k<x>bn,z(y)[%/o /0 bn,k<s>bn,l<t>|e<s,t,x,y)(s—x)/‘(t—y)’\dsdt} :

gk

f}bnm b1 () {k — (n+ Da}>" = ( +1>2h2bnk<w (
k=

k=01=0

and let
)

Therefore, we obtain

; 1\ 2k 1
Bl <n Y swlacn@l S Y <n+1>0<nl(1+5) O<1>> (ra)?.

2c+h<r itj=r+22c+h<r
c,h>0

gMS

[N

Now
o0 o0 . . 2
[% /0 /0 b,k (8)bn 1 (E)|e(s, t, z,y) (s — z)"(t —y)’ \dsdt]
< %/Ow /Owbn,k(wbn,z(t)dsdt%/;o /0°° b ()bt ()2 (5, £, 2, ) (5 — )% (¢ — ) dsdt
- /0 /O bk ()bt ()2 (s, £, 2, ) (5 — )2 (t — )2 dsdt

1 : )
=l +f b ()0 162 s, 8,2, 9) (5 — )% (¢ — ) ddt.
S (s=2)24(t-9)2<82 S (s—a)2+(1-9)2> 62

For a given € > 0, there exists a § > 0 such that |e(s,¢,z,y)| < & whenever
(s—x)?+ (t —y)? < &% For (s —x)? + (t —y)? > §2, we obtain |e(s,t,z,9)| <
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0 1 oo =) i
T <Y Y by k(@)bni(y) — bk (8)bni () (s — )% (¢ — y)* dsdt
k=0 1=0 0 /o
Sh e 1 (s—2)*+(t—y)*
+ K b,k (2)bn,i(y —/
Z Z k( ) l( )nQ (5 )2 4 (1—2)2> 62 52

(s — @) 20O (¢ — )2 ($)bn () dsdt

=20 (n (B 4+ Lo (w2 25
= 20 () 1 Lo (n (P )

n ?120 (n—<i+j>n—([3"?—l]+1+[@;—l}))

2

=0 (n—(H‘j)) (62 + zn—W) , where W = {@} +1+ {M

62
Thus, we get

Bl<n Y sl @ Y3 <n+1>°(nh(1+i) om)

2¢c+h<r i+j=r+22c+h<r

¢,h>0
1

i 2 3

.{O (n (+J)) (62+57n W)]

2c4h 1\ th
<n Z Sup |ge,n,r ()| Z n 2 1—&—; O(1)

2c+h<r 2c+h<r

c,h>0
1
Z {O (nf(iﬂd) (52 + %nfw>] ’

irj=r+2
r+2 rg2 N (a2, 2 w)?
=0(1)n 2 n 2 (1—}—5) (E —1—5—211 )

1

T—C E

=0(1) 1—|—l 52+3n7W — 0, asn— .
n 02

This completes the proof of (39) and the proof of (40) is identical.
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