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Design of Resonator-Coupled Wireless Power Transfer System
by Use of BPF Theory

Ikuo Awai - Tetsuya Ishida

Abstract

A wireless power transfer system based on magnetically coupled two resonators is analysed using the filter theory.
Design equations for each lumped parameter circuit components are derived. As a result, change of coupling coefficient
between the resonators and/or change of load resistance are easily responded. Effect of circuit loss to the design theory
is also addressed. After designing a power transfer system, a real system is constructed using spiral and loop coils.
Dependence of circuit elements on their dimensions is measured in advance and used to cope with the designed
element values. Simulated response by use of designed element values and measured result are compared, indicating

the validity of the theory.
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Wireless Power Transfer.

I . Introduction

After MIT group has proposed a resonator-coupled
wireless power transfer (WPT) system [1], many people
in the world have tried to confirm and/or improve the
transfer property of the similar system. But partly be-
cause their theory is based on the intricate coupled mo-
de theory and, in addition, all the necessary information
does not seem to be disclosed, there is no design theory
presented so far to our knowledge.

Considering that they use two coupled resonators fac-
ing each other and try to match them with the external
circuits, their system is neither more nor less that a
2-stage band pass filter. Since the design theory of a
BPF is well established [2], its modification is expected
to give a simple and clear design theory of the wireless
power transfer system [3, 4].

Since the BPF design is built for LCR circuits, our
theory gives the relation of each circuit element. Thus,
one has to find the equivalent circuit of the system first,
and then the dependence of each element value on their
dimensions beforehand. Using the designed element val-
ue and the dependence above, one can determine the
structure of the system.

We will take the MIT system as an example. But the
theory can be applied for any magnetically coupled res-
onator system, and could be extended to electrically cou-
pled systems easily. Some design examples will be shown
together with the simulated response and the experimen-

tal results. Their reasonable agreement verifies the effec-
tiveness of the design theory.

II. Equivalent Circuit

The rough sketch of MIT system is depicted in Fig.
1. The coupling between the loop and spiral coils and
also between two spiral coils is substantially magnetic,
and thus, the coupling circuit should be expressed by
mutual inductance circuit. In Fig. 2, an equivalent circuit
of the power transfer system in Fig. 1 is described,
where L, denotes the self inductance of input loop coil,
M, the mutual inductance between the input loop coil
and adjacent spiral coil, Lo the self inductance of the
spiral coil, Cy the stray capacitance between wires of
spiral coil, C. the stray capacitance between spiral coil
and the ground.
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Fig. 1. Wireless power transfer system based on magneti-
cally coupled two resonators.
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Fig. 2. Equivalent circuit of Fig. 1.

=]

Fig. 3. Equivalent circuit of a loop coil coupled to a spiral
coil.
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Fig. 4. Frequency characteristic of input reactance of circuit
in Fig. 3.
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Fig. 5. Simplified equivalent circuit of a loop coil coupled
to a spiral coil and its input impedance.

Considering the spiral coils are not directly connected
to the circuit, the value of C. could be quite unstable,
depending on the objects around it and their arrange-
ment. But in reality, the fluctuation is not so serious in
its value that we can rely on the reproducibility of the
system response. It is needless to say that we should not
put any obstacles close to the system.

We calculate the input impedance of the loop coil
coupled to a spiral coil as shown in the inset of Fig. 3.
The input reactance is obtained to show the series and
parallel resonances by @, and @, as depicted in Fig. 4,
respectively.
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Fig. 6. Typical frequency characteristic of input reactance of
loop coil coupled to spiral coil (measured result).
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Fig. 7. Equivalent circuit of power transfer system.

Considering that the capacitors connecting to the in-
ductor Ly in Fig. 3 could be reduced to one capacitor,
we calculate the input impedance of the circuit in Fig.
5. It turned out to show the similar frequency character-
istics as that shown in Fig. 4. To confirm the process
above, we have measured a typical loop coil coupled to
a spiral coil that has the configuration shown in Fig. 3.
The measured frequency characteristic in Fig. 6 shows
the same behaviour as Fig. 4, and hence, the simplified
circuit in Fig. 5 is safely adopted for the equivalent cir-
cuit representation of the system in Fig 1. We will uti-
lize Fig. 7 as the equivalent circuit to design the WPT
system shown in Fig. 1.

. Circuit Transform

The mutual inductance circuit in Fig. 8(a) is equiv-
alent to the circuit in (b). Therefore, the circuit in Fig.
7 is transformed into Fig. 9.

On the other hand, the T circuit shown in Fig. 10(a)
constitutes a K inverter with the characteristic im-
pedance @M as shown in (b). Thus, the circuit in Fig.
9 is finally converted into Fig. 11. The conversion to

M L -M

L,-M
T =~

2 = M

Fig. 8. Equivalence of mutual inductance circuit to T circuit.
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Fig. 9. First transformation of original circuit.
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Fig. 10. Realization of K inverter.
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Fig. 11. Final transformation of power transfer circuit.
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Fig. 12. Transformation of circuit including inductance and
resistance.

the inverter K, is straightforward, but that to Ko and
K>3 needs some manipulation, since we have to delete
the self inductance L, and L;. The inductances L; and L
will be given later.

Take the conversion of the load resistance side of Fig.
9 as an example.

Fig. 12 shows the process of conversion. One adds a
negative inductance —M; to the circuit in (a) and sub-
tract it from the series inductance L—M; as shown in
(b). Then, the input impedance Z;, is calculated as

1
1 1
+
joM, jo(L-M,)+R, (1)

Z =—joM: +

The input impedance in (b) is equated to that in (c)
which is
_Ks
m R/ (2)

Comparison of the real and imaginary part of egs. (1)
and (2) gives

oM R,

K23 = ’77
VR +(o L)y
M=y, - OMEL
R +(oL,) 3)

It means that introduction of negative inductance has
cancelled the cumbersome inductance Z;. As a result, the
inductance L— M; is changed into

L=L-M,+M; (4)

The same procedure is applied to the generator side,
and one obtains

oM R,
Km = —E£ ’
R +(oL,)

e ML

¢ ¢ Rz +ia)rLg iz (5)

and

LIZL—Mg-FM; (6)
K,=0oM (7

IV. Condition for 2-Stage BPF

The circuit shown in Fig. 11 is one of the standard
circuits for BPF design. The first condition for a match-
ed BPF claims the resonant frequency of each resonator
is the same, that is,

LC=LcC=V,
@, (8)
Though the equation above insists that L; and L, are
equal each other, we have remained the possibility of un-
equalness so far.
In the second, the characteristic impedance of each in-
verter should satisfy the conditions

ww,RéL] wo,R,L

[LL
]2 = a)rw —2 ’KZB = =
2,8, g8, 2.g;
)

where gy to g3 are g-values of the prototype low pass
filter, @, is the center angular frequency of the BPF,
and w is the fractional bandwidth, that is, the bandwidth
divided by the center frequency. The g-values are auto-
matically decided when one takes Butterworth type fil-
ter, for example.

Now, let us consider how the design of power trans-
fer system is carried out. First, the input resistance of
the generator R, is given. The key component of system
is probably the spiral coil, since it determines the out-
reach of power transfer as well as the transfer efficiency.
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Then the parameters L and C are determined first (since
there is no need to have different values for two spiral
coils, they are assumed the same). The mutual in-
ductance M (or coupling coefficient k) is affected by the
distance between coils, and hence, is suspended to
decide.

The loop coils are used to attain the circuit matching.
They can be slid to change the coupling to the helical
coil. In that usage, the self inductance L, and L; will be
given because one has to prepare the coils first. In sum-
mary, we give the parameter L, C, and R, first, and
then, Ly and L, The tuneable parameters should be the
mutual inductance of helical coils M, the load resistance
R;, and the mutual inductances M, and M;.

Referring to all the equations from eq. (1) to eq. (9),
one obtains the very simple relations as follows,

M, = (1+ng)&M
@, (10)
M, :f
R, (11)

Ms'
L _R
L, R, (12)
, c
| Ok
2
1+ 0, (13)

where k, is the coupling coefficient between the loop
and helical coils at the generator side, and Q. is the ex-
ternal Q of the loop coil at the generator side, too.

M
k, ===
0 - oL,
R, (15)

Equation (13) indicates that the capacitance C of the
helical coil should be adjusted in order to keep the cen-
ter frequency of the BPF as designed at the beginning.
It happened because the helical coil is influenced by the
loop coil coupled with the external circuit.

When the coupling between two helical coils changes,
M, should be adjusted according to eq. (10) together
with M;, being related with M, as shown in eq. (11).
But the self inductance of loop coil is allowed to be
constant. It means that the change of distance between
two helical coils is responded only by adjusting the dis-
tance between the helical and loop coils.

If the load resistance R; changes, both the self in-
ductance and mutual inductance of the load loop coil
should be adjusted due to eqs. (11) and (12). In order
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for the self inductance to be changed, the coil itself
should be deformed. But for the mutual inductance, only
the distance to the helical coil can be adjusted. There is
no influence to the two helical coils.

These characteristics above have never presented though
each one can be half expected. The clearly-stated rela-
tions, eqs. (10) to (15) will help design the magnetically
coupled power transfer system.

V. Dependence of Circuit Elements on Their
Dimensions

In order to construct a WPT system, one needs to pre-
pare the parametric dependence of each circuit element.
It could be obtained either by E/M simulation or ex-
periment. We will take experiment, since the simulation
of coils takes too much cpu time.

In construction of the system, one should determine
what kind of resonators are chosen. We will take spiral
resonators with a certain pitch. Then, the operating fre-
quency is to be decided, which gives the inductance L
and the effective capacitance C in Fig. 7. The induc-
tance of the fabricated spiral coil is measured with an
LC meter at a low frequency, e. g. 100 kHz, and the ca-
pacitance is calculated by the relation

LC=

8-

(16)

since it can not be measured.

Next, we have to decide the distance between two
spiral coils. The decision could be made according to
various standards such as

(1) Distance itself

(2) Transfer loss

(3) Frequency tolerance of the source

These quantities somewhat contradict each other, and
thus, there should be a judgement for the priority. In
Fig. 13, measured coupling coefficient is shown as a
function of the coil distance, where we choose the dis-
tance first, then the coupling coefficient £ is decided.
The measurement is carried out using a vector network
analyzer. Two sets of spiral and loop coils as shown in
Fig. 3 is faced each other, and S»; is measured that has
two resonant peaks fi, /o due to mutual coupling. The
coupling coefficient k£ is calculated by the relation

_ LS
LR (17)
Furthermore, from the relation
M
- JLL, (18)
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Fig. 13. Coupling coefficient of spiral coils (Pitch: 1 cm,
Diameter: 25.5 cm, f: 25 MHz).
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Fig. 14. Mutual inductance of spiral coils.

and Fig. 13, one can find the mutual inductance of two
spiral coils as a function of the coil spacing as shown
in Fig. 14.
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Fig. 15. Mutual inductance between loop and spiral coils (D
is diameter of loop coil).

In the next, we will move on to the loop coil. The
self inductance of loop coil is measured with an LC me-
ter in the same way as the spiral coil. But the mutual
inductance between a loop and spiral coils needs a small
elaboration. For the circuit in Fig. 5, the input im-
pedance Z;,, is given as

2

Zin = ja)Lg M
1-(0/,) (19)

where
) 1
Lc(l-M}/LL, 20)
o =L

LC (21)

Hence, M, is calculated by the relation

v 1=l jo)

LL, 22)
since L and L, are known, while @, and w, are meas-
ured from the input impedance for the structure shown
in the inset of Fig. 3 using a VNA. The result is de-
scribed in Fig. 15 for three different loop diameters. The
mutual inductance increases as the loop diameter in-
creases as long as it is less than that of the spiral coil.

VI. System Design and Measurement

We will design, simulate, construct and measure 2
systems with different distances between the spiral coils.
Though the system with different source and load impe-
dances is also quite important, we will not construct it
this time, because the VNA with 50 & input impedance
can not cope with the system with different impedance
easily. Fig. 16 explains the experimental configuration.

Fig. 16. Experimental setup.
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We have chosen a spiral coil of 1 cm pitch. Winding
it from the center, the diameter ended up with 25.5 cm
to have the resonant frequency 25 MHz. The measured
inductance L was 14.0 pH. Calculation with eq. (16)
and measured inductance gives 2.90 pF for the effective
capacitance C.

First example takes the distance between spiral coils
as 30 cm, and then, the coupling coefficient is 0.017
consulting with Fig. 13. The mutual inductance M is
known by Fig. 14 as 0.248 ,H. Since the loop coil at the
source side can be chosen freely, we wound a one-turn
loop with the diameter 21 cm. The measured inductance
is 0.80 xH. Though the loop coil at the load side should
be determined by use of eq. (12), it is taken the same
as that for the source side, because we are adopting the
same impedance 50 @ for the source and load.

The mutual inductance between the spiral and loop
coils is to be calculated and the distance between both
coils is to be obtained. The calculation is carried out by
egs. (10) and (11) to obtain 0.759 4 H for both coils
while it is used to obtain the distance 5.0 cm between
the coils, consulting with Fig. 15. The results are sum-
marized in Table 1 and Fig. 17.

All the values obtained above for the circuit elements
are used for the circuit simulation, and give the fre-
quency response shown in Fig. 18. The experimental re-
sult for the configuration in Fig. 17 is also shown in the
same figure.

Table 1. Circuit parameters for designed system.

(a) Given parameters (b) Calculated parameters
1 2.50E+07 Hz C 2.90E-12 H
R, 50 @ M 2.48E-07 H
R, 50 Q Oeq 2.51
L 1.40E-05 H M, 7.59E-07 H
k 0.0177 kg 0.227
L, 8.00E-07 H L, 8.00E-07 H

M, 7.59E-07 H
Large
Dun |
OOp
w()(.

Large Scr
loo
50Q2

Spnal resonator
Fr:25MHz  pitch:lem
50Q
Fig. 17. Configuration of designed system.
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Fig. 18. Frequency characteristics of designed system.

There are two differences between the simulated and
measured results. First, the measured bandwidth is about
2/3 of simulation. It is probably because the coupling
between the spiral coils is not purely magnetic, but in-
cludes the electric component. The simulation that as-
sumes purely magnetic coupling should overestimate the
coupling coefficient, resulting in a larger bandwidth.
Secondly, there is an attenuation pole for the measured
result, which is not known why at this moment.

Another discrepancy of both results from the design
is the shift of the center frequency from the designed
value 25 MHz. It is because we did not adjust the fre-
quency referring to eq. (13). We have not succeeded to
shift the value of parasitic capacitance of a spiral coil
effectively, and hence, we left the capacitance C as it is.

Table 2 and Fig. 19 show a design example for small-
er coupling between spiral resonators. The simulated and
measured results of constructed system are shown in
Fig. 20, exhibiting a fairly good agreement with the de-
signed value, again.

In spite of the deficiencies mentioned above, the si-
mulated and measured values reasonably agree with the
design. After small improvements, the theory will be-
come more effective for resonator-coupled WPT systems.

Table 2. Circuit parameters for smaller coupling between
spiral resonators.

(a) Given parameters (b) Calculated parameters
1 2.50E+07 Hz C 2.902E-12 H
R, 50 Q M 1.085E-07 H
R 50 Q Oeg 2.510
L 1.40E-05 H M, 5.025E-07 H
k 0.0177 kg 0.1501
L, 8.00E-07 H Ly 8.00E-07 H

M 5.025E-07 H
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Fig. 20. Frequency characteristics for the configuration in
Fig. 19 and Table 2.

VII. Conclusions

We have developed a design method of wireless pow-
er transfer systems based on magnetically coupled reso-
nators, for the first time. It makes use of the filter de-
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sign theory, considering the WPT system a bandpass
filter. Unique modification of the filter theory has been
carried out to cope with the WPT systems.

Design starts from obtaining the equivalent circuit of
the WPT system. Parametric property of each circuit ele-
ment obtained by EM simulation or measurement is
used to realize the system, comparing it with the de-
signed element values

Two design examples elucidate the feasibility of the
proposed method. But further refinement of the method
is required to attain exact agreement for the design and
realized system response.
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