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Abstract

M. Demirci[Vague groups, J. math. Anal. Appl. vol.230, pp. 142-156, 1999] studied the vague group operation on a
crisp set as a fuzzy function and estabished the vague group structure on a crisp set. In this paper we consider
bi-groups which are studied by A.A.A. Agboola and L.S. Akinola. And we also will define vague bi—groups and fuzzy
bi-functions and we investigate some basic operations on the vague bi—group and fuzzy bi—functions.

Key Words :

1. Introduction

Fuzzy sets proposed by Zadeh in 1968([8]) and fuzzy
settings of various algebraic concepts were studied by
several authors. Many authors have worked to present
the fuzzy setting of various algebraic concepts based on
the papers [1,5,6,7].

To get a more general extension, Demirchi [5,7] de-
fined the concept of vague group based on fuzzy equal-
ities and fuzzy functions. He also established the vague
group structure on a crisp set.

The concept of fuzzy equality and fuzzy function
given in [5,6,7] provides a good tool for fuzzifying the
group operation on a crisp set.

Let X, Y be crisp sets. A mapping Ey: XX X — [0,1]
is called a fuzzy equality on X if and only if the fol-
lowing conditions are satisfied:

() Ey(x,y)=1 if and only if x =y, Vz,y € X,
(i1) EX(x7y) =EX(y,a:)7 Vaz,y € X, and
(i) min[Ey(z,y), Bx(y,2)] < Ex(z,2), 2,5,z € X.

The real number Ey(z,y) is called the degree of =
and y in X.
Let Ey and F) be two fuzzy equalities an X and Y,

respectively. f: X— Y is called fuzzy function with re-
spect to Fy and £y if and only if the membership

function p;: XX ¥V — [0,1] of f satisfies the following
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bi-groups, vague groups, fuzzy equality, vague binary operation, vague bi-groups, fuzzy bi-functions.

conditions:

(i) Vze X, Jye Y such that p(z,y) >0, and
(i) minlp(z,2), pp(yw), Ex(ay)l < EBy(zw),
Ve,ye X, Vw,z € Y.

A fuzzy function f is called a strong fuzzy function
if and only if it satisfies the following additionally con-—
dition:

Vze X, Jy e Y such that p(zy) =1,

In this paper we consider bi-groups which are de-
fined by A.A.A. Agboola and L.S. Akinola [2] and W.B.
Vasabtha Kadasamy [3]. And we also will define vague
bi-groups and fuzzy bi—functions and we investigate
some basic operations on vague bi-groups and fuzzy
bi—-functions.

2. Vague bigroups.

In this section, we consider vague binary operations,
vague closed under the operations, vague semigroups,
vague groups, fuzzy functions, etc.

Definition 2.1 ([6]) (1) A strong fuzzy function
fi XX X— X with respect to a fuzzy equality Ely., y
on XXX and fuzzy equality Fy on X is said to be a
vague binary operation with respect to Fy. y and Ej.
(2) A vague binary operation f with repsect to
Ey. y and Fy is said to be transitive of first order if
it satisfies the following condition:
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binary operation @ and © is called a vague bi-group

i ,b,e), Eyvle,d)] < ,b,d . . .
mln[uf(a ¢), Byle,d)] /Lf(a’ )’ Vabee X if there exist two proper subsets X; and X, of X such

(3) A vague binary operation f on X with respect to that

Ey,. x and Ey is said to be transitive of the second
order if it satisfies the following condition:

min [Mf(aab7c)7EX(b7d)] < ,U/f(awdac), Y a,b,c € X.

(4) A vague binary operation f on X with respect
to Ey, y and Ey is said to be transitive of the third

order if it satisfies the following condition:
min[uf(a,b,c),EX(a,d)] < /Lf(d,b,c), Y ab,c € X.

(5) Let f be a vague binary operation on X. A crisp
subset B of X is said to be vague closed under f if
it satisfies the following condition:

pplab,e) =1=c € B, for Ya,be B, Vce X.

Definition 2.2 ([6]) Let o be a vague binary oper-
ation on X with respect to a fuzzy equality Fy. y on
XXX and Ey on X. Then

(1) (X,0) is called a vague semigroup if the mem-
bership function g, : XX XX X —[0,1] of o sat-
isfies the following condition:

min[p, (b,e,d), . (a,dym), . (a;b,q), i, (gc,w)]
< By(m,w), Y a,b,¢,d,gym,w € X

(2) A vague semigroup (X;o) is called a vague
monoid if and only if it satisfies the following con-
dition:
Je € X such that
minlp, (e;a.a),p. (a,e,a)] =1, Vae X.

(3) A vague monoid (X, o) is called a vague group if
it satisfies the following condition:

Vae X,3a ! € X such that

min[p, (@ " a.e).p, (a,a”'e)]=1.

(4) A vague group (X,o) is said to be abelian
(commutative) if o satisfies the following condition:

min[p, (a,b,m), 1. (baw)l < Ey(m,w),
Y a,b,m,w e X.

Proposition 2.3 ([6]) Let o be a X with respect to
Ey. .y and Ey if (X,°) is a semigroup and o is
transitive of the second and the third order, then
(X, o) is a vague group.

Now, we will define vague bi-group and investigate

cancellative law of vague bi-group, and some properties
of them.

Definition 2.4 (1) A set (X,®,®) with two vague

() X=X, UX,
(i) (X,,) is a vague group,
(iii) (X, ®) is a vague group.

(2) A vague bigroup (X,$,®) is said to be abelian
if (X,@®) and (X,,®) are vague abelian.

Theorem 2.5 (Cancellation law) Let (X,®,®) be
vague bi-group with respect to Ey,. y on X< X and

FEy on X. Then we have
(1) min [pg (a,bu), pg (a.cu)] < By (bye),
for Va,b,c,u € X

and

min [,U'@, (a,7b,7u/ )7 225} (alac,ﬂlf, )] < EXz(b/,C,),
vab,cu e X,

(2) min [pg (by,a,uy), pg (cppap,uy)] < Ey (byey),

for Vay,by,cu, € X

and

min [:LLG) (b27a27u2)7 [O] (C27(L27u2)} S EXZ(bwcg)a
Y gy by Coytly € X

Proposition 2.6 Let (X,®,®) be a vague hi-group
with respect to Ey, y on XXX and Fy on X with

X=X, UX,. Then we have

(1) The identity of (X,,®) and (X,, ®) is unique.

(2) Each element of (X,®,®) has a unique inverse
element in X. That is, each element of (Xu@) and

(X,,®) have a unique inverse element in X.
a, ifa€ X;

. we have
a, ifae X,

(3) For all a={
® D 'a;) =0, and © (O 'a,) =a,.

Proof. (1) Suppose that e;andf; are identities in
(X,,®) and that e,andf, are identities in (X, ®).
Then we have

Ha (617a17a1) = Hg (a17€17a1) =1
and

He (627az»a2) = Ho (az»ewaz) =1
Also, we have

Ky (f17a17a1) = Ug (a]7f17a1) =1
and

He (f2,a2,a2) = Ho (a2>f27a2) =1

Thus, by cancellation law, we see that
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min{pg (ay,e,00), pg (0 fr.00)] < By (e, f1)
and

minfpg, (ayeq,a,), g (agesa,)] < By (e,.f,).

Then, we obtain that
Eé(627f2) =1 and El(elvfl) =1.

So we have e, =f, and e; =f, and hence the iden-
tity of (X,,®) and (X,, ®) is unique.
e, if e € X
e, if e€e X,
b, if be X, ¢ ifce X
b, if be X, ™" C:{cz ifce X,
a, ifa € X
a, if ae X,

(2) Let e= { be identities in X= X; U X,.
Suppose that b= {
are inverse of a:{ . Then we have

g (agsbyseq) = pg (bage;) =1

and

N@(awbwez) :M@(bwawez) =1
S e ifee Xy . " o, ifae X;
ince ¢ = o ifCE)(lemverseo a= 4, ifac X,

we also see that
/’LHj(aUCUel) = Hg (017‘117@1) =1
and
#a(azvcwez) = ﬂa(czvawez) =1.
Thus, by cancellation law, we see that
min[u®(a1,bl7el),uﬂb(al,cnel)] < EXl(bPCl)
and
min[u@ (a2’62a€2)n“@ (azv%’ez)} = EXZ(bZ’CQ).
Then, we obtain that
E (by,e;) =1 and EBy(byc,) =1,

So we have b=c¢ and hence the identity of
(X,®,®) is unique.

(3) Let e :{

e, ifee X]
e, if e€ X,
a; if a € X;
a, if a€ X,
@71((11) ifaEXl
{@1((12) ifae Xy
we note that

be identities in X=X, U X,.

Suppose that a:{ has a unique inverse

a*= Then we note that
ﬂ@(@il(al)vapel) =1 :ﬂ$(€971(a1)7 @71@71&%)761)
and

. (O Hay),apey) =1=p, (O ay), O 'O Hay),ey).

Thus, by cancellation law, we have
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min[ug (& (ay),ap,ep), py (B ay), B D (a)),e,)]
< Ey (0,07 '@ (a)))

and

min[u, (O ay), agey) . (O (ay), © 'O Hay),e,)]
< By (0,0 '© (ay)) '

Then, we obtain that
E(a,® '® '(a,) =1 and E(a,,® '® a,)) =1.

So we have ® '@ '(q,) =q, and ® '©® '(a,) =a,.

From Proposition 2.3, we can obtain the following

proposition.

Proposition 2.7 If (X,,®) is a semigroup and @ is
a transtive of the second and third order, and if
(X,,®) is a semigroup and © is a transtive of the

second and third order, then (X, ®,®) is a vague
bigroup.

3. Fuzzy bi-functions.

In this section, we define fuzzy bi—functions and in-

vestigate some characterizations of them.

Definition 3.1 Let X be crisp sets. If there exist two
proper subsets X; and X, such that

1) XUX, =X,

(i) X, is closed under @,

(iii) X, is closed under ©,
then X is called a crisp bi-set.

Example 3.2 Let Q,Q",Q be the set of rational
numbers, the set of nonnegative rational integers, the
set of negative integers, respectively. Then (Q,+, )
is a crisp bi-set. In fact, Q=Q"UQ and Q7 is
closed under the usual addition + and Q™ is closed
under the usual multiplication e .

Definition 3.3 Let X be a crisp biset with
X=X,UX, A mapping Ey: XX X—[0,1] is called a
fuzzy bi-equality on X if it satisfies the following
conditions:

(i) By (z,9,) =1and EXZ(]J'Z,y2) =1 if and only if
z, if z € X

o ifeeyx, @&d

z, =y,andx, =y,, Wwhere z= {
_Jnifyen
“lu ifye vy

(ii) Ej){1 (1'17111) :EX, (ypwl) and EXz (xzayQ) = EX (ygvxg),

)

(111) min [EX] (wl,yl),EX (ypzl)ﬂ < EX" (1’1,21)



and

min [E)(; (Zgay2)7EX2 (y27z2))} < E)(Z(IQ)ZQ)

z, ifx e X

yifyey
where x:{IQ ifre Xy y:{yQ ifye vy and
2, ifz€e Z
:{22 ifz€ 2

Now, we consider the following notation:
XY= (XX ¥)U(X,xY,)

where X; < Y, is the Cartesian product of X; and Y
for i=1,2.

Definition 3.4 Let X and Y be crisp bi-sets with

X=X UX, and Y= Y,UY,, respectively and let Fy

and FE) be three fuzzy bi-equalities on X and Y,

respectively.

(1) f: X— Y is called a fuzzy bi-function with re-

spect to Ey and F)y if it satisfies the following con-

ditions:

(D) there exist two fuzzy functions f, and f, of f

such that f=f,Uf,,

(I the membership function s, : X® ¥—[0,1] of f

satisfies the following conditions:
@ for all 1::{2 llffzij)g Hy:{Z; liff?;i 2

such that s (z1,y,) >0 and p; (245,9,) >0,

(i) minlu (2,2,), py, (yyw,), By (21,9,)]
< E}q (pr1)

and

min[MfZ(xg»ZZLMfz(y27w2)7EX2($2,y2)}

< EYZ(ZZ,wQ)
h fx itz e X Jy ifye X
where Ty, ifre Xy Ty, ifye xy

1 ’
w, Ifwe Y,

w, ifwe Y
v 2y il 2€ Yy

{zl ifze Y

and z =

(2) A fuzzy bi-function f is called a strongy fuzzy
bifunction if it satisfies the following additional con-—
dition:

x, ifx e X

Y% ifye v
z, ifze Xy Y7

(iii) forallx={ y ifye Y,

such that i (2),y,) =1 and g, (z59,) =1.

Definition 3.5 Let X and Y be crisp bisets and let
f=f1Ufy be a fuzzy bi-function with respect to
Ey on X and £y on Y.

(1) A fuzzy bi-function f is said to be surjective if
and only if

is

oo bi-=2t HX| pi-g2| HHo

H
Ok

b

ifye Y, if v € X
A4 :{y1 Y L —{xl v ' such that

yy ifye ¥y o, ifzEe X,
My, (z1,91) >0 and /’sz(x27y2) >0,

(2) A fuzzy bi-function f is said to be strong sur-
jective if and only if

v _{yl ifye v, = _{xl if z € X

v, ifye ¥y 2 ifxeXZSUChthat

Ky, (z1,9) =1 and /’[’fz(x27y2) =1

(3) A fuzzy bi-function f is said to be injective if
and only if

v w={$1 ifze X

Y% ifye X
z, ifze Xy Y7

y ifye Xy
w, ifwe V] z,ifze v
Y w= . z= .
wy iIfwe ¥y zy if z2€ Yy

min (u, (21,2,), py, (y1,0,), By (z1,0,)]
< By (z19,)

and

min{p; (2,25), iy (yosw,), By, (25,,)]
< EYZ(ZQ,U}Q) :

(4) A fuzzy bi-function f is said to be bijective if
and only if it is surjective and injective.

(5) A fuzzy bi-function f is said to be strong bi-
jective if and only if it is strong surjective and
injective.

Definition 3.6 Let X=X, UX, be a crisp bi-set.
The fuzzy bi-relation U= U,U U, on X®X defined
by

LY if =y
/LU1($]7y1)_{1 if T, ¢y17 (l‘lvy]) E)(]X)Q
and
(ac'):()if%:y2 (z,,1,) € X, X X,
Mg, \TosYo 1 if @, =y, Y2 2 2

is called a unit fuzzy bi-function on X=X, U X, and
denoted by Uy= UXIU UXQ'

Definition 3.7 Let X=X UX, Y=Y UY,and
Z=7UZ be crisp bi-sets and let R=R/UR,,
K=K UK, and §=5,US8, be fuzzy bi-relations on
XQY, YRX, and YR®Z, respectively.

(1) The sup—min composition R o S of R and S on
X®Z is defined by a fuzzy bi-relation with the
membership function

Hros=Hpg OSUNRQ o8 " XRZ—>1

given by
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Hpg o 5{(«’[51721)
= Supy ey [mln [MR1 (xlvyl)vﬂgl (ypzl)”

for i=1,2.

(2) The fuzzy bi-relation K is said to be the inverse

of the fuzzy bi-relation R if and only if

NK(Z/JJ) ::uR(xay); V (11071/) € X® Y

Where ,LLK( c .y ):MI(I( c )UN](Z( Sy )

We note that p(y.x) =pug(z,y), V(z,y) € XQY
if and only if

tig (o) = pg (), V(2y) € X0V,
and
p (yx) = pp (2y), ¥ (2y) € X0,

From the above definition, we can obatin the follow—
ing two propositions.

Proposition 3.8 Let X=X UX, Y=Y UY,and
Z=2ZUZ be crisp bi-sets and f=f,Uf,: X— 1Y be
a fuzzy bi-function on X® Y and g=¢,Ug,: Y—2Z
be fuzzy bi—function Y®Z on with respect to
E‘X:E‘XIUEXZ on X and E‘Y:E‘YIUEYZ on Y, and
Ey=FE,UE, on Y and E;=E,UE,
respectively. Then the sup—min composition g o f of
f and g is a fuzzy bi—function on X&® ~Z with respect
to Exy=FEyUFEy on X and E,=FE, UE, on Z

Proof. Let p,.,;: X®Z— [0,1] be the membership

function of g o f. Then we have for each
z, ifz € X; nifzEe 4
zy, ifze X, M F7 s, ifze zy

on Z,

ty . ¢ (@,2)
= sup, e y[min (p,(y,2), 1, (2,9))]
= Supy ey [min[min(ﬂgl(y17z1)7N92(y2722))7
min(ltfl(xpyl)vﬂfz(%w)m

= sup,, c y, [min(ug‘

(y1721)7 l//f] (wpyl))} \%
sup,, < y,min (uy, (y9:2), pig, (25,95))]
- M.(h ° f1($]’zl) v ‘ullz °f2(z2’22)'

That is, g o f=0(g, © f;)U(gy © f,).
Therefore, ¢ o f satisfies the condition (I) of
Definition 3.4. Since g, ° f; and g, ° f, are fuzzy func-

tions,

minfu, (@20, 0, . (ypw), By (20,
< Ezl(zl,wl)

and

min[ﬂg2 o f‘z(x27’22)7ugz o fz(ygawg)vEXz(wzva)}
< EZQ(waz)-

Thus,
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min(u, . ((2,2), 1, . (yw), Ex(z,y)]
< EZ(z,w).

That is, g » f satisfies the condition (II) of Definition
3.4. Therefore, g o f is a fuzzy bi-function.

Proposition 3.9 Let X=X, UX, andY=Y,UY, be
crisp bi-sets and f=fUf,: X—Y be a fuzzy
bi—-function on X® Y with respect to EX:EX1 UEX2
on X and By=Ey UEY2 on Y. If f is bijective, then

we have the inverse bi-relation f~'=f'Uf,' of
f=fUf,y is a fuzzy bi-function on Y& X.
Proof. The proof is clear!

Proposition 3.10 Let X=X UJX, Y=Y UY, and
Z= 27U Z, be crisp bi-sets and f=f,Uf,: X—Y on
X®Y and g=g,Ug,: Y—Z be fuzzy bi-functions
on Y®Z with respect to Ey= EX1 U EX2 on X and

Ey=FyUEy, on Y, and Ey=FE,UFE, on Y and
E,=E,UE, onZ, respectively. If f and ¢ are bi-

jective, then

(ge f)l=fleogh

Proof. The proof is clear!
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