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Abstract

In this paper, we propose an induced linguistic ordered weighted harmonic mean (ILOWHM) operator. The ILOWHM
operator is more general type of aggregation operator, which is based on the LHM and LOWHM operators. Based on the
LOWHM and ILOWHM operator, we develop an approach to group decision making with linguistic preference relations.
Finally, an application of the approach to group decision making problem with linguistic preference relations is pointed
out.
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1. Introduction

Decision making problems generally consist of finding
the most desirable alternative(s) from a given alternative
set. The increasing complexity of the socio-economic envi-
ronment makes it less and less possible for single decision
maker to consider all relevant aspects of a problem [13]. As
a result, many decision making processes, in the real world,
take place in group settings. Group decision making prob-
lems follow a common resolution scheme composed by the
following two phases:

(1) Aggregation phase: It combines the individual pref-
erences to obtain a collective preference.

(2) Exploitation phase: It orders the collective prefer-
ence values to obtain the best alternative(s).

Recently, a number of studies have focused on the
group decision making with linguistic preference relations
[2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 19, 20]. Herrera et
al. [8] developed a consensus model for group decision
making under linguistic assessments. It is based on the
use of linguistic preferences to provide individuals’ opin-
ions, and on the use of fuzzy majority of consensus, rep-
resented by means of linguistic quantifier. Herrera et al.
[9, 10] combined the linguistic ordered weighted averaging
(LOWA) operator with linguistic preference relations and
the concept of dominance and nondominance to show its

use in the field of group decision making, and presented
three models of group decision making based on LOWA
operator, and presented a consensus model in complete lin-
guistic framework for group decision making. Herrera and
Herrera-Viedma [6] analyzed the steps to follow in lin-
guistic decision analysis of group decision making prob-
lem with linguistic preference relations. In some situa-
tions, however, the decision makers either are willing to
provide only uncertain linguistic information, or take the
input arguments as the form of uncertain linguistic vari-
ables rather than numerical ones because of time pressure,
lack of knowledge, or data, and their limited expertise re-
lated to the problem domain. So, based induced ordered
weighted averaging (IOWA) operator proposed Yager and
Filev [25], Xu [20] introduced induced uncertain linguis-
tic ordered weighted averaging (IULOWA) operator which
take as their argument pair, called ULOWA pair, in which
one component is used to induce an ordering over the sec-
ond components which are given in the form of uncertain
linguistic variables, and applied the IULOWA operator to
group decision making with uncertain linguistic informa-
tion. Xu [19] proposed some aggregation operators includ-
ing the uncertain linguistic geometric mean (ULGM) op-
erator, uncertain linguistic weighted geometric mean (UL-
WGM) operator, and induced uncertain linguistic ordered
weighted geometric (IULOWG) operator, and developed
an approach to group decision making with uncertain mul-
tiplicative linguistic relation. Information aggregation is
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essential process of gathering relevant information from
multiple sources. Many techniques, such as the max and
min operators, the weighted arithmetic average (WAA) op-
erator, the weighted geometric mean operator, the weighted
harmonic mean (WHM) operator, the ordered weighted av-
eraging (OWA) operator, and so on have been developed
to aggregate data information [16, 17, 21, 22, 23, 24, 26].
Harmonic mean is a conservative average to be used to pro-
vide for aggregation lying between the max and min oper-
ators. Harmonic mean is widely used to aggregate central
tendency data. Consider that, in the existing literature, the
harmonic mean is generally considered as a fusion tech-
nique of numerical data, in the real-life situations, the in-
put data sometimes cannot be obtained exactly, but linguis-
tic data can be given. Therefore, “how to aggregate lin-
guistic data by using the harmonic mean?” is an interesting
research topic and is worth paying attention to. Recently,
Park et al. [14] developed some linguistic harmonic mean
(LHM) operators, such as linguistic weighted harmonic
mean (LWHM) operator, linguistic ordered weighted har-
monic mean (LOWHM) operator and linguistic hybrid har-
monic mean (LHHM) operator, and presented an approach
to group decision making based on the developed opera-
tors. In this paper, we propose a new aggregation opera-
tor called induced LOWHM (ILOWHM) operator, and de-
velop an approach, based on the LOWHM and ILOWHM
operators, to group decision making with linguistic prefer-
ence relations. Finally, an illustrative example is pointed
out.

2. Linguistic variables and operational laws

Let S = {si : i = 1, 2, . . . , t} be a finite and totally
ordered discrete term set. Any label, si, represents a pos-
sible value for a linguistic variable, and it must have the
following characteristics [8]:

(1) The set is ordered: si ≥ sj if i ≥ j;

(2) There is the negation operator: neg(si) = sj such
that j = t + 1− i.

(3) Max operator: max(si, sj) = si if si ≥ sj ;

(4) Min operator: min(si, sj) = si if si ≤ sj .

For example, S can be defined so as its elements are
uniformly distributed on a scale on which a total order is
defined:

S = {s1 = extremely poor, s2 = very poor,
s3 = poor, s4 = slightly poor, s5 = fair,
s6 = slightly good, s7 = good,

s8 = very good, s9 = extremely good}.

To preserve all the given information, we extend the
discrete term set S to a continuous linguistic term set
S̄ = {sα : s1 ≤ sα ≤ st, α ∈ [1, t]}, where, if sα ∈ S,
then we call sα an original linguistic term, otherwise, we
call sα the virtual linguistic term [19]. The decision maker,
in general, uses the original linguistic terms to evaluate al-
ternatives, and the virtual linguistic terms can only appear
in operations.

Consider any two linguistic variables sα and sβ , then
we define the operations sα ⊕ sβ , λsα and 1

sα
as follows:

(1) sα ⊕ sβ = min{sα+β , st};

(2) λsα = sλα, where λ ∈ [0, 1];

(3) 1
sα

= s 1
α
.

3. The LOWHM and ILOWHM operators

Definition 3.1. (Yager [23]) An OWA operator of dimen-
sion n is a mapping OWA : Rn → R that has an associ-
ated vector w = (w1, w2, . . . , wn)T such that wj ≥ 0 and∑n

j=1 wj = 1. Furthermore,

OWAw(a1, a2, . . . , an) =
n∑

j=1

wjbj , (1)

where bj is the jth largest of ai (i = 1, 2, . . . , n). Espe-
cially, if wi = 1, wj = 0, j 6= i, then bn ≤ OWAw(a1, a2,
. . . , an) = bi ≤ b1; if w = ( 1

n , 1
n , . . . , 1

n )T , then

OWAw(a1, a2, . . . , an) =
1
n

n∑
j=1

bj =
1
n

n∑
j=1

aj

= AA(a1, a2, . . . , an). (2)

Definition 3.2. (Bullen et al. [1]) An OWHM operator of
dimension n is a mapping OWHM : (R+)n → R+ that
has an associated vector w = (w1, w2, . . . , wn)T such that
wj ≥ 0 and

∑n
j=1 wj = 1. Furthermore,

OWHMw(a1, a2, . . . , an) =
1∑n

j=1
wj

bj

, (3)

where bj is the jth largest of the ai (i = 1, 2, . . . , n).
Especially, if wi = 1, wj = 0, j 6= i, then
bn ≤ OWHMw(a1, a2, . . . , an) = bi ≤ b1; if w =
( 1

n , 1
n , . . . , 1

n )T , then the OWHM operator is reduced to
the harmonic mean (HM) operator, i.e.,

HMw(a1, a2, . . . , an) =
n∑n

j=1
1
aj

. (4)
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Definition 3.3. (Park et al. [14]) Let LWHM : S̄n → S̄, if

LWHMw(sα1 , sα2 , . . . , sαn
)

=
1

w1
sα1

⊕ w2
sα2

⊕ · · · ⊕ wn

sαn

=
1

sw1
α1
⊕ sw2

α2
⊕ · · · ⊕ swn

αn

=
1

s∑n
j=1

wj
αj

, (5)

where w = (w1, w2, . . . , wn)T is the weight vector of
the sαj

with wj ∈ [0, 1],
∑n

j=1 wj = 1, sαj
∈ S̄, then

LWHM is called the linguistic weighted harmonic mean
(LWHM) operator. Especially, if wi = 1 and wj = 0,
j 6= i, then LWHM(sα1 , sα2 , . . . , sαn

) = sαi
; if w =

( 1
n , 1

n , . . . , 1
n )T , then LWHM operator is called the linguis-

tic harmonic mean (LHM) operator, i.e.,

LHM(sα1 , sα2 , . . . , sαn
) =

n

s∑n
j=1

1
αj

. (6)

The OWHM operator can only be used in situations
where the input arguments are the exact numerical variable.
Recently, Park et al. [14] extended the OWGM operator to
accommodate the situations where the input arguments are
linguistic variables.

Definition 3.4. A LOWHM operator of dimension n is
a mapping LOWHM : S̄n → S̄, which has an associ-
ated vector w = (w1, w2, . . . , wn)T with wj ∈ [0, 1] and∑n

j=1 wj = 1, such that

LOWHMw(sα1 , sα2 , . . . , sαn)

=
1

w1
sβ1

⊕ w2
sβ2

⊕ · · · ⊕ wn

sβn

=
1

sw1
β1
⊕ sw2

β2
⊕ · · · ⊕ swn

βn

=
1

s∑n
j=1

wj
βj

, (7)

where sβj
is the jth largest of the sαi

.

Especially, if there is a tie between sαi
and sαj

, then we
replace each of sαi

and sαj
by their average (sαi

⊕ sαj
)/2

in the process of aggregation. If k items are tied, then we
replace these by k replicas of their average. The weighted
vector w = (w1, w2, . . . , wn)T can be determined by using
some weight determining methods like the normal distribu-
tion based method.

Yager and Filev [25] introduced an induced ordered
weighted averaging (IOWA) operator, which takes as its ar-
gument pairs, called OWA pairs, in which one component
is used to induce an ordering over the second components,
which are exact numerical values and then aggregated.

Definition 3.5. (Yager and Filov [25]) An IOWA operator
is defined as follows:

IOWAw(〈u1, a1〉, 〈u2, a2〉, . . . , 〈un, an〉) =
n∑

j=1

wjbj , (8)

where w = (w1, w2, . . . , wn)T is a weighting vector, such
that wj ∈ [0, 1], j = 1, 2, . . . , n,

∑n
j=1 wj = 1, bj is the

ai value of the OWA pair 〈ui, ai〉 having the jth largest
ui, and ui in 〈ui, ai〉 is referred to as the order induc-
ing variable and ai as the argument variable, ai ∈ R+,
i = 1, 2, . . . , n, R+ is the set of all positive real numbers.
Especially, if w = ( 1

n , 1
n , . . . , 1

n )T , then it is reduced to the
AA operator; if ui = ai, for all i, then IOWA is reduced to
the OWA operator; if ui =No. i, for all i, where No. i is
the ordered position of the ai, then IOWA is the weighted
arithmetic averaging operator.

In the following, we shall develop an induced LOWHM
(ILOWHM) operator to accommodate the situations where
the input arguments are linguistic variables.

Definition 3.6. An ILOWHM operator is defined as fol-
lows:

ILOWHMw(〈u1, sα1〉, 〈u2, sα2〉, . . . , 〈un, sαn
〉)

=
1

w1
sβ1

⊕ w2
sβ2

⊕ · · · ⊕ wn

sβn

=
1

sw1
β1
⊕ sw2

β2
⊕ · · · ⊕ swn

βn

=
1

s∑n
j=1

wj
βj

, (9)

where w = (w1, w2, . . . , wn)T is a weighting vector, such
that wj ∈ [0, 1], j = 1, 2, . . . , n,

∑n
j=1 wj = 1, sβj is

the sαi
value of the LOWHM pair 〈ui, sαi

〉 having the jth
largest ui, and ui in 〈ui, sαi

〉 is referred to as the order in-
ducing variable and sαi

as the linguistic argument variable.
Especially, if w = ( 1

n , 1
n , . . . , 1

n )T , then ILOWHM is re-
duced to the LHM operator; if ui = sαi , for all i, then
ILOWHM is reduced to the LOWHM operator; if ui =No.
i, for all i, where No. i is the ordered position of the ai,
then ILOWHM is the LWHM operator.

However, if there is a tie between 〈ui, sαi
〉, 〈uj , sαj

〉
with respect to order-inducing variables, in this case, we
can follow the policy presented by Yager and Filov [25] -
to replace the arguments of the tied objects by the mean of
the arguments of the tied objects (i.e., we replace the argu-
ment component of each of 〈ui, sαi

〉 and 〈uj , sαj
〉 by their

average (sαi
⊕sαj

)/2). If k items are tied, we replace these
by k replicas of their average.

In the following, we shall give two examples to specify
the special cases with respect to the inducing variables.
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Example 3.7. Consider the following collection of
LOWHM pairs:

〈s4, s3〉, 〈s6, s7〉, 〈s3, s1〉, 〈s5, s4〉.

Performing the ordering the LOWHM pairs with respect to
the first component, we have:

〈s6, s7〉, 〈s5, s4〉, 〈s4, s3〉, 〈s3, s1〉.

This ordering induces the ordered linguistic arguments:

sβ1 = s7, sβ2 = s4, sβ3 = s3, sβ4 = s1.

If the weighting vector w = (0.3, 0.1, 0.4, 0.2)T , then we
get an aggregated value:

ILOWHMw(〈s4, s3〉, 〈s5, s7〉, 〈s3, s1〉, 〈s6, s4〉)

=
1

0.3
s7
⊕ 0.1

s4
⊕ 0.4

s3
⊕ 0.2

s1

=
1

s 0.3
7
⊕ s 0.1

4
⊕ s 0.4

3
⊕ s 0.2

1

= s2.49.

Example 3.8. Consider the following collection of
LOWHM pairs:

〈No. 3, s3〉, 〈No. 2, s7〉, 〈No. 4, s1〉, 〈No. 1, s4〉.

Performing the ordering the LOWHM pairs with respect to
the first component, we have:

〈No. 1, s4〉, 〈No. 2, s7〉, 〈No. 3, s3〉, 〈No. 4, s1〉.

This ordering induces the ordered linguistic arguments:

sβ1 = s4, sβ2 = s7, sβ3 = s3, sβ4 = s1.

If the weighting vector w = (0.3, 0.1, 0.4, 0.2)T , then we
get an aggregated value:

ILOWHMw(〈No.3, s3〉, 〈No.2, s7〉, 〈No.4, s1〉, 〈No.1, s4〉)

=
1

0.3
s4
⊕ 0.1

s7
⊕ 0.4

s3
⊕ 0.2

s1

=
1

s 0.3
4
⊕ s 0.1

7
⊕ s 0.4

3
⊕ s 0.2

1

= s2.36.

The ILOWHM operator has many desirable properties
similar to those of the IOWA operator [25]:

Theorem 3.9. (Commutativity)

ILOWHMw(sα1 , sα2 , . . . , sαn
)

= ILOWHMw(s′α1
, s′α2

, . . . , s′αn
),

where (s′α1
, s′α2

, . . . , s′αn
) is a permutation of (sα1 , sα2 ,

. . . , sαn
).

Theorem 3.10. (Idempotency) If sαj = sα, for all j, then

ILOWHMw(sα1 , sα2 , . . . , sαn) = sα.

Theorem 3.11. (Monotonicity) If sαj
≤ s∗αj

, for all j, then

ILOWHMw(sα1 , sα2 , . . . , sαn
)

≤ ILOWHMw(s∗α1
, s∗α2

, . . . , s∗αn
).

4. An approach to group decision making
with linguistic preference relations

Consider a group decision making problem with lin-
guistic preference information. Let X = {x1, x2, . . . , xn}
be the set of alternatives, and D = {d1, d2, . . . , dm} be
the set of decision makers. Let v = (v1, v2, . . . , vn)T

be the weight vector of decision makers, where vl ≥ 0,
l = 1, 2, . . . ,m,

∑m
l=1 vl = 1. The decision maker dl ∈ D

compares these alternatives with respect to a single crite-
rion by the linguistic terms in the set S̄ = {sα : s1 ≤
sα ≤ st, α ∈ [1, t]}, and constructs the linguistic pref-
erence relation Rl = (r(l)

ij )n×n, whose element r
(l)
ij ∈ S̄

estimates the preference degree of alternative xi over xj ,
for all l = 1, 2, . . . ,m; i, j = 1, 2, . . . , n.

Theorem 4.1. Let R1, R2, . . . , Rm be the linguistic prefer-
ences provided by m decision makers dl (i = 1, 2, . . . ,m),
where Rl = (r(l)

ij )n×n, r
(l)
ij ∈ S̄ (l = 1, 2, . . . ,m; i, j =

1, 2, . . . , n), then their collective linguistic preference re-
lation R = (rij)n×n is also linguistic preference relation
with:

rij = ILOWHMw(〈v1, r
(1)
ij 〉, 〈v2, r

(2)
ij 〉, . . . , 〈vm, r

(m)
ij 〉)

=
1

w1

t
(1)
ij

⊕ w2

t
(2)
ij

⊕ · · · ⊕ wn

t
(m)
ij

,

where t
(k)
ij is the r

(l)
ij value of the LOWHM pair 〈vl, r

(l)
ij 〉

having the kth largest vl, for all l = 1, 2, . . . ,m; i, j =
1, 2, . . . , n.

In the following, we shall develop an approach based
on the LOWHM and ILOWHM operators to group deci-
sion making with linguistic preference relations.

Step 1. For a group decision making problem with lin-
guistic preference information. Let X = {x1, x2, . . . , xn}
be the set of alternatives, and D = {d1, d2, . . . , dm} be
the set of decision makers. Let v = (v1, v2, . . . , vn)T

be the weight vector of decision makers, where vl ≥ 0,
l = 1, 2, . . . ,m,

∑m
l=1 vl = 1. The decision maker dl ∈ D

compares these alternatives with respect to a single crite-
rion by the linguistic terms in the set S̄ = {sα : s1 ≤
sα ≤ st, α ∈ [1, t]}, and constructs the linguistic pref-
erence relation Rl = (r(l)

ij )n×n, whose element r
(l)
ij ∈ S̄
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estimates the preference degree of alternative xi over xj ,
for all l = 1, 2, . . . ,m; i, j = 1, 2, . . . , n.

Step 2. Utilize the ILOWHM operator:

rij = ILOWHMw(〈v1, r
(1)
ij 〉, 〈v2, r

(2)
ij 〉, . . . , 〈vm, r

(m)
ij 〉),

i, j = 1, 2, . . . , n

to aggregate all the linguistic preference relations Rl =
(r(l)

ij )n×n (l = 1, 2, . . . ,m) into a collective linguistic pref-
erence R = (rij)n×n, where w = (w1, w2, . . . , wn)T is
weighting vector associated with the ILOWHM operator,
such that wj ∈ [0, 1], j = 1, 2, . . . , n, and

∑n
j=1 wj = 1.

Step 3. Utilize the LOWHM operator:

ri = LOWHMw′(ri1, ri2, . . . , rin), i = 1, 2, . . . , n

to aggregate rij corresponding to the alternative xi, and
then get the collective linguistic preference degree ri (i =
1, 2, . . . , n) of the ith alternative over all the other alterna-
tives, where w′ = (w′

1, w
′
2, . . . , w

′
n)T is the weighting vec-

tor associated the LOWHM operator, such that w′
j ∈ [0, 1],

j = 1, 2, . . . , n,
∑n

j=1 w′
j = 1.

Step 4. Rank all the alternatives xi (i = 1, 2, . . . , n)
and select the best one(s) in accordance with the value of
ri (i = 1, 2, . . . , n).

Step 5. End.

5. Illustrative example

Let us suppose that there is an investment company,
which wants to invest a sum of money in the best option
(adapted from [7]). There is a panel with five possible al-
ternatives in which to invest the money:

1) x1 is a car industry.
2) x2 is a food company.
3) x3 is a computer company.
4) x4 is an arms company.
5) x5 is a TV company.

One main criterion used is growth analysis. There are
three decision makers dl (l = 1, 2, 3), whose weight vector
v = (0.2, 0.5, 0.3)T . The decision-makers compare these
five schools with respect to the criterion growth analysis by
using the linguistic terms in the set

S = {s1 = extremely poor, s2 = very poor,
s3 = poor, s4 = slightly poor, s5 = fair,
s6 = slightly good, s7 = good,

s8 = very good, s9 = extremely good},

and construct, respectively, the linguistic preference rela-
tions Rl (l = 1, 2, 3) as listed in Tables 1-3.

Table 1. The linguistic preference relation R1

x1 x2 x3 x4 x5

x1 s5 s2 s4 s3 s7

x2 s8 s5 s5 s4 s6

x3 s5 s5 s5 s2 s4

x4 s7 s6 s8 s5 s3

x5 s3 s4 s6 s7 s5

Table 2. The linguistic preference relation R2

x1 x2 x3 x4 x5

x1 s5 s3 s5 s6 s5

x2 s7 s5 s7 s2 s5

x3 s6 s3 s5 s4 s6

x4 s4 s5 s6 s5 s4

x5 s5 s6 s4 s6 s5

Table 3. The linguistic preference relation R3

x1 x2 x3 x4 x5

x1 s5 s4 s6 s4 s8

x2 s3 s5 s4 s3 s4

x3 s4 s6 s5 s5 s7

x4 s6 s7 s5 s5 s2

x5 s8 s3 s3 s5 s5

To get the most desirable alternative(s), the following steps
are involved:

Step 1. Utilize the ILOWHM operator (let its weight-
ing vector be w = (0.2, 0.6, 0.2)T ):

rij = ILOWHMw(〈v1, r
(1)
ij 〉, 〈v2, r

(2)
ij 〉, 〈v3, r

(3)
ij 〉),

i, j = 1, 2, 3, 4, 5

to aggregate all the linguistic preference relations Rl =
(r(l)

ij )5×5 (l = 1, 2, 3) into the collective linguistic pref-
erence relation R = (rij)5×5 as listed in Table 4.

Table 4. The collective linguistic preference relation R

x1 x2 x3 x4 x5

x1 s5.00 s3.16 s5.26 s4.00 s6.97

x2 s3.94 s5.00 s4.58 s2.86 s4.48

x3 s4.48 s4.84 s5.00 s3.70 s5.92

x4 s5.60 s6.29 s5.61 s5.00 s2.40

x5 s5.50 s3.53 s3.53 s5.50 s5.00
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Step 2. Utilize the LOWHM operator (let its weighting
vector be w′ = (0.15, 0.2, 0.3, 0.2, 0.15)T ):

ri = LOWHMw′(ri1, ri2, ri3, ri4, ri5), i = 1, 2, . . . , n

to aggregate rij (j = 1, 2, 3, 4, 5) corresponding to the al-
ternative xi, and then get the collective linguistic prefer-
ence degree ri of the ith alternative over all the other alter-
natives:

r1 = s4.61, r2 = s4.10, r3 = s4.71, r4 = s4.64,

r5 = s4.49.

Step 3: Utilize the values of ri (i = 1, 2, 3, 4, 5) to rank
the alternatives:

x3 � x4 � x1 � x5 � x2

and thus the most desirable alternative is x3.

6. Conclusions

In this paper, we have developed an approach to group
decision making with linguistic preference relations. First,
we have utilized the ILOWHM operator to aggregate the in-
dividual linguistic preference relations into a collective lin-
guistic preference relation, and then utilized the LOWHM
operator to aggregate the collective preference to get the
collective linguistic preference degrees. Finally, the collec-
tive linguistic preference degrees have been used to rank all
the given alternatives. Theoretical analysis and numerical
results have shown that the developed approach is straight-
forward and has no loss of information.
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