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Abstract

In this paper, we introduce the concept of fuzzy r-generalized almost continuous mapping and obtain some
characterizations of such a mapping. In particular, we investigate characterizations for the fuzzy r-generalized almost
continuity by using the concept of fuzzy r-generalized regular open sets.
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1. Introduction and fY(B) is a fuzzy set

(B (z)=B(f(z)), zEX.

in X, defined by

Let 7 be the unit interval [0,1] of the real line. A

member A of ¥ is called a fuzzy set [6] X. By 0 and
i, we denote constant maps on X with value 0 and 1,
respectively. For any A€ K, A¢ denotes the comple-
ment 1—A. All other notations are standard notations
of fuzzy set theory.

A fuzzy point x, in X is a fuzzy set =z, is defined
as follows
ify=u,

_)Q,
”""(y)*{o, ify= .

A fuzzy point z, is said to belong to a fuzzy set A
in X, denoted by z,€ 4, if a < A(z) for z € X.

A fuzzy set A in X is the union of all fuzzy points
which belong to A.

Let f: X— Y be a mapping and A€ and BET.
Then f(A) is a fuzzy set in ¥, defined by

SUDA(Z)zef*%y)’ iff ' (y) =0, ye vV
fA)(y) =

0, otherwise,
MR 2009 128 26
etz X}t 20104 3¢ 26

A Chang’s fuzzy topological space [1] is an ordered

pair (X, 7) is a non—-empty set X and 7€ [X sat-
isfying the following conditions:

0D 0y,1y € T.

(02) If A,BET, then ANB € T.

(03) If 4, €7, for all ;e J, then U4, E 7.

A smooth topological space [5] is an ordered pair
(X, T), where X is a non-empty set and 7:7% — I'is
a mapping satisfying the following conditions:

(01) 7T(0)=T(1,)=1.

(02) T(A, N A= T(A) A T(A,) for A, A, €T

(03) T(U A)= A T(4) for all ;] A, T

Then 7:71% —Iis called a smooth topology on X.

The number 7(A) is called the degree of openness of
A.

A mapping 771X — I'is called a smooth cotopology
[2] iff the following three conditions are satisfied:

(C1) T (04)=T" (1)=1.
(C2) T (A U A)=T(ADA T (Ay), A,A,=T
(C3) TH(NA)=AT(4) for all je ] A ETY

257



ol

St X SAIA- S =&X] 2010, Vol. 20, No. 2

J

A fuzzy generalized topological space (simply,
FGTS) [3] is an ordered pair (X, 7), where X is a
non-empty set and 7:7% — 7 is a mapping satisfying
the following conditions:

(GO1) T(04)=1.

(GO2) T(V A)= A T(A) for all ;e J, A, e

Then the mapping 7: 7Y — I'is called a fuzzy gen-
eralized topology [3] on X. The number 7(A) is called
the degree of generalized openness of A.

A mapping 771 — I is called a fuzzy generdlized
cotopology if the following three conditions are sat—
isfied:

(GO1) T (1, )=1.

(GO2) T'(AA)=AT(4) for all je ] A, =T

Then T (A) is called
closedness of A.

the degree of generalized

Theorem 1.1 ([3]). (1) If 7 is a fuzzy generalized
topology on X, then the mapping 7° . ¥ — I defined by
T (A)=T(A°), is a fuzzy generalized cotopology on X.

(2) If T" is a fuzzy generalized cotopology on a non-
empty set X, then the mapping 7:7F — I defined by 7°
(A)=T"(A°), is a fuzzy generalized topology on X.

Let (X,7) be a FGTS and A€ I ¥, Then
(1) The r-closure of A [4], denoted by gCl (A), is
defined by

gCl.(A)=nN{Ke1¥: T"(K=r, ASK),

where 7" (K)=T(K®).
(2) The r-interior of A [4], denoted by gt (A), is
defined by

gt (A)=U{Ke ¥ : T(K)=r, KS A}

We will call 4 a fuzzy r—generalized open set [4] if
T(A)>r, A a fuzzy r—generalized closed set if
T (A)=r.

Theorem 1.2 ([4]). Let (X,7) be a FGTS and A4, B
€ 7% Then

(1) gkt (04)=0y and gCl,(1)=14.

(2) ght (A)= A< g, (A).

(3) ght, (ght,(A))=ght (A) and gCl, (gCl.(A)=gCl,

(A)

ADAS B = gt (A)<S gt (B), gCl.(A)< gCl,(B).

(5) (g, (A))=ght, (A°) and (ght,(A))=gCl (A°).

(6) A is fuzzy r-generalized open iff A=ght, (A).

(7) A is fuzzy r-generalized closed iff A=gCl,.(A).
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2. Main Results

Definition 2.1([4]). Let f:(X, 7)) — (Y, T,) be a
mapping on FGTS’s. Then f is said to be fuzzy r

~generalized continuous if for every A€ 17", we have

TQ(A)Z’I" = Tl(fil(A))Z T.

Theorem 2.2([4]). Let f: X— Y be a mapping be-
tween FGTS's (X, 7;) and (Y, 7,). Then the follow—
ing are equivalent:
(1) f is fuzzy r-generalized continuous.
(2) For every fuzzy r—generalized open set 4 in Y,
f1(A) is fuzzy r-generalized open in X.

B) Th(B)=r = T,(f (B)=r for BT

(4) For every fuzzy r—generalized closed set A in Y,
fﬁl(A) is fuzzy r-generalized closed in X.

(B) flgal, (A) = gCl(f(A) for Aer’

6) gCl.(f HBHCS f (gCl(B) for BETY.

(7) f Nght,(B) < ght, (f "(B)) for BET".

Theorem 2.3. Let f: X— Y be a mapping between
FGTS's (X, 7)) and (Y; 7,). Then f is fuzzy r
—generalized continuous if and only if for fuzzy point
in X and each fuzzy r-generalized open set V con-
taining f(z,), there is a fuzzy r—generalized open set U
containing z, such that f(I)<S V.

Proof. Suppose f is fuzzy r-generalized continuous.
For each fuzzy point z, in X and each fuzzy r
-generalized open set V containing f(z,), since f is
fuzzy r-generalized continuous, from Theorem 2.2 (2),
f7Y (V) is a fuzzy r-generalized open set containing z,.

Set U = f~'( V). Then the fuzzy r-generalized open set
U satisfies f(U)< V.

For the converse, let V be any fuzzy r-generalized
open set in Y. For each fuzzy point z,& f '(1), by
hypothesis, there exists a fuzzy r—generalized open set
U containing z, such that f(I)<= V. So z,€ Uc f!
(V) and z, € ght,(f~'(1)). This implies f~'(V) S ght,
(fY(¥) and from Theorem 1.2 (6), f~ (V) is fuzzy r
-generalized open. Hence from Theorem 2.2(2), f is
fuzzy r-generalized continuous.

Definition 2.4. Let f: X— Y be a mapping between
FGTS's (X, 7,) and (Y; 7,). Then f is said to be
fuzzy r-generalized almost continuous if for fuzzy

point z, in X and each fuzzy r-generalized open set
V containing f(z,), there is a fuzzy r-generalized open
set U containing z, such that

fCO) < gt (gCL.(V)).
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Every fuzzy r-generalized continuous mapping [ is
clearly fuzzy r-generalized almost continuous but the
converse is not always true.

Example 2.5. Let X=1 let 4, B and C be fuzzy
sets defined as follows

Alw)=(z+1), 2€F

B(z)=*%(x*2), xE1

and

(z—2), if

<z

IA
=Nl

Clz)=
(z+1), if

IA
IA

0
1
5=z

Consider two fuzzy families T; and T, defined as

the following:

2 ifu=0
37 1T =0,
T ()=
AL =
2
0, otherwise;
and
1 . ~
» if p=0,

2

T ()=

2(p) % if u=A,B.AUB,C,
0

R otherwise .

Note ght,(gCl.(0)=0 and gkt (gCl.(A)=ght,(gCl,
(B))=gt, (gCl.(C))=C. Obviously the identity mapping

. 1 .
F(xX1)—(XT,) is fuzzy gfgenerahzed almost con-

. 1 . .
tinuous but not fuzzy g—generahzed continuous.

Theorem 2.6. Let f: X— Y be a mapping between
FGTS's (X, 7;) and (Y¥;7,). Then the following
statements are equivalent:
(1) f is fuzzy r-generalized almost continuous.
) fUB) S gt (f (gt (gCl(B)))) for each fuz-
zy r—generalized open set B in Y.

(3) gC . (f ' (gCl (gt (F)< f~'(F) for each fuzzy
r—generalized closed set # in Y.

4) gCl,(f (g (ght, (gCl (B S f HgCl(B))
for each BE Y.

5) [ ght,(B) < gt (f ' (ght, (gl (ght,(B)))
for each BE Y.

Proof. (1) = (2) Let B be a fuzzy r-generalized
open set in Y. From the definition of fuzzy r
—-generalized almost continuity, there exists a fuzzy r
-generalized open set U of z, such that f(U) < ght,

(gCl,(B)) for each z,€ f~'(B). It implies z,E ght,
(f "(gt,(gCl.(B))). Hence we have f '(B)C ght,
(f Yght,(gCl,(B)))).

(2) = (1) Let z, be any fuzzy point in X and V a
fuzzy r-generalized open set containing f(z,). Then
since  z,€ f (WM< ght (f (ght,(gCl,.(1), there
exists a fuzzy r-generalized open set U containing z,
such that z,€ U< f~'(ght,(gCl,(V))). This implies f
(z,)EfCO) S f(f (ght, (gCl(V))) < ght, (gClL (V).
Hence f is fuzzy r-generalized almost continuous.

(2) = (3) Let F be any fuzzy r-generalized closed
set of Y . Then it follows
Y a-R<ght,(f(ght,(gCl.(1-F))))
=ghnt, (f '(1-gCl (ghnt,(F))))
=ght, (1-f YgC, (ght,(F))))
=1-gCl(f gC (ght (F)).
Hence we have gCl,.(f '(gCl (ght,(F) < f'(F).

(3) = (4) It is obvious.

(4) = (5) For BE I", from hypothesis, it follows
gt (B)=1-(f"'(gql,(1-B)))
C1-ga,(f Nga, (gt (gCl.(1-B)))
=gt (f (gt (gCl (ght,(B)).
Hence

fHght,(B) < gt (f (gt (g, (gt (B)))).

(5)= (1) For each fuzzy point z, in X and each
fuzzy r-generalized open set V containing f(z,), by
(5), we have z,=f ' (V)=f '"(ght (V) ght (f"
(ght (gCl.(1))). So there is a fuzzy r-generalized
open set U of =z, such that z,€ U< f '(ght,(gCl,
(¥))). This implies f(U)< gt (gCl,(V)). Thus f is

fuzzy r-generalized almost continuous.

Definition 2.7. Let (X,7) be a FGTS and A< %
Then A is called a fuzzy r-generalized regular open
set if A=ght (gCl (A)).

Theorem 2.8. Let (X,7) be a FGTS and 4,8 & I".
Then
(1) Every fuzzy r-generalized regular open set is
fuzzy r-generalized open.
(2) If A and B are fuzzy r-generalized regular open
set, so also is AN B.

Proof. (1) Let A be fuzzy r-generalized regular open.
Then

gint, (A)=gnt, (gt (gCl.(A))=gnt, (gCl.(A))=A.

From Theorem 1.2, A is fuzzy r-generalized open.
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(2) Obvious.

In general, every fuzzy r-generalized open set is not
fuzzy r-generalized regular open and the union of two
fuzzy r-generalized regular open sets is not fuzzy r
—-generalized regular open as shown in the next
example.

Example 2.9. Let X =1, let 4, B, C and D be fuzzy
sets defined as follows

A(:c):%(a:+1), €1

B(x):—l(m—Z), xE1

2
1
07 lfOS.’Eﬁz,
Clx)=
2(ao—l) 1fl<x<1'
3 47 477
and
*%(m*%), ifOSzS%,
D(z)= 3

Consider a fuzzy family T defined as the following:

2 =0
3’ 1L p=0,

T(pu)=9 1

() 5+ ilu=4BAUB CD,CUD,(CNDY,
0, otherwise .

1 .
Let r= 5 Then for fuzzy r-generalized regular open
sets 4, B, we know that
gt (gCl.(AU B)=(CND)*# AU B,

and so AU B is not fuzzy r-generalized regular
open. On the other hand, since AU B is a fuzzy r
—-generalized regular open set, we can say that every
fuzzy r-generalized open set is not generally fuzzy r
—generalized regular open.

Theorem 2.10. Let f: X— Y be a mapping between
FGTS's (X, 7}) and (Y; 7). Then f is fuzzy r
—generalized almost continuous if and only if ¢gCl,.( i

(M e fHga (V) for a fuzzy r-generalized regular
open set VVin Y.

Proof. Suppose f is fuzzy r-generalized almost
continuous. Let V be any fuzzy r-generalized regular

open set of Y. Then since (1—V) is fuzzy r
-generalized regular closed, it follows
1= g, (V)= gt (1— V)
< ght, (f Ngint,(gCl (ght,(1— 1))
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=ght,(f "(ght,(1- 1))

=ght,(1—(f (g1 (V)

=1—gCL(f (g, (V) S1—gClL(f (V).
Hence we have gCI,(f (W) < f (gl (V).

For the converse, let F be any fuzzy r-generalized
closed set in Y. Since gt (F) is a fuzzy r-generalized
regular open set, from hypothesis and gCl, (gt (F)) <
gt (F)C F, it follows

gCl (F 1 (gC, (ght (D))< gCl (f (gt ()= !
(9C, (gt (F) S 1 (F).

By Theorem 2.6 (3), f is fuzzy r-generalized almost
continuous.

Theorem 2.11. Let f: X— Y be a mapping between
FGTS's (X, 7;) and (Y; 7,). Then the following
statements are equivalent:

(1) f is fuzzy r-generalized almost continuous.

(2) YV is fuzzy r-generalized open for a fuzzy r

—-generalized regular open set V in Y.
(3) fUF) is fuzzy r-generalized closed for a fuzzy
r—generalized regular closed set £ in Y .

Proof. (1) = (2) Let V be a fuzzy r-generalized
regular open set in Y. For each z,< f '(V), from the
fuzzy r—generalized almost continuity of f, there a fuz-
zy r—generalized open set U in X such that f(0) <
gt (gCl.(V)). Since Vis a fuzzy r-generalized regu-
lar open, z,& US f (V) and so f (V) is fuzzy r
—-generalized open set.

(2) = (1) Let V be a fuzzy r-generalized open set
containing f(z,). Since gt (gCl. (V) is fuzzy r
~generalized regular open, by (2), f '(ght, (gCl (V)
is a fuzzy r—-generalized open set containing z,. Set U
= f Yght, (gCl.(V)). Then U is a fuzzy r-generalized
open set satisfying f(U) < gt (gCl (V). Thus f is a
fuzzy r-generalized almost continuous mapping.

(2) & (3) Obvious.
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