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Abstract

We define some terminologies on intuitionistic fuzzy metric space and prove that the topology generated by any
intuitionistic fuzzy metric space is metrizable. Also, we show that if the intuitionistic fuzzy metric space is complete, then
the generated topology is completely metrizable, a Baire space, and that an intuitionistic fuzzy metric space is precompact

if and only if every sequence has a Cauchy subsequence.
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1. Introduction

Many authors studied an appropriate and consistent
notion of a fuzzy metric space introduced by Kramosil
and Michalek[6]. Also, they investigated this problem
and several different notions of a fuzzy metric space have
been defined and studied. George and Veeramani([3],[4])
studied an interesting concept of fuzzy metric space, and
proved that every fuzzy metric space generates a Hausdorff
first countable topology. Also, Gregori and Romaguera[2]
proved that the topology generated by any fuzzy metric
space is metrizable, and show that if the fuzzy metric space
is complete, then the generated topology is completely
metrizable.

Recently, Park et.al.[8] defined the intuitionistic fuzzy
metric space, and Park etc([8],[9],[11],[12],[13],[14]) de-
fined some notions and studied the several properties on
intuitionistic fuzzy metric space.

In this paper, we define some terminologies on intu-
itionistic fuzzy metric space and prove that the topology
generated by any intuitionistic fuzzy metric space is metriz-
able. Also, we show that if the intuitionistic fuzzy met-
ric space is complete, then the generated topology is com-
pletely metrizable, a Baire space, and that an intuitionistic
fuzzy metric space is precompact if and only if every se-
quence has a Cauchy subsequence.
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2. Preliminaries

Throughout this paper, N denote the set of all positive
integers. Now, we begin with some definitions, properties
in intuitionistic fuzzy metric space as following:

Let us recall(see [15]) that a continuous {—norm is a
operation * : [0,1] x [0,1] — [0, 1] which satisfies the
following conditions: (a)* is commutative and associative,
(b)* is continuous, (c)ax1 = a forall a € [0,1], (d)axb <
¢ d whenevera < cand b < d (a,b,c,d € [0,1]). Also,
a continuous t—conorm is a operation ¢ : [0, 1] x [0,1] —
[0, 1] which satisfies the following conditions: (a)o is com-
mutative and associative, (b)¢ is continuous, (¢c)a <0 = a
foralla € [0, 1], (d)aob > cod whenevera < cand b < d
(a,b,c,d € [0,1]).

Furthermore, from ([7]), the following conditions are
satisfied: (a)For any r1,79 € (0,1) with 7y > 7o, there
exist 3,74 € (0,1) such thatry xrg > ro and ryory < rq.
(b)For any r5 € (0,1), there exist rg, 77 € (0, 1) such that
rg x g > r5 and ry o ry < 1.

Definition 2.1. ([8])The 5—tuple (X, M, N, x, ¢) is said to
be an intuitionistic fuzzy metric space if X is an arbitrary
set, * iS a continuous t—norm, < is a continuous ¢t—conorm
and M, N are fuzzy sets on X2 x (0,00) satisfying the
following conditions; for all z, y, z € X, such that

(@M (z,y,t) >0,

(b)M(x,y,t) =l—=uz=y,



,t) = M(y,li,t),

)« M(y,z,8) < M(z,2,t+ s),
@)M(z,y,-): (0,00) — (0, 1] is continuous,
(ON(z,y,t) >0,

(g)N(‘T’yat) =0<=z=y,

(WN(z,y,t) = N(y,z,t),

)N (z,y,t) o N(y,2,8) > N(x,2,t + s),

(N (z,y,-): (0,00) — (0, 1] is continuous.

Note that (M, N) is called an intuitionistic fuzzy metric
on X. The functions M (z,y,t) and N(z,y,t) denote the
degree of nearness and the degree of non-nearness between
z and y with respect to ¢, respectively.

Remark 2.2. ([14])Let (X, d) be a metric space. Denote
axb = aband a ¢ b = max{a, b} forall a,b € [0,1] and
let My, Ny be functions defined on X2 x (0, c0) by
t d(z,y)

= T 3 N( ) at TR
ey VO T Sy

Then (X, My, Ng,*,0) is an intuitionistic fuzzy metric
space. We call this My, N, as the standard intuitionistic
fuzzy metric induced by the metric d.

Mgy(x,y,t) (1)

Definition 2.3. ([14]) Let X be an intuitionistic fuzzy met-
ric space and let0 < r < 1,¢ > 0 and z € X. The set

B(z,r,t) ={y € X; M(z,y,t) >1—r,N(z,y,t) <r}
is called the open ball with center x € X and radius r.
Let X be an intuitionistic fuzzy metric space. Define

T ={ACX;z € A < thereexist r,t > 0,
0 < r < 1such that B(z,r,t) C A},

then 7 is a topology on X. Clearly, this topology is Haus-
dorff and first countable([3]).

Theorem 2.4. Every intuitionistic fuzzy metric space is
Hausdorft space.

Proof. Let X be the given intuitionistic fuzzy metric space
and let z,y be two distinct points of X. Then 0 <
M(z,y,t) < 1,0 < N(z,y,t) < 1. If M(z,y,t) =7,
N(z,y,t) = 1 —r for some r, 0 < r < 1, then for each
rg, 0 < 19 < 1, there exist r; from the above result([7]),
such that r; x 71 > 7o, 71 ¢ 11 < r9. Now, consider the
open balls B(x,1 — 1, %) and B(y,1 — r1, £). Then we
will show that B(z,1 —r1,5) N B(y,1 —r1, %) = ¢. If
there exist z € B(z,1 —r1,5) N B(y,1 —ry, ), then

r = M(z,y,t)
>M(x,z,£)*M(z,y,E)
- 2 2
>T1kry =T > T,
1—r = N(z,y,t)

t t
SN(-T,Z,i)QN(Z,y,i)

S(l—’l‘l)O(l—?"l)
<(Q-rg)o(l—rg)<l—r
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which is a contradiction. Therefore X is Hausdorff
space. O

Lemma 2.5. ([5])A T3 topological space (X, 7) is metriz-
able if and only if it has an uniformly with a countable base.

Lemma 2.6. ([3])Let X be an intuitionistic fuzzy metric
space. Then 7 is a Hausdorff topology and for each z € X,
{B(z,%,1);n € N} is a neighborhood base at z for the

topology 7.

3. Main Results

Theorem 3.1. Let X be an intuitionistic fuzzy metric
space. Then X is a metrizable topological space.

Proof. For eachn € N, define

1 1
1 1
N — —h
@y <l

We shall prove that {U,,;n € N} is a base for uniformity
Uon X. Foreachn € N, {(z,z);z € X} C U,, also,
since

M(z,y, 5) > M(z,y, 745) > 1 - 7 > 1- 1,
1 1 1 1
N(x’y’;)<N(m7y’m)<n+1<ﬁ

and M(z,y, =) = M(y,z, %), N(z,y,+) = N(y,z, £),
hence U,,;1 C U, and U,, = U L.
On the other hand, for each that n € N, there is, by the

continuity of x and ¢, an m € N such that m > 2n and

1 1 1 1 1 1
(1__)*(1__)>1——7 —o— < =,
m m n m m n
Let (z,v), (y,2) € U,,. Then
1
M(ac,z,ﬁ) > M(z,z,—)
> M(z,y, —) * M(y, 2, )
» Y, y,,m
1 1 1
>(1—— 1-—— 1—- =
2(1=—)x(l-—)> ,
1
N(z,z,=) < N(z,2,—)
<N(‘T7y7 )ON(y7z, )
1 1 1
<—0o— < —.
m m n
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Therefore (z,z) € U, and U,,, o U,, C U,,. Thus {U,,;n €
N} is a base for a uniformity U on X. Since for each
rxr€ Xandn € N,

U, (z)
1 1 1. 1
— X: M Y>1--, N <=
{ye X; (x,y,n)> o (z,yyn) n}
11
= B(z,~,—
(xan7n)7

we deduce that the topology induced by U coincides with
7. By Lemma 2.5, X is metrizable topological space. [

Theorem 3.2. Every separable intuitionistic fuzzy metric
space is second countable space.

Proof. Let X be the given separable intuitionistic fuzzy
metric space and let A = {a,;n € N} be a countable
dense subset of X. Consider B = {B(aj, 1,7):j,k €
N}. Then B is countable. Now, we prove that B is a basis
for the family of all open sets in X. Let G be an arbi-
trary open set in X and x € G, then there exists r,t > 0,
0 < r < 1 such that B(z,r,t) C G. Since r € (0,1),
there exist s € (0,1) from the above result([7]), such that
(1—s)x(1=s5)>1—r,s0s < r.Choosing m € N such
that % < min{s, %}, since A is dense in X, there exists
aj € Asuchthata; € B(z, =, L1).

sm’m
Now, if y € B(z, %, %), then

t t
M(l‘ay,t) ZM(I7aja§)*M(aj7y5§)
1 1
ZM(xvajHE)*M(ajﬁ'ﬁa)
1 1
>(1——)s(1-—
> (1= D)e- D)
>1-s)x(1—s)>1—r,
t t
N(m,y,t) SN(x,aj7§)0N(aj7y,§)
1 1
<N i —)o N(a; —
— (xvajvm)o (a’j?y7m)
1 1
<—0o—<s0os<T.
m m

Thus, y € B(x,r,t) and hence B is a basis for a topol-
ogy 7. By Theorem 3.1, X is a separable metrizable space.
Hence X is second countable space([1]). O

Definition 3.3. Let X be an intuitionistic fuzzy metric
space.

(a) A sequence {x,} C X is convergent to x in X if
lim,, oo M(zp,x,t) = 1, lim, o N(xp,z,t) = 0 for
eacht > 0.

(b) A sequence {x,} C X is called Cauchy sequence
if foreachr, 0 < r < land t > 0, there exists ng € N
such that M (@, Tp,t) > 1 — 7, N(p, Tp,t) < r for all
m,n > ng.
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(c) X is complete if every Cauchy sequence is conver-
gent.

(d) We say that M, N are complete intuitionistic fuzzy
metric on X if X is a complete intuitionistic fuzzy metric
space.

(e)X is a Baire space if the intersection of a countable
number of dense open sets is dense in X

(f) X is called precompact if for each ¢ > 0 and r
with 0 < r < 1, there is a finite subset A of X such that
X =UgeaBl(a,r,t).

In this case, M, N are precompact intuitionistic fuzzy
metric on X.

Theorem 3.4. Let X be a complete intuitionistic fuzzy
metric space. Then X is completely metrizable space.

Proof. Let X be the given intuitionistic fuzzy metric space.
From Theorem 3.1, since {U,,; n € N} is a base for a uni-
formity U on X, where

1 1
U, :{(:v,y)EXXX;M(m,y,E)>1—£,
1 1
N )< —
(@,y,~) <~}

for every n € N. Then there exists M, N on X whose
induced uniformity coincides with U. For given a Cauchy
sequence {zy nen in X, fixed r,¢ with 0 < r < 1 and
t > 0. Choosing k € N such that < min{t,r}. Then
there exist np € N such that (z,,,z,) € Uy for every
m,n > ng. That is, for each m,n > ny,

1 1
M(.Tm,-rnyt) 2 M(Z’m,‘rn’E) > 1 — E Z 1 -,
1 1
N('rm’w”’t) < N(‘rmvwna E) < % <r

Hence {z, }nen is a Cauchy sequence in complete intu-
itionistic fuzzy metric space X. So, {z,} converges to
some point in X. Hence M, N are complete intuitionis-
tic fuzzy metric on X. Therefore X is completely metriz-
able. O

Theorem 3.5. Let X be a complete intuitionistic fuzzy
metric space. Then every complete space X is a Baire
space.

Proof. Let X be given complete intuitionistic fuzzy metric
space andBy(# ¢) be open set. Also, let Dy, D, --- be
dense open sets in X. Then By N Dy # ¢ from D; = X.
Let x1 € By N Dy, there exists t; > 0,0 < r; < 1 such
that B(zy,71,t1) C By N Dy. Choosing i < 7y and
{ = min{¢;, 1} such that

B(l‘l,’r‘/l,fll) C BonN D;.

Let By = B(z1,7},t}). Then ByNDy # ¢ from Dy = X.
Let xo € By N Dy, there exists t5 > 0,0 < ro < 1 such
that B(zg,r2,t2) C By N Dy. Choosing 15, < 7 and
ty = min{t, 1} such that

B(:L’g,’l"é,té) C Bl n .D2.



Let By = B(x2,1%,t5). Then by inductively methods, we
can find z, € B,_1 N D,. Hence there exists t,, > 0,
0<r, < % such that

B(xyn, rytn) C Bp—1 N Dy,

Choosing 7}, < 7, and ¢}, = min{t,, 2} such that

B(y,7h,t,) C Byo1 N Dy,

Let B, = B(wzy,r),t!). Now, we prove that {z,} is
a Cauchy sequence. For g1vent > 0, € > 0, choosing
ngeNsuchthat%<t < €. Then for m > n > ng,

> ng

1 1
M(zp, @, t) > M (T, zp,—) >1——=>1—c¢,
n n
1 1
N(-Tnuxn’t) < N(x'nuxna _) < H < €.

3

Therefore {x,} is a Cauchy sequence by Definition 3.3.
Since X is complete, z,, — « in X. But z; €
B(zp,rl,t)) for all k > n and B(z,, 7}, t)) is a closed
set. Hence « € B(xy,r],,t),) C Bp,_1ND, foralln € N.
Therefore By N (N2, D,,) # ¢. Hence N2 D, is dense

in X. Thus from Definition 3.3(e), X is Balre space. O

Theorem 3.6. An intuitionistic fuzzy metric space X is
precompact if and only if every sequence in X has a
Cauchy subsequence.

Proof. Suppose that X is a precompact intuitionistic fuzzy
metric space. Let {z,},en be a sequence in X. For
each m € N, there is a finite subset A,, of X such that
X = Ugea,, Bla,L,L). Hence, for m = 1, there ex-
istan a; € Ay and {1(n)}neN C {Zn}nen such that
x1(n)y € B(ay,1,1) for every n € N. Also, for m = 2,
there exist an az € Az and {Zo(n) }neN C {Z1(n) fnen
such that x5,y € B(az,3,3). By inductively meth-
ods, for m € N, m > 1, there exist an a,, € A,
and {xm (n) }nEN C {xm 1(n) }nGN such that Ly (n) €
B(am,, ~ gt E) for every n € N.

Now, consider {2,,(n) }nen C {Zn}nen. Givent > 0
and r with 0 < r < 1, there exist ng € N such that
(I-H)x(1-L)>1—r Lo <rand 2 <t
Therefore

’I’l

M(xk(kt)7 T (n)s t)

2
> M(xk:(k)v Tm(n)s n_O)

1 1
> M(xk:(k:)7 QAng s n_O) * M(anm Tm(n)s n_O)
1 1
>1—-——)x(1——)>1—r,
= n()) ( no)
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N(Tp(k)s Tm(n), )

2
< N(Zr(k)s Trm(n)» —)
o
< N( ! ) o N( !
X Angy, — Ungy Tm(n)y
= k(k)s Ang no 0 (n) no
1 1
< —o— <
no no

Hence {2,,(,) }nen is a Cauchy sequence in X.
Conversely, suppose that X is a nonprecompact intu-
itionistic fuzzy metric space. Then there exist ¢ > 0 and
r with 0 < r < 1, such that for each finite subset A
of X, X = UseaB(a,r t). Fix z; € X, there ex-
ist zo € X — B(x1,7,t). Moreover, there exist z3 €
X — U2_, B(xg,r,t). By inductively methods, we con-
struct a sequence {x, }nen of distinct points in X such
that z,4+1 ¢ Ul_,B(zk,r,t) for every n € N. Hence
{2z, } nen has no Cauchy sequence. Therefore if {x,, }nen
has Cauchy subsequence in X, then X is precompact intu-
itionistic fuzzy metric space. O
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