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Abstract

We introduce the concept of IVF almost M -continuity and investigate characterizations for such mappings on the interval-
valued fuzzy topological spaces. We study the relationships between IVF almost M -continuous mappings and IVF com-

pactness.
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1. Introduction

Zadeh [9] introduced the concept of fuzzy set and in-
vestigated basic properties. Gorzalczany [1] introduced the
concept of interval-valued fuzzy set which is a generaliza-
tion of fuzzy sets. In [4], the author introduced and studied
an IVF minimal structure as a generalization of interval-
valued fuzzy topology introduced by Mondal and Samanta
[8]. The author and Kim [7] introduced the concepts of
interval-valued fuzzy M -continuous mappings defined be-
tween an IVF minimal space and an IVF topological space.
And we studied some characterizations and basic proper-
ties of such mappings. In this paper, we introduce the con-
cept of IVF almost M -continuity and investigate charac-
terizations for IVF almost M -continuous mappings on the
interval-valued fuzzy topological spaces. We study the re-
lationships between IVF almost M-continuous mappings
and IVF compactness.

2. Preliminaries

Let D[0, 1] be the set of all closed subintervals of the in-
terval [0, 1]. The elements of D[0, 1] are generally denoted
by capital letters M, N, - - - and note that M = [ML, MY],
where M* and MY are the lower and the upper end points,
respectively. Especially, we denote 0 = [0,0],1 = [1, 1],
and a = [a, a] for a € (0,1). We also note that

() Forall M, N € DJ[0,1],

M=N«& MF=NE MY =N,
(2) Forall M, N € D[0,1],

M <N & ME<NE MY <NV,
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For every M € D|0, 1], the complement of M, denoted
by M¢,is definedby M¢ =1—M =[1 - MY 1 - MZL].

Let X be a nonempty set. A mapping A : X — D|0, 1]
is called an interval-valued fuzzy set (simply, IVF set) in
X. Foreach x € X, A(z) is a closed interval whose lower
and upper end points are denoted by A(x)* and A(z)Y,
respectively. For any [a,b] € DJ0,1], the IVF set whose
value is the interval [a, b] for all x € X is denoted by [a, b].
In particular, for any ¢ € [a, b], the IVF set whose value
is e = [¢,¢] for all x € X is denoted by simply ¢. For a
point p € X and for [a,b] € D[0,1] with b > 0, the IVF
set which takes the value [a, b] at p and 0 elsewhere in X
is called an interval-valued fuzzy point (simply, IVF point)
and is denoted by [a, b],,. In particular, if b = a, then it is
also denoted by a,. Denoted by IV F'(X) the set of all IVF
sets in X.

For every A, B € IVF(X), we define

A=B<& (Ve X)([A(x)]" =
[A(2)]Y = [B(x)]Y),

The complement A€ of A is defined by, for all x € X,
[A°()]" =1~ [A(2)]” and [A°(2)]” =1 — [A(z)]".

For a family of IVF sets {A; : ¢ € J} where J is an
index set, the union G = U;cjA; and F = N;c A; are
defined by

(va € X) ([G(@)]F = supe, [Ai(w)]%,
[G@)Y = sup,e, [Ai(@)]"),
(VQ? c X) ([F(.r }L = infiEJ[Ai(x)}L,
[F(z)]Y = infics[A;(z)]Y), respec-
tively.
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Let f : X — Y be a mapping and let A be an IVF set
in X. Then the image of A under f, denoted by f(A), is
defined by

su _ S i
[f(A)(y)]L = { Ovpf(z)_y[A( I otch;rWi(Sye),# "
su _ )Y, i fr
F(A) )" ={ 0! e i 7 '

forally € Y.
Let B be an IVF setin Y. Then the inverse image of B
under £, denoted by f~1(B), is defined by
1B = B [FHB@)T =
[B(f(z))]Y) forallz € X.

Definition 2.1 ([8]). A family 7 of IVF sets in X is called
an interval-valued fuzzy topology on X if it satisfies:
1Ho,1¢e.

QA Ber=ANBeT.

(3)Fori € J, A eT = UiEJAi cT.

Every member of 7 is called an IVF open set. An IVF
set A is called an IVF closed set if the complement of A is
an IVF open set. And (X, 7) is called an interval-valued
fuzzy topological space.

In an IVF topological space (X, 7), for an IVF set A in
X, the IVF closure and the IVF interior of A [8], denoted
by cl(A) and int(A), respectively, are defined as

cd(A)=n{Be€IVF(X):B¢er and A C B},

int(A) =U{B € IVF(X): BerT and B C A}.

An IVF set A is said to be

(1) IVF semiopen [2] if there is an IVF -open set B in
X such that B C A C ¢l(B),

(2) IVF preopen [2] if A C int(cl(A)),

(3) IVF regular open (resp., IVF regular closed) [5] if
A =int(cl(A)) (resp., A = cl(int(A))),

(4) IVF B-open [5] if A C cl(int(cl(A))).

A family M of interval-valued fuzzy sets in X is called
an interval-valued fuzzy minimal structure [4] on X if

0,1 M.

In this case, (X, M) is called an interval-valued fuzzy min-
imal space (simply, IVF minimal space). Every member of
M is called an IVF m-open set. An IVF set A is called an
IVF m-closed set if the complement of A (simply, A°) is
an IVF m-open set.

Let (X, M) be an IVF minimal space and A in IVF(X).
The IVF minimal-closure of A [4], denoted by mCI(A), is
defined as

mCl(A) = N{B € IVF(X) :
B},

the IVF minimal-interior of A [4],
mlInt(A),is defined as

mInt(A) = U{B € IVF(X
A}.

B¢e M and A C
denoted by

): Be M and B C

Theorem 2.2 ([4]). Let (X, M) be an IVF minimal space
and A, B in IVF(X).

(1) mInt(A) C A and if A is an IVF m-open set, then
mInt(A) = A.

(2) A C mCI(A) and if A is an IVF m-closed set, then
mCl(A) = A.

3) If A C B, then mInt(A) C mInt(B) and
mCI(A) C mCI(B).

4) mInt(A) N miInt(B) mInt(A N B) and

D
mCl(A) UmCl(B) C mCI(AU B).
(5)  mInt(mInt(A)) = mInt(A) and
mCl(mCI(A)) = mCI(A).
6)1—mCIl(A) =mInt(l— A)and 1 —miInt(A) =
mCl(1— A).

Let (X, Mx) be an IVF minimal space and let (Y, 7)
be an IVF topological space. Then f : X — Y is said to
be

(1) interval-valued fuzzy M-continuous [7] (simply,
IVF M-continuous) if for every A € 7, f~1(A) is in Mx;

(2) IVF weakly M -continuous [6] if for every IVF point
M, and each IVF open set V of f(M,), there exists IVF
m-open set U of M, such that f(U) C cl(V).

Let (X, M) be an IVF minimal space and A = {4, :
i € J}. Ais called an interval-valued fuzzy cover (simply,
IVF cover) if U{A; : ¢ € J} = 1. And it is called an
IVF m-open cover [4] if each A; is an IVF m-open set. An
IVF set A in X is said to be IVF m-compact if every IVF
m-open cover A = {A4; : i € J} of B has a finite IVF
subcover.

3. IVF almost M -continuous mappings

Definition 3.1. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then f is said to be IVF almost M-continuous if
for every IVF point M, and each IVF open set V' contain-
ing f(M,,), there exists IVF m-open set U containing M,
such that f(U) C int(cl(V)).

Remark 3.2. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). If the IVF minimal structure M is an IVF topol-
ogy in X, the IVF almost M -continuous (resp., IVF M-
continuous, IVF weakly M -continuous) is IVF almost con-
tinuous [3] (resp., IVF continuous [7], IVF weakly contin-
uous [5]). And

IVF continuous = IVF almost continuous
= IVF weakly continuous

Thus obviously the following implications are obtained

IVF M -continuous = IVF almost M -continuous
= IVF weakly M -continuous
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Theorem 3.3. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then the following statements are equivalent:

(1) f is IVF almost M -continuous.

) f~YB) € mInt(f~*(int(cl(B)))) for each IVF
open set B of Y.

(3) mCI(f~(cl(int(F)))) € f~1(F) for each IVF
closedset F'inY.

@) mCIl(f~(cl(int(cl(B))))) < f~1(cl(B)) for
each B € IVF(Y)

(5) f~1(int(B)) C mInt(f~*(int(cl(int(B))))) for
each B e IVF(Y).

6) f~Y(V) = mInt(f~1(V)) for an IVF regular open
setVinY.

(7) f~Y(F) = mCI(f~1(F)) for an IVF regular closed
set FinY.

Proof. (1) = (2) Let B be an IVF open set in Y. Then
for each M, € f~1(B), there exists an IVF m-open
set U of M, such that f(U) C int(cl(B)). This im-
plies M, € mInt(f~(int(cl(B)))). Thus f~1(B) C
mInt(f~1(int(cl(B)))).

(2) = (1) Let M, be an IVF point in X and
V an IVF open set containing f(M,). Then by (2),
M, € f~YV) € miInt(f~(int(cl(V)))), and so
there exists an IVF m-open set U containing M, such
that U C  f~1(int(cl(V))). This implies f(U) C
F(f~t(int(cl(V)))) C int(cl(V)). Hence f is IVF almost
M -continuous.

(2) = (3) Let F' be any IVF closed set of Y. Then from
(2) and Theorem 2.2, it follows

YA —=F) CmInt(f~(int(cl(1 - F))))
=mliInt(f~ (1 —cl(int(F))))
=mlInt(1— f=1(cl(int(F))))
= lfmCl(f el (int(F)))).

Hence mCI(f~(cl(int(F)))) C f~1(F).

(3) = (4) Itis obvious.
(4) = (5) It is obvious from (4) and Theorem 2.2
5) = (6) Let V be any IVF regular open set

of Y. Then by (5), f1(V) = f~lint(V)) C
mInt(f=(int(cl(int(V))))) = mInt(f~1(V) It implies
f7HV) = mInt(f7H(V).

(6) < (7) Obvious.

(6) = (1) Let V be an IVF open set containing
f(M). Since int(cl(V)) is IVF regular open, by (6),
Fnt(cl(V))) = miInt(f~(int(cl(V)))) and so there
is an IVF m-open set containing M, such that U C
f71(int(cl(V))). Then this implies that f is an IVF al-
most M -continuous mapping.

O
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Let M be an IVF minimal structure on X. Then M
said to have property (B) [4] if the union of any family of
IVF sets belong to M belongs to M.

Lemma 3.4 ([4]). Let M be an IVF minimal structure on
X. Then the following are equivalent.

(1) M has the property (B).

(2) If mInt(B) = B, then B € M.

B3I mCIl(F) = F,then X — F € M.

Theorem 3.5. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). If M has the property (B), then the following state-
ments are equivalent:

(1) f is IVF almost M -continuous.

(2) For each IVF regular open set V in Y, f~
IVF m-open.

(3) For each TVF regular closed set FinY, f~
IVF m-closed.

L) is
YF)is

Proof. Tt follows from Theorem 3.3 and Lemma 3.4. [J

Theorem 3.6. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then the following statements are equivalent:

(1) f is IVF almost M -continuous.

) mCIl(f~HG)) C f~1(cl(G)) for each IVF 3-open
setGinY.
3) mCl(f~YG)) < f~Hcl(G)) for each IVF

semiopen set G in Y.

Proof. (1) = (2) Let G be an IVF [-open set. Then
G C d(int(cd(@))) and cl(G) is IVF regular closed.
Hence from Theorem 3.3 (7), it follows
mCIl(f~HG)) CmCUf~Hcl(G))) = [~Hcl(@)).
(2) = (3) Since every IVF semiopen set is IVF 3-open,
it is obvious.

(3) = (1) Let F' be an IVF regular closed set. Then F’
is IVF semiopen, and so from (3), we have

mCIU(f~H(F)) C f7Hc(F)) = f~H(F).
Hence, from Theorem 3.3 (7), f is an IVF almost M-
continuous mapping. O

Theorem 3.7. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then f is IVF almost M-continuous if and only
if mCI(f~(cl(int(cl(G))))) € f~(cl(G)) for each IVF
preopenset Gin Y.
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Proof. Suppose f is IVF almost M-continuous. Let G
be an IVF preopen set in Y. Then we have cl(G) =
cl(int(cl(Q))), so cl(G) is IVF regular open. From Theo-
rem 3.7 (7), we have f~1(cl(G)) = mCIl(f~1(cl(Q))) =
mCI(f = (cl(int(cl(Q))))).
Thus it implies
mCI(f~ (cl(int(cl(G))))) € f7H(cl(G)).

For the converse, let A be an IVF regular closed set in Y.
Then int(A) is IVF preopen. From hypothesis, it follows

F7HA) = fTN(c(int(A)))

mCU(f~ (cl(int(cl(int(A))))))
= mCIl(f~(cl(int(A))))

= mCIl(f~1(A)).

This implies f~1(A) = mCI(f~1(A)), and hence f is IVF
almost M -continuous. O

V)

Theorem 3.8. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). Then f is IVF almost M -continuous if and only if
FHG) C mInt(f~(int(cl(Q)))) for each IVF preopen
setGinY.

Proof. Suppose f is IVF almost M -continuous and let G
be an IVF preopen setin Y. Then int(cl(G)) is IVF regular
open. From Theorem 3.3, it follows

FHG) C f7H(int(cl(G))) = mInt(f~ (int(cl(G))))-

For the converse, let U be IVF regular open. Then U
is obviously IVF preopen. By hypothesis, f~1(U) C
mInt(f~1(int(cl(U)))) = mInt(f~1(U)). This implies
f~YU) = mInt(f~*(U)) and by Theorem 3.7, f is IVF
almost M -continuous. O

Let (X,7) be an IVFTS. An IVF set A in X is said
to be nearly IVF compact [4] if for every IVF open cover
A = {A; € IVF(X) : i € J} of A, there exists
Jo={1,2,---,n} C Jsuchthat A C U;e,int(cl(4;)).

Theorem 3.9. Let f : X — Y be a mapping between an
IVF minimal space (X, M) and an IVF topological space
(Y, 7). If f is an IVF almost M -continuous surjection and
X is IVF m-compact, then Y is nearly IVF compact.
Proof. Let C = {B; € IVF(Y) : i € J} be an IVF
open cover of Y. Then by Theorem 3.3, for each ¢ € J,
FY(By) € mInt(f 1 (int(cl(B:))).

Set G = {U(z;,) ¢ M : z;,, € Uzy,) €
fi(int(cl(By))) forall x;, € f~1(B;),i € J}. Then
G is an IVF m-open cover of X, and so by IVF m-
compactness, finally, there exists Jo = {1,2,---n} C J
such that X C U;esmInt(f~(int(cl(B;)))). So

f(X) f(UiegymInt(f~ (int(cl(B;)))))

-
C  Uiesf(f~ (int(cl(By))))
= UzeJoznt(cl(BJ)

Since f is surjective, consequently Y is nearly IVF com-
pact. O
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