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Abstract

In this paper, we introduce the concepts of fuzzy r-minimal continuous function and fuzzy r-minimal open function
between a fuzzy r-minimal space and a fuzzy topological space. We also investigate characterizations and properties for

such functions.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [10].
Chang [2] defined fuzzy topological spaces using fuzzy
sets. In [3, 8], Chattopadhyay, Hazra and Samanta intro-
duced a smooth topological space which is a generalization
of fuzzy topological space.

In [9], Yoo et al. introduced the concept of fuzzy r-
minimal space which is an extension of the smooth topo-
logical space. The concept of fuzzy r-M continuity was
also introduced and investigated in [9]. In this paper,
we introduce the concepts of fuzzy r-minimal continuous
function and fuzzy r-minimal open function on fuzzy r-
minimal spaces and investigate characterizations for such
functions.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A mem-
ber A of I is called a fuzzy set of X. By 0 and 1 we de-
note constant maps on X with value 0 and 1, respectively.
For any A € I, A¢ denotes the complement 1 — A. All
other notations are standard notations of fuzzy set theory.

An fuzzy point x, in X is a fuzzy set x,, defined as
follows
a, ify=ux,

Ta(y) :{ 0, if y#ax.

A fuzzy point x,, is said to belong to a fuzzy set A in X,
denoted by z,, € A, if « < A(z) for x € X. A fuzzy set
Ain X is the union of all fuzzy points which belong to A.

3

Let f: X — Y beafunctionand A € X and B € I" .
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Then f(A) is a fuzzy setin Y, defined by

F(A)(y) = { SWp.esi AZ), if f7HY) #0,

0, otherwise ,

fory € Y and f~1(B) is a fuzzy set in X, defined by
f~HB)(z) = B(f(x)),z € X.

A fuzzy topology (or smooth topology) [3, 5] on X is a
map 7 : IX — I which satisfies the following properties:

(H7ZT0)=7(1)=1.

(2) T(Al AN AQ) Z T(Al) A T(Ag) for Al,AQ S IX.

3) T(v A,) > /\T(Al) for A; € IX.

The pair (X,7) is called a fuzzy topological space.
And A € I is said to be fuzzy r-open (resp., fuzzy -
closed) if T(A) > r (resp., T (A¢) > r).

The r-closure of A, denoted by cl(A,r), is defined as
c(A,7) =n{B € IX : AC Band B is fuzzy r-closed}.

The r-interior of A, denoted by int(A, r), is defined as
int(A,r) =U{B € I : BC Aand B is fuzzy r-open}.

Definition 2.1 ([9]). Let X be a nonempty set and r €
(0,1] = Ip. A fuzzy family M : I* — I on X is said to
have a fuzzy r-minimal structure if the family

M, ={AcT* | M(A)>r}

contains 0 and 1.

Then the (X, M) is called a fuzzy r-minimal space
(simply -FMS) if M has a fuzzy r-minimal structure. Ev-
ery member of M, is called a fuzzy r-minimal open set.
A fuzzy set A is called a fuzzy r-minimal closed set if the
complement of A (simply, A°) is a fuzzy r-minimal open
set.

Let (X, M) be an r-FMS and r € Iy. The fuzzy r-
minimal closure and the fuzzy r-minimal interior of A [9],
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denoted by mC(A,r) and mI(A,r), respectively, are de-
fined as

mC(A,r) =n{B e I*:B°c M, and A C B},

mI(A,r)=U{BecI*:BecM, and B C A}.

Theorem 2.2 ([9]). Let (X, M) be an »-FMS and A, B in
Ix.

(1) mI(A,r) C A and if A is a fuzzy r-minimal open
set, then mI(A,r) = A.

(2) A C mC(A,r)andif Ais afuzzy r-minimal closed
set, then mC(A,r) = A.

3)If A C B, then mI(A,r) € mI(B,r) and
mC(A,r) CmC(B,r).

4) mI(A,r) N mI(B,r) 2 mI(A N B,r) and
mC (A, r) UmC(B,r) CmC(AU B,r).

B) mI(mI(A,r),Tr) = mI(A,r) and
mC(mC(A,r),r) =mC(A,r).

6)1-mC(A,r) =mI(1—A,r)and 1—mI(A,r) =
mC(1— A,r).

Definition 2.3 ([9]). Let (X, Mx) and (Y, My ) be two
r-FMS’s. Then a function f : X — Y is said to be

(1) fuzzy r-M continuous if for every fuzzy r-minimal
openset AinY, f~1(A) is fuzzy r-minimal open in X,

(2) fuzzy m-M open if for every fuzzy r-minimal open
set G in X, f(Q) is fuzzy r-minimal open in Y.

3. Fuzzy r-minimal continuous function and
fuzzy r-minimal open functions

Definition 3.1. Let (X, Mx) be an r-FMS and (Y,0) a
fuzzy topological space. Then f : X — Y is said to be
Sfuzzy r-minimal continuous if for every fuzzy r-open set A
inY, f~1(A) is fuzzy r-minimal open in X.

Theorem 3.2. Let f : X — Y be a function between an -
FMS (X, M x) and a fuzzy topological space (Y, o). Then
we have the following:

(1) f is fuzzy r-minimal continuous.

(2) f~Y(B) is a fuzzy r-minimal closed set for each
fuzzy r-closed set Bin Y.

(3) f(mC(A, 1)) C cl(f(A),r) for A € I'X.

@ mC(f~1(B),r) C f~1(cl(B,r)) for B € IY.

5) f~1(int(B,r)) CmI(f~Y(B),r) for B € IY.

(

)
Then (1) & (2) = (3) & (4) & (5).

Proof. (1) < (2) Obvious.

(2) = (3) For A € IX,
(c

1 l( (A),7))
= f"HN{F eIY: f(A) C F,F is fuzzy r-closed })

=n{fYF): AC f1(F),F is fuzzy r-closed}
ODN{K € I*: AC K, K is fuzzy r-minimal closed}
=mC(A,r).

Hence f(mC(A,r)) C cl(f(A),r).
(3) & (4) Fort B € IY, from (3), it follows
FnC(f=H(B),r)) C c(f(f7(B)),7) C cl(B,r).
Hence (4) is obtained and similarly, we get (4) = (3).
(4) < (5) From Theorem 2.2, it is obvious. O

Example 3.3. Let X = I and let us consider two fuzzy
sets A, B defined as

1
A(z) = 2% € X;
B(zx)=—=(z—-1), z € X.
Consider a fuzzy family
%, if U=0,1,
MU)=< 5, if U=A,B,
0, otherwise,
and a fuzzy topology
1, if U=0,1,A,B,
oU)=¢ %, ifU=ANB,AUB,
0, otherwise.

Then the identity function f : (X, M) — (X, o) satisfies
the part (3) in Theorem 3.2 but f is not fuzzy %-minimal
continuous.

Let X be a nonempty set and M : IX — I a fuzzy
family on X. The fuzzy family M is said to have the prop-
erty (U) 9] if for A; € M (i € J),

M(UA) > AM(A,).

Theorem 3.4. Let f : X — Y be a function between an
r-FMS (X, Mx) and a fuzzy topological space (Y, o). If
M x has the property (U), then f is fuzzy r-minimal con-
tinuous iff for a fuzzy point z,, in X and each fuzzy r-open
set V' containing f(x,), there is a fuzzy r-minimal open
set U containing z, such that f(U) C V.

Proof. Let f be fuzzy r-minimal continuous, then for
fuzzy point z, in X and each fuzzy r-open set V' con-
taining f(x,), from Theorem 3.2 (5), z, € f~1(V) =
FL(int(V,r)) CmI(f~1(V),r). So there exists a fuzzy
r-minimal open set U containing x, such that z, € U C
f~1(V). Hence the result is obtained.

For the converse, let a fuzzy set A be fuzzy r-open in
Y. Then by hypothesis, we have UU = f~!(A) for each
fuzzy r-minimal open set U in X. Hence by the property
U), f~1(A) is fuzzy r-minimal open. O
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Corollary 3.5. Let f : X — Y be a function between an
r-FMS (X, Mx) and a fuzzy topological space (Y, 7). If
M x has property ({£), then the following are equivalent:

(1) f is fuzzy r-minimal continuous.

(2) For fuzzy point z,, in X and each fuzzy r-open set
V containing f (), there is a fuzzy r-minimal open set U
containing z,, such that f(U) C V.

(3) f~Y(B) is fuzzy r-minimal closed, for each fuzzy
r-closed set BinY.

@) f(mC(A,7)) Ccl(f(A),r) for A I*.

S)mC(f~1(B),r) C f~1(cl(B,r)) for B € IY.

©6) f~1(int(B,r)) CmI(f~Y(B),r) for B € IV.

Proof. Tt follows from Theorem 3.2 and Theorem 3.4. [J

Definition 3.6. Let (X, o) be a fuzzy topological space and
(Y, My) an r-FMS. Then f : (X,0) — (Y, My) is said
to be fuzzy r-minimal open if for every fuzzy r-open set A
in X, f(A) is fuzzy r-minimal open in Y.

Theorem 3.7. Let f : X — Y be a function on a fuzzy
topological space (X, o) and an -FMS (Y, My-).
(1) f is fuzzy r-minimal open.
() f(int(A,r)) C mI(f(A),r)for A€ I¥,
3)int(f~Y(B),r) C f~X(mI(B),r) for B € IV
Then (1) = (2) < (3).
Proof. (1) = (2) For A € I¥,
flint(A),r)
= f(U{B € IX : B C A, Bis fuzzy r-open})
=U{f(B) eI : f(B) C f(A),
f(B) is fuzzy r-minimal open}
CU{U e IY : U C f(A), U is fuzzy r-minimal open}
=mI(f(A),r).
Hence f(int(A),r) CmI(f(A),r).

(2) & (3) For B € IV, from (3) it follows that

Flnt(f~1(B),r)) € mI(f(f~1(B)),r) € mI(B,r).

This implies (3). Similarly, we get the implication (3) =
(2). O

Remark 3.8. In Example 3.3, consider the identity func-
tion f : (X,0) — (X, Mx). Then f satisfies the state-
ment (2) in Theorem 3.7, but it is not fuzzy r-minimal
open.

Lemma 3.9. Let f : X — Y be a function on a fuzzy
topological space (X, o) and an r-FMS (Y, My). If f is
fuzzy r-minimal open, then f(A) = mI(f(A),r) for ev-
ery fuzzy r-open set A in X.

Proof. Tt follows from Theorem 2.2 (1). O

Theorem 3.10. ([9]) Let (X, M) be an -FMS with the
property (U). Then
() mI(A,r) = Aifand only if A € M, for A € I*X.
(2) mC(A,r) = A if and only if A° € M, for
AeTX.
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From Lemma 3.9 and Theorem 3. 10, obviously the next
corollary is obtained:

Corollary 3.11. Let f : (X,0) — (Y, My) be a func-
tion on a fuzzy topological space (X,o) and an r-FMS
(Y, My ). If My has property (U), then the following are
equivalent:

(1) f is fuzzy r-minimal open.
() f(int(A,r)) CmI(f(A),r)for A € IX.
3)int(f~Y(B),r) C f~1(mI(B,r)) for B € IV,

Definition 3.12. Let (X, o) be a fuzzy topological space
and (Y, My ) be an r-FMS. Then f : (X,0) — (Y, My)
is said to be fuzzy r-minimal closed if for every fuzzy r-
minimal closed set A in X, f(A) is fuzzy r-minimal closed
inY.

Theorem 3.13. Let f : (X,0) — (Y, My) be a func-
tion on a fuzzy topological space (X,o) and an r-EMS

(Y, My).
(1) f is fuzzy r-minimal closed.
) mC(f(A),r) C f(cl(A,r)) for A € IX,
3) fX(mC(B,r)) Cel(f~YB),r) for B e IY.
Then (1) = (2) < (3).

Proof. Itis similar to the proof of Theorem 3.7. O

Lemma 3.14. Let f : (X,0) — (Y, My) be a function on
a fuzzy topological space (X, o) and an r-FMS (Y, My ).
If f is fuzzy r-minimal closed, then f(A) = mC(f(A),r)
for every fuzzy r-minimal closed set A in X.

Proof. Itis obvious. O

Corollary 3.15. Let f : X — Y be a function on a fuzzy
topological space (X, o) and an r-FMS (Y, My ). If My
has property (i), then the following are equivalent:

(1) f is fuzzy r-minimal closed.
@) mC(f(A),r) C f(cl(A), ) for A € I¥.
3) f~Y(mC(B,r)) Cc(f~Y(B),r) for B IY.
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