
r

r r
r

r r r

r

r M

r
r r

I [0, 1]
A IX X 0̃ 1̃

X 0 1
A ∈ IX Ac 1̃ − A

xα X xα

xα(y) =
{

α, y = x,
0, y �= x.

xα A X
xα ∈ A α ≤ A(x) x ∈ X

A X A

f : X → Y A ∈ IX B ∈ IY

f(A) Y

f(A)(y) =
{

supz∈f−1(y) A(z), f−1(y) �= ∅,
0, ,

y ∈ Y f−1(B) X
f−1(B)(x) = B(f(x)), x ∈ X

X
T : IX → I
T (0̃) = T (1̃) = 1
T (A1 ∧ A2) ≥ T (A1) ∧ T (A2) A1, A2 ∈ IX

T (
∨

Ai) ≥
∧ T (Ai) Ai ∈ IX

(X, T )
A ∈ IX r r

T (A) ≥ r T (Ac) ≥ r

r A cl(A, r)
cl(A, r) = ∩{B ∈ IX : A ⊆ B B r }.

r A int(A, r)
int(A, r) = ∪{B ∈ IX : B ⊆ A B r }.

X r ∈
(0, 1] = I0 M : IX → I X

Mr = {A ∈ IX | M(A) ≥ r}

0̃ 1̃

(X,M)
r M r

Mr

A
A Ac r

(X,M) r r ∈ I0 r
r A
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mC(A, r) mI(A, r)

mC(A, r) = ∩{B ∈ IX : Bc ∈ Mr A ⊆ B},

mI(A, r) = ∪{B ∈ IX : B ∈ Mr B ⊆ A}.

(X,M) r A,B
IX

mI(A, r) ⊆ A A r
mI(A, r) = A

A ⊆ mC(A, r) A r
mC(A, r) = A

A ⊆ B mI(A, r) ⊆ mI(B, r)
mC(A, r) ⊆ mC(B, r)

mI(A, r) ∩ mI(B, r) ⊇ mI(A ∩ B, r)
mC(A, r) ∪ mC(B, r) ⊆ mC(A ∪ B, r)

mI(mI(A, r), r) = mI(A, r)
mC(mC(A, r), r) = mC(A, r)

1̃−mC(A, r) = mI(1̃−A, r) 1̃−mI(A, r) =
mC(1̃ − A, r)

(X,MX) (Y,MY )
r f : X → Y

r r
A Y f−1(A) r X

r r
G X f(G) r Y

r
r

(X,MX) r (Y, σ)
f : X → Y

r r A
Y f−1(A) r X

f : X → Y r
(X,MX) (Y, σ)

f r
f−1(B) r

r B Y
f(mC(A, r)) ⊆ cl(f(A), r) A ∈ IX

mC(f−1(B), r) ⊆ f−1(cl(B, r)) B ∈ IY

f−1(int(B, r)) ⊆ mI(f−1(B), r) B ∈ IY

(1) ⇔ (2) ⇒ (3) ⇔ (4) ⇔ (5).

(1) ⇔ (2)

(2) ⇒ (3) A ∈ IX

f−1(cl(f(A), r))
= f−1(∩{F ∈ IY : f(A) ⊆ F,F r })

= ∩{f−1(F ) : A ⊆ f−1(F ), F r }
⊇ ∩{K ∈ IX : A ⊆ K, K r }
= mC(A, r).

f(mC(A, r)) ⊆ cl(f(A), r)

(3) ⇔ (4) B ∈ IY

f(mC(f−1(B), r)) ⊆ cl(f(f−1(B)), r) ⊆ cl(B, r).

(4) ⇒ (3)

(4) ⇔ (5)

X = I
A,B

A(x) =
1
2
x, x ∈ X;

B(x) = −1
2
(x − 1), x ∈ X.

M(U) =

⎧⎨
⎩

1
2 , U = 0̃, 1̃,
2
3 , U = A,B,
0, ,

σ(U) =

⎧⎨
⎩

1, U = 0̃, 1̃,A,B,
1
3 , U = A ∩ B, A ∪ B,
0, .

f : (X,M) → (X,σ)
f 1

3

X M : IX → I
X M

(U) Ai ∈ M i ∈ J

M(∪Ai) ≥ ∧M(Ai).

f : X → Y
r (X,MX) (Y, σ)
MX (U) f r

xα X r
V f(xα) r
U xα f(U) ⊆ V

f r
xα X r V

f(xα) xα ∈ f−1(V ) =
f−1(int(V, r)) ⊆ mI(f−1(V ), r)
r U xα xα ∈ U ⊆
f−1(V )

A r
Y ∪U = f−1(A)

r U X
(U) f−1(A) r
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f : X → Y
r (X,MX) (Y, τ)
MX (U)

f r
xα X r

V f(xα) r U
xα f(U) ⊆ V

f−1(B) r
r B Y

f(mC(A, r)) ⊆ cl(f(A), r) A ∈ IX

mC(f−1(B), r) ⊆ f−1(cl(B, r)) B ∈ IY

f−1(int(B, r)) ⊆ mI(f−1(B), r) B ∈ IY

(X, σ)
(Y,MY ) r f : (X,σ) → (Y,MY )

r r A
X f(A) r Y

f : X → Y
(X, σ) r (Y,MY )

f r
f(int(A, r)) ⊆ mI(f(A), r) A ∈ IX

int(f−1(B), r) ⊆ f−1(mI(B), r) B ∈ IY

(1) ⇒ (2) ⇔ (3)

(1) ⇒ (2) A ∈ IX

f(int(A), r)
= f(∪{B ∈ IX : B ⊆ A, B r })
= ∪{f(B) ∈ IY : f(B) ⊆ f(A),

f(B) r }
⊆ ∪{U ∈ IY : U ⊆ f(A), U r }
= mI(f(A), r).

f(int(A), r) ⊆ mI(f(A), r)

(2) ⇔ (3) B ∈ IY

f(int(f−1(B), r)) ⊆ mI(f(f−1(B)), r) ⊆ mI(B, r).

(3) ⇒
(2)

f : (X, σ) → (X,MX) f
r

f : X → Y
(X, σ) r (Y,MY ) f

r f(A) = mI(f(A), r)
r A X

(X,M) r
(U)

mI(A, r) = A A ∈ Mr A ∈ IX

mC(A, r) = A Ac ∈ Mr

A ∈ IX

f : (X, σ) → (Y,MY )
(X, σ) r

(Y,MY ) MY (U)

f r

f(int(A, r)) ⊆ mI(f(A), r) A ∈ IX

int(f−1(B), r) ⊆ f−1(mI(B, r)) B ∈ IY

(X, σ)
(Y,MY ) r f : (X, σ) → (Y,MY )

r r
A X f(A) r

Y

f : (X, σ) → (Y,MY )
(X, σ) r

(Y,MY )

f r

mC(f(A), r) ⊆ f(cl(A, r)) A ∈ IX

f−1(mC(B, r)) ⊆ cl(f−1(B), r) B ∈ IY

(1) ⇒ (2) ⇔ (3)

f : (X,σ) → (Y,MY )
(X,σ) r (Y,MY )

f r f(A) = mC(f(A), r)
r A X

f : X → Y
(X,σ) r (Y,MY ) MY

(U)

f r

mC(f(A), r) ⊆ f(cl(A), r) A ∈ IX

f−1(mC(B, r)) ⊆ cl(f−1(B), r) B ∈ IY
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beta

r
r

r
r

r
r

r

r
r
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