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A Deterministic Inventory Model with an
Inventory-Level-Dependent Demand Rate under Day-terms

Supplier Credit in a Supply Chain
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1. Introduction supplier who offers trade credit, it is an effective
means of price discrimination which circumvents

A significant part of the mamufacturing goods is anti—trust measures and is also an efficient method
usually kept in a supply chain, especially either in a to stimulate the demand of product. For a retailer, it
manufacturer’s/wholesaler’'s inventory or in a retailer’s is an efficient method of bonding a supplier when
storage. And it induces the excessive cost for the retailer is at the risk of receiving inferior quality

carrying inventory in a supply chain. So, an effective goods or service and is also an effective means of
supply chain network requires a cooperative relationship reducing the cost of holding stocks.
between the supplier and the distributor/retailer. In In this regard Haley and Higgins[5l, Kingsmenl6),

today’s business transactions, it is more and more Chapmen et al[2], Goall4], and Ward and Chapmen(13]
common to see that the buyers are allowed some examined the effects of trade credit on the optinel
grace period before they settle accounts with the inventory policy. All the research works mentioned above
supplier. Trade credit would play an mmportant role held the assumption that the demand is a known constant

in the conduct of business for many reasons. For a

T Az 2GR AUE 4T T4 dEgid 32 @y Foe A A g
M - P : 010-9214-5434, E-mail : swshinn@halla.ac krr
2009 7€ 169 A 20099 8¥Y 26 £AE HS 20099 8¢ 254 AAEH

o}
ok

T



114 A Deterministic Invertary Vbdd with an InventaryLevelDeperdent Derrand Rate under Day—terms Supplier Gredit in a Supply Chain
Seong Whan Shinn

However, for certain comrodities, such as consurer goods,
food grans, stationery itenrs, consursble eic,, the customer’s
demand rate may depend on the size of the quantityon
hand According to Levin et all7l, one of the
function of inventories 1s that of a motivator; they
indicated: "At times, the presence of inventory has a
motivational effect on the people around it. It is a
comimon belief that large piles of goods displayed in
a supermarket will lead the customer to buy more”.

Such a situation generally arises for a consumer-goods
type of mventory and the demand rate may go up or
down if the on~hand inventory level increases or
decreases. It is, therefore, likely to have an effect of
increasing the size of each order and the availability
of opportunity to delay the payments have an
important effect on the retailer’s lot size.

Some research papers evaluated an inventory
system where the demand rate has been assumed to
be dependent on the on-hand inventory. Among the
mmportant research papers published so far with
mventory-level-dependent demand rate, mention should
be made of works by Baker and Urban{1], Mandal and
Phaujdar{8}, Datta and Pall3], Padmanabhan and Vrat{9],
and Vrat and Padmansbhan[12), etc. Baker and
Urbanll] evaluated an inventory system assuming
the demand rate to be a polynomial functional form
of the on—hand inventory level at that time. Datta
and Pall3] discussed a similar situation where the
demand rate declines along with inventory level
down to a certain level of the inventory, and then
the demand rate becomes constant for the rest of
cycle. Mandal and Phaujdarl8], and Padmanabhan
and Vrat{9] analyzed an inventory model for
deteriorating products where the demand rate has
been assumed to be dependent on the on-hand
inventory. Vrat and Padmanabhan(12] also discussed
an mventory model for inventory-level-dependent
demand rate products under inflation. With this type
of product, the probability of making a sale would
increases as the amount of the product in inventory
increases. It is, therefore, likely to have an effect of
increasing the size of each order. Also, the availability
of opportunity to delay the payments effectively
reduces the retailer’s cost of holding inventories, and
thus is likely to result in larger order quantity.

In this regard, Song and Shinn[11], and Shinn[10]

evaluated an inventory system under day-terms
supplier credit where the customer’s demand rate
has been assumed to be dependent on the on-hand
inventory. They examined the effects of trade credit
on the optimal inventory policy assuming that the
demand rate is to be a linear function of the
on-hand inventory level at that time.

In this paper, we evaluate the problem of determining
the retailer’s optimal ordering policy for an inventory
~level-dependent demand rate items when the suppher
offers a fixed credit period For the analysis, we
assume that the customer's demand rate is of a
polvnomial function form. In the next section, we
formulate a relevant mathematical model.

The properties of an optimal solution are discussed
and solution algorithm is given i Section 3. Numerical
example is provided in Section 4, which is followed by
concluding remarks.

2. Supply Chain Model Formulation

The model presented is the continuous, deterministic
case of an inventory system in which the demand rate
is dependent on the inventory level. The assumptions
of this model are as follows:

(1) Replenishments are instantaneous with a known
and constant lead time.

(2) No back orders are allowed,

(3) The inventory system involves only one item.

(4) The demand rate is deterministic and is a known
function of the level of inventory.

(5) The supplier proposes a certain credit perod and
sales revenue generated during the credit period is
deposited in an interest bearing account with rate L

At the end of the period, the credit is seftled and
the retailer starts paying the capital opportunity cost
for the items in stock with rate R(R > D).

And in deriving the model, the following notations
are used

P unit retail price.
C'© unit purchase cost.
S fixed ordering cost.
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tc : credit period set by the supplier.

M inventory carryving cost, excluding the capital
opportunity cost.

R © capital opportunity cost(as a percentage).

I : earned interest rate(as a percentage).

@ order size.

T replenishment cycle time.

B nventory level at time t.

Dg(9) : annual demand rate, as a function of the

on-hand inventory(q(t)).

This analysis will concentrate on the situation in which
the customer’s demend rate is of a polynomial function
form That is, the demand rate will take the form

D(gt)=aqt)’, a>0,0<B<1, (D

where D(q(t)) is the demand rate of the product, q(t)
is the inventory level at time t « is the scale
parameter, and 3 is the shape parameter. Given this
demand function, the inventory level as a function of
time will decrease rapidly initially, since the quantity
demanded will be greater at a high level of
inventory. As the inventory is depleted, the quantity
demanded will decrease, resulting in the inventory
level decreasing more slowly. Figure 1 illustrates the
time behavior of the inventory level. As stated by
Baker and Urban[1], the mathematical expression of

the inventory function over time can be determined
by equating the rate of change of inventory level per
unit time with minus the demand rate, and solving
the resulting differential equation as follows :

dg(t) _
T D(q(t)) )
4lt) gy @
f q@t) Pdg(t)= / — adt (4
g@) %
BEE at+k (5)
g =—(a(1-B))+ K, ®)
when t=0, q¢it)=0Q, so k=@Q' 7 and
¢t) == (a1 -+ Q' 7. Solving for q(t)
yields
1 1-5
(@ "—alt—pt) 7 = G(1—5)
qlt) = o D
’ AR
where

@ = the order level(the quantity to order up to);
t = time from the start of a cycle.
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Figure 1. Inventory level(q) vs. Time(d.
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Note that due to the inventory carrving costs, it is
clearly optimal to let the inventory level reach zero hefore
reordering, e, o(T) = 0. So, given that (D) = 0,

Q' —a(l-8)T=0 )

and so,

Ql -3
= — . 9
=y ©
The objective of this model will be to maximize
the annual net profit for retailer. The annual net
profit, I7(Q) would be as follows:

Annual Annual Annual
I(Q)= Sales — Purchasing — Ordering
Revenue Cost Cost
Annual Annual
— Iwentory Carrying — Capital Opportunity.
Cost Cost

And they consist of the following five elements.

(1) Annual sales revenue = P—;?
(2) Annual purchasing cost = 0—16;2

(3) Annual ordering cost = %

(4) Annual inventory carrying cost:
From the equation (7), the inventory level per
order is

qf,=f0T(Q“"—a<1—ﬁ)t)ﬁdt, r= (Ql j) (10)

27’1

_ (@7-a (z(fzﬁz R an
@
=20 12)

So, the inventory carrying cost per order becomes
Hyg; and then

Hy,
Annual mventory carrying cost = 7

(5) Annual capital opportunity cost:

(1) Case 1(tc < T): (see Figure 2. (a)) The
number of products in stock earning interest during
time (0, tc) is

1

= Qte— /:C(Ql"—au—ﬁ)t)ﬁdt (13)

and the interest earned per order becomes Ciy..
Also, the number of products in stock paying

interest, during time (t¢, 7) becomes

_/ O all
te

and the interest payable per order can be expressed
as CRg;. Therefore,

1

-8t (14)

Annual capital opportunity cost = : T .

(i) Case 2(tc> T): (see Figure 2. (b)) The
number of products in stock eaming interest during
time (0, t¢) is

- qe- [ OT(Ql*ﬁ—a(l— AT Pa (15

And in this case, the number of products in stock
paying interest, q; = 0. Therefore,

Cl,

Annual capital opportunity cost = — T

So, depending on the relative size of tc to T,
IT1(Q) has two different expressions as follows:

1. Casel (tc< 1)

1.(Q) = (P- O)Q—S—I?ifC(qu—@ﬁ) | 16
=a(1-B)(P-CO)Q°-a(1-58)5Q "V +a(1— ) CheQ’
2—3
1-4 _ 1 -5 1-8 H—(1—
- o or 18 @ ati—gh) o
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- a3 2@ —ati—ge 7 @ - 1B oy

2—-p 2—8
a7
2. Case 2 (te> T)
Q) = (P-0C)Q—- i— Hy,+ Clg, | 18)
=a(1-8)(P- C)Q‘La(l—ﬂ)SQ‘“"’)*;—E%QH
a(1—8) Che@” —ZQC[ (19)

3. Determination of Optinral Pdlicy for Retailer

The problem is to find an economic ordering
quantity(EOQ) for retailer which maximizes IT(Q).
Then, we can consider the necessary and sufficient
conditions for maximizing I7(() with respect to Q.
Note that the annual net profit, I1(Q), at T = tc
Q 1-4
R
equations (17) and (19), respectively. And we have
the following relationship between IT,(Q), i=1,2,

is obtaned on substituting tc = n

Q]*,’i

11,(Q) = 11,(Q), tc :m.

(20)

And this implies that the annual net profit function
II Z(Q)y 4

= 1,2, is continuous at T = tc. Now, we

Ihventory
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Figure 2.

are going to 1Investigate the characteristics of

I,(Q), i=1,2. The first order condition with
respect to Q is
1,(Q) = ~5 =5+ cDrali—prsQ™ "
+ af(1-pB)P—C(1— Tte)) Q™17
11— CR-DQ —all—pltc)
Q e P

1—- 32 C(R—1 —a(l-8)te)
a=grct <2).(C§>Q2? o) oy
,(Q) = =5+ Cnvai—pPsQ )
+af(1—B)(P— C(1—Ite)) Q™ "7, (22)

Similarly the second order condition with respect
to Q is

H1(Q)”: - ap(1— ) P- C(l_jtc))Q—@—a)
~a(l-p)(2—-8)sQ ¥ 7

(kmaﬁ—n(w’—a(l—mtc)"”( Q~’
Q Q'

- a(1- Pte ‘1)‘
(1~ 82 AR D(Q' " —all—)te) (Ql I—a(1-B)tc 1)
QZ bl

Qli

(23)
1,(Q) = - aB(1— B (P— ClL— Ite) Q~ 2P
(=pPE-pSE ST
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Credit period(#) vs. Replenishment cycle time(7).
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For the normal condition(Z = 1), it can be shown
that 17(Q) is a concave function of Q.

Based on the above results, we develop the following
solution procedure to determine an EOQ for retailer.

Solution algorithm

Step 1. Determine @, from I7,(Q,) =0 by

1

equation (21). If @, > (a(1—8)te)' ™7, then obtain
(@)
Otherwise, go to step 2.

by equation (17) and go to step 2

Step 2. Determine ¢, from I7,(Q,) =0 by

1

equation (22). If @, < (a(1—p3)te)' ™7, then obtain
I,(Q,) by equation (19) and go to step 3.
Otherwise, go to step 3.

1
Q < (a(l=pe)t=’ and
1
@, = (@(1=p)tc)' ™7, then obtain I7,(Q) by
1
equation (17) at Q= (a(1—8)tc)'™” and go to
step 4. Otherwise, go to step 4.

Step 3. If

Step 4 Select the optimal order quantity which
gives the maximum annual net profit among those
obtained in steps 1, 2 and 3.

4. Numerical Example

As an example, suppose the parameters of the
inventory function are as follows:

o = 1,500 units per year;
£5=0.3;

S = $500 per order;

H = $5 per unit per year;
R = 15%,

1 = 10%,

P = $65 per unit;

C = $0 per unit;

tc = 0.3 year per order.

In order to solve this problem, a computer
program written in QBASIC was developed. The
mnput required for this program includes the
demand(scale and shape) parameters, the set-up cost,
the inventory(carrying, capital opportunity cost and
earned interest rate) parameters, the selling price and
cost of the item. With the credit period of 0.3 year
per order, the solution algorithm provides a solution

to this problem of:

Optimal order quantity, Q = 21,275 units;
Maximum annual net profit 17 (Q)=$246,891.

An optimal solution for the example can be
obtained through the following steps.

I,(Q) =0 at
@, =21,275. Since @, =

Step 1. From equation (21),

Q=21,275. So,
1

(a(1—p)tc)' ™7 =3,707, compute I1,(Q,) by
equation (17), and go to Step 2.

Step 2. From equation (22), HQ(Q),ZO at

@=127,029. So, ,=27,029. Since Q,>
1

(a(1—8)te)! 7 =3,707, go to Step 3.

1
Step 3. Since @, = (a(1—8)tc)' ™7, go to Step 4.

Step 4. From the results in Steps 1, 2 and 3, an
EOQ becomes 21,275 units with its maximum annual
net profit $246,891.

5. Cdnclusion

In conclusion, the on-hand inventory level is one
of the important factors related to the variation of
the customer’'s demand rate and it is, therefore,
likely to have an effect on increasing the size of
each order. But, no inventory model has been found
In the literature that addresses an inventory-level
dependent demand rate pattern with a polynomial
functional form.

This paper dealt with the retaler’'s optimal



o et 7 g 4 3tE A

A 119 A 3 3 20099 9¢ 119

ordering quantity determination problem under an
inventory-level-dependent demand rate assuming that
the customer’s demand function is of a polynomial
function form when the supplier offers a fixed credit
period. For the system presented, a mathematical model
fomulated. And we proposed the solution procedure, which
leads to a retaler’s optimal ordering quantity for the
model developed To illustrate the validity of the sohution
procedure, an exanple problem was chosen and solved.
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