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STRONG CONVERGENCE OF MODIFIED ISHIKAWA
ITERATION FOR TWO RELATIVELY NONEXPANSIVE

MAPPINGS IN A BANACH SPACE

Ying Liu, Xian Wang, and Zhen He

Abstract. In this paper, we prove a strong convergence theorem for a

common fixed point of two relatively nonexpansive mappings in a Banach

space by using the modified Ishikawa iteration method. Our results im-
proved and extend the corresponding results announced by many others.

1. Introduction

Let E be a Banach space, E∗ be the dual space of E. 〈·, ·〉 denotes the
duality pairing of E and E∗. The function φ : E × E → R is defined by

φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2,
for all x, y ∈ E, where J is the normalized duality mapping from E to E∗.
Let C be a closed convex subset of E, and let T be a mapping from C into
itself.We denote by F (T ) the set of fixed points of T. A point p in C is said
to be an asymptotic fixed point of T [1] if C contains a sequence {xn} which
converges weakly to p such that the strong lim

n→∞
(xn − Txn) = 0. The set of

asymptotic fixed points of T will be denoted by F̂ (T ). A mapping T from C
into itself is called nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for all x, y ∈ C. and
relatively nonexpansive [1] if F̂ (T ) = F (T ) and φ(p, Tx) ≤ φ(p, x) for all x ∈ C
and p ∈ F (T ). The asymptotic behavior of a relatively nonexpansive mapping
was studied in [1-4].

Two classical iteration processes are often used to approximate a fixed point
of a nonexpansive mapping. The first one is introduced in 1953 by Mann [5]
which well-known as Mann’s iteration process and is defined as follows:

(1.1)
{

x0 ∈ C chosen arbitrarily,
xn+1 = αnxn + (1− αn)Txn, n ≥ 0,

where the sequence {αn} is chosen in [0, 1]. Twenty-one years later, Ishikawa
[6] enlarged and improved Mann’s iteration (1.1) to the new iteration method,
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it is often cited as Ishikawas iteration process which is defined recursively by

(1.2)

 x0 ∈ C chosen arbitrarily
yn = βnxn + (1− βn)Txn,

xn+1 = αnxn + (1− αn)Tyn, n ≥ 0,

where αn and βn are sequences in the interval [0, 1].
Both iterations processes (1.1) and (1.2) have only weak convergence, in

general Banach space (see [7] for more details). As a matter of fact, process
(1.1) may fail to converge while process (1.2) can still converge for a Lipschitz
pseudo-contractive mapping in a Hilbert space [8].

Some attempts to modify the Mann iteration method so that strong con-
vergence is guaranteed have recently been made. Nakajo and Takahashi [9]
proposed the following modification of the Mann iteration method for a single
nonexpansive mapping T in a Hilbert space H:

(1.3)


x0 = x ∈ C,
yn = αnxn + (1− αn)Txn,
Cn = {z ∈ C : ‖z − yn‖ ≤ ‖z − xn‖},
Qn = {z ∈ C : 〈xn − z, x− xn〉 ≥ 0},

xn+1 = PCn
T

Qn
x, n = 0, 1, 2...,

where PK denotes the metric projection from H onto a closed convex subset K
of H. They proved that if the sequence {αn} is bounded above from one, then
{xn} defined by (1.3) converges strongly to PF (T )x.

Recently, Martinez-Yanes and Xu [10] has adapted Nakajo and Takahashi’s
[9] idea to modify the process (1.2) for a single nonexpansive mapping T in a
Hilbert space H :

(1.4)



x0 ∈ C,
zn = βnxn + (1− βn)Txn,
yn = αnxn + (1− αn)Tzn,
Cn = {v ∈ C : ‖yn − v‖2 ≤ ‖xn − v‖2

+ (1− αn)(‖zn‖2 − ‖xn‖2 + 2〈xn − zn, v〉)},
Qn = {v ∈ C : 〈xn − v, x0 − xn〉 ≥ 0},

xn+1 = PCn
T

Qn
x0,

where PK denotes the metric projection from H onto a closed convex subset
K of H. They proved that if {αn} and {βn} are sequences in [0, 1] such that
αn ≤ 1 − δ for some δ ∈ (0, 1] and βn → 1, then the sequence {xn} generated
by (1.4) converges strongly to PF (T )x0.

The ideas to generalize the processes (1.3),(1.4) from Hilbert space to Ba-
nach space have recently been made. By using available properties on uniformly
convex and uniformly smooth Banach space, Matsushita and Takahashi [1] pre-
sented their ideas as the following method for a single relatively nonexpansive
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mapping T in a Banach space E :

(1.5)


x0 = x ∈ C,
yn = J−1(αnJxn + (1− αn)JTxn),
Hn = {z ∈ C : φ(z, yn) ≤ φ(z, xn)},
Wn = {z ∈ C : 〈xn − z, Jx− Jxn〉 ≥ 0},
xn+1 = ΠHn

T
Wn
x, n = 0, 1, 2, ...,

where αn ⊂ [0, 1), lim sup
n→∞

αn < 1, and ΠHn
T

Wn
is the generalized projection

from C into Hn

⋂
Wn. They proved {xn} converges strongly ΠF (T )x0.

Qin and Su[11]proposed the following modified Ishikawa iteration process
for a single relatively nonexpansive mapping T in a Banach space E :

(1.6)



x0 ∈ C,
zn = J−1(βnJxn + (1− βn)JTxn),
yn = J−1(αnJxn + (1− αn)JTzn),
Cn = {v ∈ C : φ(v, yn) ≤ αnφ(v, xn) + (1− αn)φ(v, zn)},
Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 ≥ 0},

xn+1 = ΠCn
T

Qn
x0,

where αn ⊂ [0, 1), lim sup
n→∞

αn < 1, βn → 1, and ΠCn
T

Qn
is the generalized

projection from C into Cn

⋂
Qn. They proved if T is uniformly continuous,

then {xn} converges strongly to ΠF (T )x0.
Inspired and motivated by these facts, our purpose in this paper is to de-

velop the modified Ishikawa iteration process (1.6) to two relatively nonexpan-
sive mappings.

2. Preliminaries

We denote by J : E → 2E∗
the normalized duality mapping from E to 2E∗

,
defined by

J(x) := {v ∈ E∗ : 〈v, x〉 = ‖v‖2 = ‖x‖2}, ∀x ∈ E.

The duality mapping J has the following properties:
(i) if E is smooth, then J is single-valued;

(ii) if E is strictly convex, then J is one-to-one;
(iii) if E is reflexive, then J is surjective.
(iv) if E is uniformly smooth, then J is uniformly norm-to-norm continuous

on each bounded subset of E.
Let E be a reflexive, strictly convex, smooth Banach space and J the duality

mapping from E into E∗. Then J−1 is also single-valued, one-to-one, surjective,
and it is the duality mapping from E∗ into E.

When {xn} is a sequence in E, we denote strong convergence of {xn} to
x ∈ E by xn → x and weak convergence by xn ⇀ x.
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Let U = {x ∈ E : ‖x‖ = 1} be the unit sphere of E. A Banach space E is
said to be strictly convex if ‖x+y

2 ‖ < 1 for all x, y ∈ U and x 6= y. It is also said
to be uniformly convex if lim

n→∞
‖xn− yn‖ = 0 for any two sequences {xn}, {yn}

in U and lim
n→∞

‖xn+yn

2 ‖ = 1. A Banach space is said to be smooth provided

lim
t→0

‖x+ ty‖ − ‖x‖
t

exists for each x, y ∈ U. It is also said to be uniformly smooth if the limit is
attained uniformly for x, y ∈ U. A Banach space E is said to have the K-K
property if a sequence {xn} of E satisfying that xn ⇀ x ∈ E and ‖xn‖ → ‖x‖,
then xn → x. It is known that if E is uniformly convex, then E has the K-K
property. Let E be a smooth Banach space. The function φ : E × E → R is
defined by

φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2

for all x, y ∈ E. It is obvious from the definition of the function φ that
(A1) (‖x‖ − ‖y‖)2 ≤ φ(y, x) ≤ (‖x‖+ ‖y‖)2.
(A2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x− z, Jz − Jy〉.
(A3) φ(x, y) = 〈x, Jx− Jy〉+ 〈y − x, Jy〉 ≤ ‖x‖‖Jx− Jy‖+ ‖y − x‖‖y‖.

Remark 2.1. From the Remark 2.1 of reference [1], we can know that if E is
a strictly convex and smooth Banach space, then for x, y ∈ E, φ(y, x) = 0 if
and only if x = y.

Lemma 2.1 (see [1]). Let E be a uniformly convex and smooth Banach space
and let {yn}, {zn} be two sequences of E. If φ(yn, zn)→ 0, and either {yn} or
{zn} is bounded, then yn − zn → 0.

Let C be a nonempty closed convex subset of E. Suppose that E is reflexive,
strictly convex and smooth. Then, for any x ∈ E, there exists a unique point
x0 ∈ C such that

φ(x0, x) = min
y∈C

φ(y, x).

The mapping ΠC : E → C defined by ΠCx = x0 is called the generalized
projection [1, 12]. In a Hilbert space, ΠC = PC (metric projection). The
following are well-known results.

Lemma 2.2 (see [11-12]). Let C be a nonempty closed convex subset of a
smooth Banach space E and x ∈ E. Then, x0 = ΠCx if and only if

〈x0 − y, Jx− Jx0〉 ≥ 0

for all y ∈ C.

Lemma 2.3 (see [12]). Let E be a reflexive, strictly convex and smooth Banach
space, let C be a nonempty closed convex subset of E and let x ∈ E. Then

φ(y,ΠCx) + φ(ΠCx, x) ≤ φ(y, x)

for all y ∈ C.
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Lemma 2.4 (see [1]). Let E be a strictly convex and smooth Banach space,
let C be a closed convex subset of E, and let T be a relatively nonexpansive
mapping from C into itself. Then F (T ) is closed and convex.

Lemma 2.5 (see [13]). Let E be a uniformly convex Banach space and let
r > 0. Then there exists a continuous strictly increasing convex function g :
[0, 2r]→ R such that g(0) = 0 and

‖tx+ (1− t)y‖2 ≤ t‖x‖2 + (1− t)‖y‖2 − t(1− t)g(‖x− y‖),

for all x, y ∈ Br and t ∈ [0, 1], where Br = {z ∈ E : ‖z‖ ≤ r}.

3. Main results

For any x0 ∈ C, we define the iteration process {xn} as follows:

(3.1)



x0 ∈ C chosen arbitrarily,
zn = ΠCJ

−1(βnJxn + (1− βn)JSxn),
yn = J−1(αnJxn + (1− αn)JTzn),
Cn = {v ∈ C : φ(v, yn) ≤ φ(v, xn)},
Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 ≥ 0},

xn+1 = ΠCn
T

Qn
x0,

where {αn},{βn} satisfy: 0 ≤ αn < 1, for all n ∈ N
⋃
{0} and lim sup

n→∞
αn <

1, 0 < βn < 1, and lim inf
n→∞

βn(1− βn) > 0.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach
space.Let C be a nonempty, closed convex subset of E. Assume that T, S
are two relatively nonexpansive mappings from C into itself such that F =
F (T )

⋂
F (S) 6= ∅, then the sequence {xn} defined by (3.1) converges strongly

to ΠFx0, where ΠF is the generalized projection from E onto F.

Proof. We first show that Cn and Qn are closed and convex for each n ∈
N
⋃
{0}. From the definition of Cn and Qn,it is obvious that Cn is closed and

Qn is closed and convex for each n ∈ N
⋃
{0}. We show that Cn is convex.

Since φ(v, yn) ≤ φ(v, xn) is equivalent to

2〈v, Jxn − Jyn〉+ ‖yn‖2 − ‖xn‖2 ≤ 0,

it follows that Cn is convex. Next, we show that F ⊂ Cn

⋂
Qn for all n ∈

N
⋃
{0}. Put ωn = J−1(βnJxn + (1 − βn)JSxn), we have zn = ΠCωn. Let

p ∈ F , then, by Lemma 2.3 and the convexity of ‖ · ‖2, we have

(3.2)

φ(p, zn) ≤ φ(p, ωn) = ‖p‖2 − 2〈p, βnJxn + (1− βn)JSxn〉
+ ‖βnJxn + (1− βn)JSxn‖2

≤ ‖p‖2 − 2βn〈p, Jxn〉 − 2(1− βn)〈p, JSxn〉
+ βn‖xn‖2 + (1− βn)‖Sxn‖2

= βnφ(p, xn) + (1− βn)φ(p, Sxn)
≤ φ(p, xn),
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and then
φ(p, yn) = ‖p‖2 − 2〈p, αnJxn + (1− αn)JTzn〉

+ ‖αnJxn + (1− αn)JTzn‖2
≤ ‖p‖2 − 2αn〈p, Jxn〉 − 2(1− αn)〈p, JTzn〉

+ αn‖xn‖2 + (1− αn)‖Tzn‖2
= αnφ(p, xn) + (1− αn)φ(p, Tzn)
≤ αnφ(p, xn) + (1− αn)φ(p, zn)
≤ φ(p, xn).

Thus, we have p ∈ Cn. Therefore we obtain F ⊂ Cn for each n ∈ N
⋃
{0}.

Using the same argument presented in the proof of [1, Theorem 3.1;pp.261-
262] we have F ⊂ Cn

⋂
Qn for each n ∈ N

⋃
{0}. This implies that {xn} is well

defined. It follows from the definition of Qn and lemma 2.2 that xn = ΠQn
x0.

Using xn = ΠQn
x0 and lemma 2.3, we have

φ(xn, x0) ≤ φ(p, x0)− φ(p, xn) ≤ φ(p, x0)

for each p ∈ F ⊂ Qn for each n ∈ N
⋃
{0}. Therefore, {φ(xn, x0)} is bounded.

Moreover, from (A1), we have that {xn} is bounded.
Since xn+1 = ΠCn

T
Qn
x0 ∈ Qn and lemma 2.3, we have φ(xn, x0) ≤

φ(xn+1, x0) for each n ∈ N
⋃
{0}. Therefore, {φ(xn, x0)} is nondecreasing. So

there exists the limit of φ(xn, x0). From the lemma 2.3, we have

φ(xn+1, xn) ≤ φ(xn+1, x0)− φ(xn, x0)

for each n ∈ N
⋃
{0}. This implies that lim

n→∞
φ(xn+1, xn) = 0. Since xn+1 =

ΠCn
T

Qn
x0 ∈ Cn, from the definition of Cn, we also have

φ(xn+1, yn) ≤ φ(xn+1, xn)

for each n ∈ N
⋃
{0}. Tending n → ∞, we have lim

n→∞
φ(xn+1, yn) = 0. Using

the lemma 2.1, we obtain

lim
n→∞

‖xn+1 − yn‖ = lim
n→∞

‖xn+1 − xn‖ = 0.

From ‖xn − yn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − yn‖, we have

(3.3) ‖xn − yn‖ → 0, (n→∞).

Since J is uniformly norm-to-norm continuous on bounded sets, we have

(3.4) lim
n→∞

‖Jxn+1 − Jyn‖ = lim
n→∞

‖Jxn+1 − Jxn‖ = lim
n→∞

‖Jxn − Jyn‖ = 0.

On the other hand, we have, for each n ∈ N
⋃
{0},

‖Jxn+1 − Jyn‖ = ‖αn(Jxn+1 − Jxn) + (1− αn)(Jxn+1 − JTzn)‖
≥ (1− αn)‖Jxn+1 − JTzn‖ − αn‖Jxn − Jxn+1‖.

and hence

‖Jxn+1 − JTzn‖ ≤
1

1− αn
(‖Jxn+1 − Jyn‖+ ‖Jxn − Jxn+1‖).
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From (3.4) and lim sup
n→∞

αn < 1, we obtain

‖Jxn+1 − JTzn‖ → 0, (n→∞).

Since J−1 is also uniformly norm-to-norm continuous on bounded sets, we have
lim

n→∞
‖xn+1 − Tzn‖ = 0. From ‖xn − Tzn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − Tzn‖, we

have

(3.5) lim
n→∞

‖xn − Tzn‖ = 0.

Next, we show that ‖xn − Sxn‖ → 0 and ‖zn − Tzn‖ → 0. Since {xn} is
bounded, φ(p, Sxn) ≤ φ(p, xn), where p ∈ F, we also obtain {Jxn}, {JSxn}
are bounded, then there exists r > 0 such that {Jxn}, {JSxn} ⊂ Br. Therefore
lemma 2.5 is applicable and we observe that

(3.6)

φ(p, zn, ) ≤ φ(p, ωn)
≤ ‖p‖2 − 2〈p, βnJxn + (1− βn)JSxn〉+ βn‖xn‖2

(1− βn)‖Sxn‖2 − βn(1− βn)g(‖Jxn − JSxn‖)
≤ φ(p, xn)− βn(1− βn)g(‖Jxn − JSxn‖),

and hence

(3.7) φ(p, yn) ≤ φ(p, xn)− (1− αn)βn(1− βn)g(‖Jxn − JSxn‖).

That is

(3.8) (1− αn)βn(1− βn)g(‖Jxn − JSxn‖) ≤ φ(p, xn)− φ(p, yn).

From (3.3),(3.4) and

φ(p, xn)− φ(p, yn) = 2〈p, Jyn − Jxn〉+ ‖xn‖2 − ‖yn‖2
= 2〈p, Jyn − Jxn〉+ (‖xn‖+ ‖yn‖)(‖xn‖ − ‖yn‖).

we have
φ(p, xn)− φ(p, yn)→ 0, (n→∞).

By lim sup
n→∞

αn < 1, lim inf
n→∞

βn(1− βn) > 0, and (3.8), we have

g(‖Jxn − JSxn‖)→ 0.

From the properties of the function g, we obtain lim
n→∞

‖Jxn−JSxn‖ = 0. Since

J−1 is also uniformly norm-to-norm continuous on bounded sets, we obtain

(3.9) lim
n→∞

‖xn − Sxn‖ = 0.

Since ‖Jωn − Jxn‖ = (1 − βn)‖JSxn − Jxn‖ → 0 as n → ∞, therefore,
‖ωn − xn‖ → 0 as n→∞. By (A3), we have φ(xn, ωn)→ 0, as n→∞. Since
φ(xn, zn) = φ(xn,ΠCωn) ≤ φ(xn, ωn), then, we get lim

n→∞
φ(xn, zn) = 0. By

Lemma 2.1, we have

(3.10) lim
n→∞

‖xn − zn‖ = 0.
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Since ‖zn − Tzn‖ ≤ ‖zn − xn‖+ ‖xn − Tzn‖, from (3.10) and (3.5), we have

(3.11) lim
n→∞

‖zn − Tzn‖ = 0.

Therefore, from (3.10), if {xnk
} is a subsequence of {xn} such that xnk

⇀ x̂ ∈
C, then znk

⇀ x̂. From (3.9),(3.11) and the definition of relatively nonexpansive
mapping, we have x̂ ∈ F.

Finally, we show that xn → ΠFx0. Let w = ΠFx0. For any n ∈ N, from
xn+1 = ΠCn

T
Qn
x0 and w ∈ F ⊂ Cn

⋂
Qn, we have

φ(xn+1, x0) ≤ φ(w, x0).

On the other hand, from weakly lower semicontinuity of the norm, we have

φ(x̂, x0) = ‖x̂‖2 − 2〈x̂, Jx0〉+ ‖x0‖2
≤ lim inf

k→∞
(‖xnk

‖2 − 2〈xnk
, Jx0〉+ ‖x0‖2)

= lim inf
k→∞

φ(xnk
, x0)

≤ lim sup
k→∞

φ(xnk
, x0)

≤ φ(w, x0).

From the definition of ΠFx0, we obtain x̂ = w and hence, lim
k→∞

φ(xnk
, x0) =

φ(x̂, x0). So, we have lim
k→∞

‖xnk
‖ = ‖x̂‖. Using the K-K property of E, we

obtain xnk
→ ΠFx0. Since xnk

is an arbitrary convergent subsequence of {xn},
we can conclude that {xn} converges strongly to ΠFx0. �

Note that βn = 1
2 −

1
n , an example of the sequence {βn}.

If S = T, then we obtain the following modified Ishikawa iteration for a
single relatively nonexpansive mapping.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach
space. Let C be a nonempty, closed convex subset of E. Assume that T is a
relatively nonexpansive mapping from C into itself such that F = F (T ) 6= ∅,
then the sequence {xn} generated by

x0 ∈ C chosen arbitrarily,
zn = ΠCJ

−1(βnJxn + (1− βn)JTxn)
yn = J−1(αnJxn + (1− αn)JTzn),
Cn = {v ∈ C : φ(v, yn) ≤ φ(v, xn)},
Qn = {v ∈ C : 〈xn − v, Jx0 − Jxn〉 ≥ 0},

xn+1 = ΠCn

T
Qn
x0.

where {αn},{βn} satisfy: 0 ≤ αn < 1, for all n ∈ N
⋃
{0} and lim sup

n→∞
αn <

1, 0 < βn < 1, and lim inf
n→∞

βn(1− βn) > 0,
converges strongly to ΠFx0.

Remark 3.1. Corollary 3.2 in this paper removes the uniformly continuity of
the relatively nonexpansive mapping T in the reference [11].
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If S = I, then we obtain the following result:

Corollary 3.3. ( Matsushita and Takahashi [1, Theorem 3.1])Let E be a uni-
formly convex and uniformly smooth Banach space, let C be a nonempty closed
convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {αn} be sequence of real numbers such that 0 ≤ αn < 1 and
lim sup

n→∞
αn < 1. If F (T ) is nonempty, then the sequence {xn} generated by

(1.5) converges strongly to PF (T )x. where PF (T ) = ΠF (T ) is the generalized
projection from C onto F (T ).
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