
East Asian Mathematical Journal

Vol. 25 (2009), No. 2, pp. 215–220

BIPARTITE STEINHAUS GRAPHS
WITH CONNECTIVITY TWO

Daekeun Lim

Abstract. In this paper, we investigate the generating strings and the

number of 2-(edge)connected bipartite Steinhaus graphs.

1. Introduction

Let T = a11a12 · · · a1n be an n-long string of zeros and ones with a11 =
0. The Steinhaus graph G, generated by T has as its adjacency matrix, the
Steinhaus matrix, A(G) = [aij ] which is obtained from the following, called the
Steinhaus property:

aij =

 0 if 1 ≤ i = j ≤ n;
ai−1,j−1 + ai−1,j (mod 2) if 1 < i < j ≤ n;

aji if 1 ≤ j < i ≤ n.

In this case, T is called the generating string of G. It is obvious that there are
exactly 2n−1 Steinhaus graphs of order n. The vertices of a Steinhaus graph are
usually labeled by their corresponding row numbers. In Figure 1, the Steinhaus
graph generated by 00110110 is pictured. For each 1 ≤ i ≤ n, the n-long string
ai1 · · · aiiai,i+1 · · · ai,n in A(G) generates A(G) by Steinhaus property. Thus,
the generating string is the general generating string with respect to 1.

The partner P (G) of G is the Steinhaus graph generated by the reverse of
the last column of A(G), i.e., an,nan−1,n · · · a1,n. Note that G is isomorphic
to its partner P (G) and the correspondence assigns vertex i to n − i + 1 for
i = 1, 2, · · · , n. If G = P (G), then G is called doubly symmetric. The graph in
Figure 1 is doubly symmetric.

We now present Pascal’s rectangle modulo two (see Figure 2). The rows of
the rectangle are labelled R∗1, R

∗
2, · · · , and so the kth element of R∗n is 0 if k > n

and is
(
n−1
k−1

)
(mod 2) if 1 ≤ k ≤ n. We denote by Rn,k the string formed by

the first k elements of R∗n and we set Rn = Rn,n(See Figure 2).
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1 2 3 4 5 6 7 8

0 0 1 1 0 1 1 0
0 0 1 0 1 1 0 1
1 1 0 1 1 0 1 1
1 0 1 0 0 1 1 0
0 1 1 0 0 1 0 1
1 1 0 1 1 0 1 1
1 0 1 1 0 1 0 0
0 1 1 0 1 1 0 0
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Figure 1. Steinhaus graph with the generating string 00110110

R1,8

R2,8

R3,8

R4,8

R5,8

R6,8

R7,8

R8,8

-

-

-

-

-

-

-

-

1 0 0 0 0 0 0 0
1 1 0 0 0 0 0 0
1 0 1 0 0 0 0 0
1 1 1 1 0 0 0 0
1 0 0 0 1 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
1 1 1 1 1 1 1 1

Figure 2. Pascal’s rectangle of length 8

In this paper, bxc is the floor of x and dxe is the ceiling of x. We denote
log2(x) by lg(x). Also, if k is a positive integer, then let K = 2dlg(k)e and
T = RK−k+1,K . If T is a string of zeros and ones, then T k is the string T
concatenated with itself k − 1 times. For example, if T = 01, then T 4 =
01010101. In [4], the generating strings for bipartite Steinhaus graphs were
described as follows.

Theorem 1.1 ([4]). A Steinhaus graph is bipartite if and only if its generating
string is a prefix of either 0kT i2m

0K2m

or 0kT 2j

0m for each positive integer k,
odd positive integer i larger than 1, non-negative integers j,m.

Theorem 1.2 ([4]). Let b(n) be the number of bipartite Steinhaus graph with
n vertices. The recurrence for b(n) is given as follows: b(2) = 2, b(3) = 4, and
for k ≥ 2,

b(2k + 1) = 2b(k + 1) + 1
b(2k) = b(k) + b(k + 1).
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In [8], [9] and [3], connectivity of Steinhaus graphs were investigated. In
fact, they studied connection between minimum degree of Steinhaus graphs
and connectivity of Steinhaus graphs which is either 2 or 3.

Theorem 1.3 ([8]). Let n > 5 and let G be a nonempty Steinhaus graph of
order n. Then the following statements are equivalent.
(1) G is 2-connected.
(2) G is 2-edge-connected.
(3) its minimum degree δ(G) is larger than one.

Kim and Lim in [9] showed that the number of Steinhaus graphs of order n
having pendent vertices(vertices of degree one), p(n), is given by

p(n) = 2
n−1∑
i=1

δi −
bn+2

2 c∑
j=2

εj ,

where δi = min{2m, n − i} for the nonnegative integer m such that 2m−1 <
i ≤ 2m and where

εj =
{

1 if 2dlg(j−1)e divides n− j + 1;
0 otherwise.

2. Connectivity two in bipartite Steinhaus graphs

From now on, assume that G is a bipartite Steinhaus graph with generating
string a11 · · · a1n. So, a11 · · · a1n is a prefix of either 0kT i2m

0K2m

or 0kT 2j

0m

for each positive integer k, odd positive integer i larger than 1, non-negative
integers j,m. Note that k is the largest number among l’s that the submatrix
(aij) for 1 ≤ i, j ≤ l in A(G) is a zero matrix.

Since the partner, P (G), of G is isomorphic to G, P (G) is also bipartite.
By Steinhaus property, we have the following two general generating strings of
vertex k, k + 1.

If a11a12 · · · a1n is 0kT j0m for some j ≥ 1, m > 0, then the general generating
strings of vertices k and k + 1 are 0k1jK0m, 1k0jK10m−1 respectively.

If a11a12 · · · a1n is a prefix of 0kT j for some j ≥ 1, then the general generating
strings of vertices k and k + 1 is 0k1n−k, 1k0n−k respectively.

By Theorem 1.3, to count the number of 2-connected bipartite Steinhaus
graphs, it suffices to find the number of bipartite Steinhaus graphs with min-
imun degree one. Let n = 2r+s where 0 ≤ s < 2r. Now we divide all generating
strings into two types, 0kT j0m for some j ≥ 1, m > 0 and 0kT j for some j ≥ 1.

Lemma 2.1. Let a11a12 · · · a1n be 0kT j0m for some j ≥ 1, m > 0. Then
pendent vertices of G may be either 1 or n. Moreover, G has a pendent vertex
1 or n if and only if at least one of generating strings of G, P (G) satisfies that
k is a power of 2 and j = 1.
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Proof. Suppose that G has a pendent vertex 1 < p < n. Let q be adjacent to
p. First, assume 2 ≤ p ≤ n. If q < p, from the general generating string of
q, aq,q+1aq,q+2 · · · aq,n is 1n−q. So, aq+1,q+2aq+1,q+3 · · · aq+1,n is 0n−q−1. This
gives a contradiction by the structure of A(G). If q > p, then a11 · · · a1,q−1 is
0q−1 and aq=1. So, k = q. From the general generating string of k, k + 1 ≤
p ≤ k + jK. Since the string ak+1,k+1+jK ak+2,k+1+jK · · · ak+jK,k+1+jK is
1jK , ak,p = al,k+1+jK = 1. Thus p is not a pendent vertex, which gives a
contradiction. Thus pendent vertices of G may be either 1 or n. Without loss
of generality, we assume that G has the pendent vertex 1 by considering its
partner P (G). Then j should be 1 and T = R1,K . This gives that k = K is a
power of 2 because K − k + 1 = 1. The converse is clear because k = K and
T = R1,k. � �

Lemma 2.2. Let n = 2r + s, where 0 ≤ s < 2r. Let 1 ≤ k ≤ dn
2 e. Let

a11a12 · · · a1n be a prefix of 0kT j for some j ≥ 1. Then δ(G) = 1 if and only if
k +K ≤ n. Moreover, k +K is the smallest pendent vertex in G.

Proof. Suppose that G has a pendent vertex. Since k+2r−1 ≤ dn
2 e+2r−1 ≤ n,

vertex i is of degree at least 2 by examining the general generating string
of vertex i for 1 ≤ i ≤ k. Let l ≥ k + 1 be the smallest pendent ver-
tex in G. Since ak,k+1ak,k+2 · · · ak,n in the general generating string of k is
1n−k, ak+1,k+2ak+1,k+3 · · · ak+1,n is 0n−k−1. So the general generating string
of k + K is 0k−110n−k. Since ak,l = 1, the general generating string of l,
a1,la2,l · · · al,lal,l+1 · · · al,n is 0k−110n−k. Also, it is clear that none of the ver-
tices k+1, k+2, · · · , k+K are of degree one. So, k+K = l ≤ n. The converse
is clear because the vertex k +K is a pendent vertex. � �

Let a11a12 · · · a1n be a prefix of 0kT j for dn
2 e < k < n, j ≥ 1. Then the

generating string of its partner has at most dn
2 e leading zeroes.

Theorem 2.3. G have pendent vertices if and only if either G or the partner
P (G) has a generating string described in Lemmas 2.1 and 2.2.

Finally, we want to count the number of bipartite Steinhaus graphs with a
pendent vertex from Theorem 2.3.

(a): G have generating strings described in Lemma 2.1.
The number of k satisfying the condition in Lemma 2.1 is given{

r − 2 if s = 0;
r − 1 if 0 < s < 2r.

Let n = 2j l, where l is odd. If G in Lemma 2.1, is doubly symmetric,
then the generating string an,nan,n−1 · · · an,1 of P (G) is a11a12 · · · a1n,
which is 0kT0m, k is a power of 2. This gives that k is a divisor of
2j . Therefore, the number of graphs that either G or P (G) have the
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generating strings in described in Lemma 2.1 is{
2(r − 2)− (j + 1) = 2r − j − 5 if s = 0;
2(r − 1)− (j + 1) = 2r − j − 3 if 0 < s < 2r.

(b): Either G or P (G) have generating strings described in Lemma 2.2.
First, let us count the number of bipartite Steinhaus graphs G that

G have generating string in Lemma 2.2. So, we need to find all k’s
satisfying k + K ≤ n. For 1 ≤ k ≤ 2r−1, k satisfies the inequality.
For 2r−1 < k ≤ n

2 , K = 2r. So, k + K = k + 2r ≤ n = 2r + s. i.e.
k ≤ s. Since 2r−1 ≤ k, 2r−1 ≤ s. Therefore, only if 2r−1 ≤ s, then k
satisfies the inequality k + K for 2r−1 < k ≤ n

2 . Next, the number of
bipartite Steinhaus graphs P (G) that P (G) have generating string in
Lemma 2.2 is exactly same as previous case except few graphs. In fact,
if n is even, the graph with n

2 leading zeroes is doubly symmetric. If n
is odd, the graph with dn

2 e leading zeroes is the partner of the graph
with dn

2 e − 1 leading zeroes. Note that when k = n, G is the trivial
graph. Combining above argument, we have the following. 2r − 1 if s = 0;

2r if 0 < s < 2r−1;
2s if 2r−1 ≤ s < 2r.

Let b1(n) be the number of bipartite Steinhaus graphs with a pendent vertex.
Note that the family of generating strings in (a) and the family of generating
strings in (b) are disjoint. By combining (a) and (b), we get to the following
Theorem.

Theorem 2.4. For n = 2r + s ≥ 4 where 0 ≤ s < 2r and n = 2j l where l is
odd. Then the number of b1(n) is given by 2r + r − 6 if s = 0;

2r + 2r − j − 3 if 0 < s < 2r−1;
2s+ 2r − j − 3 if 2r−1 ≤ s < 2r.

Therefore, the number of 2-(edge)connected bipartite Steinhaus graphs is b(n)−
b1(n).

Theorem 2.5. For n = 2r + s ≥ 4 where 0 ≤ s < 2r and n = 2j l where l is
odd. Then the number of b1(n) is given by 2r + r − 6 if s = 0;

2r + 2r − j − 3 if 0 < s < 2r−1;
2s+ 2r − j − 3 if 2r−1 ≤ s < 2r.

Therefore, the number of 2-(edge)connected bipartite Steinhaus graphs is b(n)−
pb(n).
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