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CLASSIFICATION OF REFLEXIBLE EDGE-TRANSITIVE
EMBEDDINGS OF K,,, FOR ODD m,n

YouNG Soo KwON

ABSTRACT. In this paper, we classify reflexible edge-transitive embed-
dings of complete bipartite graphs Ky, » for any odd positive integers m
and n. As a result, for any odd m,n, it will be shown that there exists
only one reflexible edge-transitive embedding of K, » up to isomorphism.

1. Preliminaries

In this paper, we consider a 2-cell embedding of a simple connected graph
into a closed orientable surface, simply called a (orientable) map. The embed-
ded graph is called the underlying graph of the map.

For a simple connected graph G, an arc is an ordered pair (u, v) of adjacent
vertices in G. In a combinatorial way, a map M can be described by a pair
M = (G; R), where R is a permutation of the arc set D whose orbits coincide
with the sets of arcs based at the same vertex. The permutation R is called
the rotation of the map M. In the cycle decomposition of the permutation R,
the cycle permuting the arcs based at a vertex v is said to be the local rotation
R, at v.

Given two maps M; = (G1; R1) and My = (Ga; Ra), a map isomorphism
¢ : My — My is a graph isomorphism ¢ : G; — G such that ¢R;(u,v) =
Ro¢(u,v) for any arc (u,v) in Gy. Furthermore, if M; = My = M = (G; R),
¢ is called a map automorphism of M. The set of all automorphisms of M is a
group under composition, called the automorphism group of M and denoted by
Aut (M). Since Aut (M) is a subgroup of Aut (G), we consider it as an acting
group on the vertex set V(G), the edge set E(G) or the arc set D according
to the context. The group Aut (M) of M acts semi-regularly on the arc set
D. If it acts regularly, the map is called regular. The map M is said to be
vertex-transitive and edge-transitive if Aut (M) acts transitively on V(G)
and FE(G), respectively. When G is bipartite, if the set of partite set preserving
map automorphisms acts transitively on F(G) then M is called edge-transitive
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by partite set preserving automorphisms. For a map M = (G; R), if M and
M~1 = (G; R™') are isomorphic, M is called reflezible and if not, chiral.

Classifying highly symmetric embeddings of a given class of graphs is an
important problem in topological graph theory. In recent years, there has been
particular interest in the regular embeddings of complete bipartite graphs K, ,,
by several authors [1]-[9]. The reflexible regular embeddings and self-Petrie
dual regular embeddings of K, ,, into orientable surfaces were classified in [7].
Recently, the classification of regular embeddings of K, ,, is completed by G.
Jones [3] and J. H. Kwak and the author classify the nonorientable regular
embeddings of K, ,, [8]. In this paper, we classify the reflexible edge-transitive
embeddings of K, , for any odd positive integers m,n. Note that for different
m and n, edge-transitive embeddings of K,, , are the most symmetric ones.

This paper is organized as follows. In the next section, a relation between
edge-transitive embeddings of K,,, and products of two cyclic groups with
generators is considered. In Section 3, we consider products of two cyclic groups
with generators in the automorphism group Aut (K, ,) of complete bipartite
graph K, . In the final section, the classification of reflexible edge-transitive
embeddings of K, , is given for odd m,n.

2. Edge-transitive embeddings and bicyclic triples

Regular embeddings of complete bipartite graph K, , are related to groups
I' with two generators satisfying some conditions [4]. Using this relation, G.
Jones classify regular embeddings of K, , [3]. In this section, we consider
similar kind of relations between edge-transitive embeddings of K, ,, by partite
set preserving automorphisms and groups with two generators satisfying some
conditions.

In [4], G. Jones et al. showed that any finite group I' is isomorphic to
Aut (M) for some regular embedding of K, , if and only if I' has cyclic sub-
groups X = (x) and Y = (y) of order n such that (i) ' = XY (ii) X NY =1
(iii) there is an automorphism « of T' transposing  and y. They call the
triple (T, z, y) satisfying the above conditions the n-isobicyclic triple. For any
n-isobicyclic triple (I', z,y), the corresponding embedding and its underlying
graph can be defined as follows: the vertices of the underlying graph are the
cosets gX and gY of X and Y in I, the edges are the elements of I' and
the incidence is given by containment. By conditions (i), (i¢), the underlying
graph is a complete bipartite graph K, ,,. The elements x and y define a cyclic
order g, gx,gx%,... or g,qy, gy>,... of edges around each vertex ¢gX or gY.
These local orientations determine local rotations, that is, an embedding M
of the complete bipartite graph K, ,. For any h € I', a left multiplication
Ly, sending an edge ¢ to h~'g and vertices ¢X and gY to h'gX and h~'gY,
respectively, is a map automorphism. Hence, the map M is edge-transitive
by partite set preserving automorphisms. Furthermore, the map M is regular
by the third condition of n-isobicyclic. For two n-isobicyclic triples (I'1, z1, y1)
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and (T, x2,y2), two induced regular embeddings M; and Ms are isomorphic
if and only if there exists a group isomorphism from I'; to I'y given by z1 — x5
and y; — yo. (For more information, the reader is referred to [4].) Note that
for any n-isobicyclic triple (I', z,y) and its induced regular embedding M, the
reflection M1 is also regular and M~ is isomorphic to the regular embed-
ding induced by n-isobicyclic triple (I',z=!,y~1). Therefore, the map M is
reflexible if and only if there exists an automorphism 3 of I' which sends x and
y to 7 and y~ ', respectively.

For different positive integers m and n, the most symmetric embedding of
the complete bipartite graph K,, , is edge-transitive one. As one see, only
using the first and second conditions of n-isobicyclic triple, one can define an
embedding of K, ,, and show that the induced map is edge-transitive. Hence,
edge-transitive embedding of K, ,, can be also represented by a group with two
generators. For a group I having cyclic subgroups X = (z) of order m and Y =
(y) of order n, we call the triple (T, z, y) (m, n)-bicyclic if it satisfies that (i) ' =
XY (ii) X NY = 1. Then, for any (m,n)-bicyclic triple (T, z,y), one can define
an embedding of K,,, by similar way to define an embedding of K, , with
n-isobicyclic triple. We denote this embedding by M (T, z,y). One can see that
M(T, z,y) is edge-transitive. Furthermore, every edge-transitive embedding of
K, n by partite set preserving automorphisms is isomorphic to M(T, z,y) for
some (m,n)-bicyclic triple (T, z,y). Note that the edge set in M(T,z,y) is T
itself. For two (m,n)-bicyclic triples (I'y, z1,y1) and (T, x2,y2), if there exists
a group isomorphism ¢ from I'y to I's given by 7 — x9 and y; — yo then
two induced edge-transitive embeddings M(T'y,x1,y1) and M(T'2, z2,y2) are
isomorphic by the map isomorphism induced by ¢. Conversely, if two edge-
transitive embeddings M(T'1,21,y1) and M(T, 22,y2) are isomorphic, then
there exists an isomorphism 1) which sends the edge labelled the identity in I'y
to the edge labelled the identity in I'y. Then, if we consider ¥ as mapping from
I'y to I's, 9 preserves group operations and hence it is an isomorphism from
I'y to I's given by z1 — x5 and y; — y2. In summary, we have the following
lemma.

Lemma 2.1. Let m,n be two positive integers(not necessarily distinct).

(1) For any edge-transitive embedding M of K, ., by partite set preserv-
ing automorphisms, M is isomorphic to M(T',xz,y) for some (m,n)-
bicyclic triple (T, x,y).

(2) For two (m,n)-bicyclic triples (I'r,z1,11) and (Ua,z2,y2), two edge-
transitive embeddings M(T'1,z1,y1) and M(Ta,x2,y2) are isomorphic
if and only if there exists a group isomorphism from I'y to I's given by
T1 — T2 and y1 — Yo.

For any (m, n)-bicyclic triple (T, x,y), there exists a subgroup of the auto-
morphism group Aut (K, ) which is isomorphic to I'. Hence, one can consider
2 and y as permutations of vertices of K,, ,. In the next section, we deal with
(m, n)-bicyclic triple in Aut (K, ).



536 YOUNG SOO KWON

3. (m,n)-bicyclic triples in Aut (K, ,)

For any positive integer n, let [n] denote the set {0,1,...,n — 1}. Let
V={0,1,....,(n=1)}U{0,1,...,(m—1)"} = [n] U [m]" be the vertex set of
K, as partite sets, and D = {(4,5'), (j',i) |0 <i<n—-1 and 0 < j <m-—1}
the arc set, where (i,j’) is the arc emanating from ¢ to j' and (j’,4) denotes
its inverse. We denote the symmetric group on [n| and [m]’ by S and S’,
respectively. Let Sy and Sj be their stabilizer of 0 and 0’. Note that Aut (K, »)
is isomorphic to S x S’ when m # n; S Zs when m = n. We identify the
integers 0,1, 2,... with their residue classes modulo m or n according to the
context.

For any (m,n)-bicyclic triple (I', z,y), since I' is isomorphic to a subgroup
of Aut (K,,.,), one can consider « and y as permutations of vertices of K, .
Furthermore, one can restrict z € Aut (K, )o, the stabilizer of 0 in Aut (K, )
and y € Aut (K, )0, the stabilizer of 0/ in Aut (K, ). Since Aut (K, »)
contains all permutations of vertices of each partite set, there exists a ¢ €
Aut (K, ) such that

?=¢lzp=a(0 1 --- (m—1)) and y* =¢ lyp =001 --- n—1)
for some o € Sp and B € Sj). From now on, for any o € Sy and § € S|, let
To=a(0 1 -~ (m—1)) and yg=p601--- n—1)

for our convenience. Then, it suffices to consider z,, and y3 as candidate for the
second and third coordinates of (m,n)-bicyclic triple to classify edge-transitive
embeddings of K, , by partite set preserving automorphisms.

Lemma 3.1. For any a € Sy and 3 € Sy, the group (xq,ys) acts transitively
on the edge set of Ky, .

Proof. For any i € [n] and j' € [m]’, we have
ygxgﬂ(j)(O) = yZ,(O) =14 and y%xgﬂ(j)(ol) = yf;(ﬂ_i(j)/) =7

Hence, for any ¢ € [n] and j' € [m]’, the edge incident to 0 and 0’ can be sent
to the edge incident to ¢ and j' by an element in (zq, yg). a

For any a € Sy and € Sj, let I' = (24, yg). Then, |I'| = mn is a necessary
condition for the triple (T, 24, y3) to be (m, n)-bicyclic. The next lemma shows
that it is also a sufficient condition.

Lemma 3.2. For any o € Sp and 8 € S, the triple ((xa,Ys), Ta,ys) is (Mm,n)-
bicyclic if and only if |(xa,ys)| = mn.

Proof. ‘Only if” is trivial. Hence, it suffices to show ‘if” part. Let I = |z, y3)]
and assume that |I'| = mn. By Lemma 3.1, T acts regularly on the edge set
of Ky, . Since z(0) = 0 and z(0") = 0’, namely, =}’ fixes the arc (0,0),
a2 is the identity element. It means that (z,) is a cyclic group of order m.

Similarly, one can show that (yg) is a cyclic group of order n. If g € (zo) N (ygs)
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then g(0) = 0 and ¢g(0’) = 0’ which implies that g is the identity. Hence,

(o) N (ys) = {1}. Since [(za) - (ys)| = AL = mn, T = (24) - (y).
Therefore, (I', 24, yg) is an (m,n)-bicyclic triple. a

By Lemma 3.2, we need to characterize o € Sy and § € S| satisfying
{za,ys)| = mn to classify the edge-transitive embeddings of K, , by partite
set preserving automorphisms. To do this, we denote

ET, ., ={(a,8): €Sy, B€S; and [(za,ys)| =mn}.

Note that for any («, 5) € ETy, n, ((Za,Y8), Ta, Yg) is an (m, n)-bicyclic and
hence M({(x4,Y8); Ta,ys) is an edge-transitive embedding of K, ,,. Further-
more, for any edge-transitive embedding M of K,, ,, by partite set preserving
automorphism, there exists (o, 3) € ET,,, such that M is isomorphic to
M((Za»Ys), Ta,yp)- I both a € Sy and § € Sj are the identity permutations
then one can easily check that (o, 5) € ET), . In this case, the group (x4, ys)
is isomorphic to Z,, X Z,. We call the induced edge-transitive embedding
M((Za,Ys), Ta,yp) the standard embedding of K, ,. Hence, for any positive
integer m,n, there exists at least one edge-transitive embedding M of K, ,,
by partite set preserving automorphisms.

Remark 1. (1) For any (a,3) € ETyn, (Ta,ys) = {zhyp | i € [m], j€
[n] } = {yéx; | i €[m], j€[n]}. Hence, if a satisfies some properties then
0 also satisfies these properties and vice versa.

(2) Let M be an embedding of K, , for different m and n. Then, any auto-
morphism of M is partite set preserving. Let m = n be odd and let M be an
edge-transitive embedding of K, ,,. If a subgroup I' of Aut (M) acts regularly
on the edge set then |I'| = n? is odd and hence there exists no partite set revers-
ing element in I". Hence, for odd n, every edge-transitive embedding of K, ,, is
edge-transitive embeddings of K, ,, by partite set preserving automorphisms.
On the other hand, for even n, we do not know whether the above statement
is also true or not.

The next lemma shows that for different (aq, 1), (a2,82) € ETp 0, two
induced edge-transitive embeddings are non-isomorphic.

Lemma 3.3. For any (oq, 1), (a2, B2) € ET,, p, the induced edge-transitive
embeddings M((Za,,Y8,), Tar,Ysr) and M((Tas,Y8,), Tas, Yp,) aTe isomorphic
if and only if (a1, 1) = (az, B2).

Proof. It suffices to show ‘only if’ part. Assume that M((za,,Ys,)s a1, Ys:)
and M((TaysYss)s TassYs,) are isomorphic. By Lemma 2.1, there exists an
isomorphism ¢ : (Za,,Y8,) — (Tas, Ys,) given by zq, +— xo, and yg, — yg,.
For any i € [m], there exists a(i) € [m],b(i) € [n] such that yg,a?, = o Ys, -
It implies that

Bi(i') = yg,aty, (0) = 22Dy 20 (') = a(i).
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Because ¢ : (Tay,Ys,) — (Tas,Ys,) given by o, — =4, and yz, +— ys, IS
an isomorphism, it also holds that yg,z!, = a:i(;)yﬁ( ). Hence, Ba(i') = a(i),

which means 3; = (2. Similarly, one can show that a1 = as. O

By Lemma 3.3, the number of edge-transitive embeddings of K, , by par-
tite set preserving automorphisms up to isomorphism is equal to the cardinal-
ity |ET,, |. Note that for any (a, ) € ET,, », the stabilizers (z.,yg)o and
(za,yp)or are cyclic groups (z,) of order m and (yg) of order n, respectively.

Lemma 3.4. For an (a,3) € ET,, ,, (@) and (B) are cyclic groups of order
la?(1) | i € [n]}| and |B(1") | i € [m]}|, the cardinality of the orbit containing
1 and 1’, respectively. Furthermore, they are divisors of m and n, respectively.
Proof. Let [{a®(1) | i € [n]}| = dy and |[{B%(1) | i € [m]}| = da. Then, d; and
dy are divisors of the orders |(x)| = m and |(yg)| = n, respectively. Note that

dl(l)—landy Lpdiy 0) 0,
which implies that, as a conjugate of xgl, yﬁ zdiyg belongs to the vertex
stabilizer (x4, yg)o = (z). Since d; is a divisor of m, Ys Lyd lyg = 271 for some
r € [m] such that (r, 7*) = 1. Now, suppose to the contrary that [(a)| # di.
Then, there exists k € [n] such that a® (k) # k. Let g be the largest element
in [n] such that a9 (q) # g. On the other hand,

)
a"(q) = 2l (q) = y5 ' wlys(e) = y5 2l g+ 1) =y5' (¢ +1) = ¢,
(

contradictory to a”¥ (q) # q. Therefore, |{(a)| = d;. Similarly, one can show
that |(3)] = da. O

Corollary 3.5. For any prime numbers p, q, there exists only one edge-transitive
embedding of Kp q up to isomorphism.

Proof. For any («, 3) € ET), 4, it follows from Lemma 3.4 that |(a)| and [(5)]
are divisors of p and ¢, respectively. Since |(a)| < p and |(5)| < ¢, @ and
are the identity and hence |[ET, ,| = 1. It implies that there exists only one
edge-transitive embedding of K, ;, namely, the standard embedding of K, ; up
to isomorphism.

From now on, we denote 3(i") by (i) for any ¢ € [m] for our convenience.
The following lemma is related to a characterization of the set ET,, ;.

Lemma 3.6. Let a € Sy and B € S). Then, (o,8) € ETy, if and only
if for each i € [m], there exist a(i) € [m] and b(i) € [n] such that o'(k) =
a®@D (k4 b(i)) — 1 for all k € [n] and B(t +i) = PO (t) + a(i) for all t € [m].
In this case, we have a(i) = B(i) and b(i) = —a~*(—1).

Proof. (=) If |(x4,ys)| = mn, then (z,,yg) = {xfxyé | i e[m], j€ln]}
Therefore for each i € [m], there exist a(i) € [m] and b(i) € [n] such that

/

ygal, = xa( R b(z) By taking their values of k € [n] and ¢ € [m]’, we have

o (k) +1=0aD(k+0b(i)) and B(t+1i) = B°D(t) + a(i).
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(<) The equalities o’ (k) = a®® (k4 b(i)) — 1 for all k € [n] and B(t + i) =
B*@ (t) +a(i) for all t € [m] are nothing but the conditions to have the equality
ygal, = mi(i)yg(i). This equality implies (z4,y5) = {xgyé | ie[m], je[n]},
namely, |(za,ys)| = mn.

Inserting k = —b(i) and ¢ = 0 to the equations a’(k) = a®®(k + b(i)) — 1
and B(t + 1) = 8D (t) + a(i), we have b(i) = —a~*(—1) and a(i) = 6(i). O

4. A classification of reflexible embeddings for odd m,n

In this section, we classify reflexible edge-transitive embeddings of K,, , for
odd m,n.

First, we characterize («, 5) € ET,, ,, whose induced edge-transitive embed-
ding is reflexible.

Lemma 4.1. For any (o, 8) € ETy, n, M((Ta,Ys), Ta,Yp) is reflexible if and
only if —a~*(=k) = a(k) for any k € [n] and —B~1(—t) = B(t) for anyt € [m].

Proof. Let (o, 8) € ET,, . Then, the reflection of edge-transitive embedding
M((ZasYs), Ta, Yp) is M((x;l,y§1>,m;1,y§1). Note that

zt=a (0 (m—=1) (m—=2)"---2' 1) and y5' = (0n—1n-2---21).

(03

Let o= (0)(I1n—1)2n—2)--- and § = (0')(1 (m —1)")(2" (m —2)")--- be
involutions in S and S’, respectively. Let ¢ = 0 as an automorphism of K, .
Then,

o e tp=0a"to(0' 12 - (m—1)) and ¢ 'yzle =66""16(012 .- n—1).

Since ((x;l,y§1>,m;1,y51) is also (m,n)-bicyclic, (ca=to,63718) € ETyn
and furthermore M ((x!, ygl), x; yﬁ_l) is isomorphic to M((Zya-145,Yss-15)>
Tya-10,Ysp-15) by Lemma 2.1(2). By Lemma 3.3, M((za,¥s),Za,ys) and
its reflection M((m;l,yﬁ_l>, x;17yﬁ_1) are isomorphic if and only if («, ) =
(ca=to,06716), namely, —a~!(—k) = a(k) for any k € [n] and —371(—t)
B(t) for any t € [m].

ol

For our convenience, we denote
RET,. = {(,3) €ETpppn: —a~'(—k) = a(k) for any k € [n] and
—B7Y~t) = pB(t) for any t € [m] }.

By Lemmas 3.3 and 4.1, the number of reflexible edge transitive embeddings
of K, by partite set preserving automorphisms up to isomorphism is equal
to the cardinality |[RET,, ,|. Note that if & € S and 8 € S’ are the identity
permutations, then (a, 3) belongs to RET,, , by Lemma 4.1. So, for any two

positive integers m and n, there exists at least one reflexible edge-transitive
embedding of K, ».

Lemma 4.2. Let (o, ) € RET,, ,, and let di = |(a)| and dy = |(B)|. Then,
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(1) a=(=k) = —a'(k) for any k € [n] and i € [m], and 379 (—t) = =B (t)
for any t € [m] and j € [n];

(2) it holds that a(k) = —k(mod dg) for any k € [n] and 5(t) = —t(mod d;)
for any t € [m].

Proof. (1) By using a~!(—k) = —a(k) repeatedly, one can see that for any
k € [n] and i € [m],

a”'(=k) = a7 (~a(k) = a7 (= (k) = - = a7 (—a' T (k) = —a' (k).
Similarly, one can show that 377 (—t) = —3(¢) for any ¢ € [m] and j € [n].
(2) By Lemma 3.6, for each ¢ € [m], there exist a(i) € [m] and b(i) € [n] such

]

that of(k) = a®@(k +b(i)) — 1 for all k € [n] and B(t + 1) = D (t) +
for all t € [m]. Furthermore, a(i) = B(i) and b(i) = —a~i(-1) =
Inserting & = 0 to the equation of(k) = a®®(k + b(i)) — 1, we have b(i) =
a9 (1) = a=PO(1). Hence, a'(1) = a=P®(1) for any i € [m]. Since the
order of « is equal to the cardinality of the orbit containing 1 by Lemma 3.4,
B(i) = —i(mod dy). By symmetry between « and (3, it also holds that a(k) =
—k(mod ds) for any k € [n]. O

By Lemma 4.2, b(7)

= a'(1) = (-1)(mod dy). Hence, for any («,3) €
RET,, , with di = |(a)| and dy

= [(8)], we have

Blt+i) = 8D (t) + a(i) = 8D (t) + 5(i) = BV (1) + B(3)
for all t,i € [m]. By symmetry, it also holds a(k+ j) = o=’ (k) + a(j) for all
k,j € [n]. The following theorem is the main theorem of this paper.

Theorem 4.3. If both m and n are odd then there exists only one reflexible
edge-transitive embedding of Ky, n up to isomorphism, namely, the standard
embedding of Ky, n, is the only reflexible edge-transitive embedding of Ky, » .

Proof. Let (o, 3) € RET,, ,, and let dq = |(«)| and do = |(B)|. Since d; and ds
are divisors of m and n, respectively, both d; and ds are odd.

As the first consideration, suppose that one of d; and dy is 1. For our
convenience, let d; = 1, namely, let a be the identity permutation. Then, by
Lemma 4.2, a(1) = 1 = —1(mod ds). It implies that dy = 1 or 2. Since ds is
odd, ds is also 1, namely, ( is also the identity permutation. Hence if one of
d; and ds is 1 then the other is also 1.

Suppose that di > 3 or do > 3. Let dy > 3. By lemma 4.2, §(t) =
—t(mod dy) for all ¢ € [m], which implies that the order dy of § is even. It is a
contradiction. By the same reason, if do > 3 then a contradiction occurs.

Therefore, o and 3 should be the identity permutations. Because we chose
(o, B) € RET,, ,, arbitrarily, |RET,, ,| = 1 and the standard embedding of
K, n is the only reflexible edge-transitive embedding of K,,, up to isomor-
phism. (I
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