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ON THE EXISTENCE OF SOLUTIONS OF
EXTENDED GENERALIZED VARIATIONAL INEQUALITIES

IN BANACH SPACES

Xin-feng He, Xian Wang and Zhen He

Abstract. In this paper, we study the following extended generalized

variational inequality problem, introduced by Noor (for short, EGVI) :
Given a closed convex subset K in q-uniformly smooth Banach space B,

three nonlinear mappings T : K → B∗, g : K → K, h : K → K and a

vector ξ ∈ B∗, find x ∈ K,h(x) ∈ K such that 〈Tx−ξ, g(y)−h(x)〉 ≥ 0, for
all y ∈ K, g(y) ∈ K.[see [2]: M. Aslam Noor, Extended general variational

inequalities, Appl. Math. Lett. 22 (2009) 182-186.] By using sunny
nonexpansive retraction QK and the well-known Banach’s fixed point

principle, we prove existence results for solutions of (EGVI). Our results

extend some recent results from the literature.

1. Introduction and preliminaries

In what follows, we always let B be a real Banach space with dual space B∗,
〈·, ·〉 be the dual pair between B and B∗, and 2B denote the family of all the
nonempty subsets of X. The generalized duality mapping Jq(x) : X → 2X is
defined by

Jq(x) = {f∗ ∈ X∗ : 〈x, f∗〉 = ‖x‖q, ‖f∗‖ = ‖x‖q−1},

where q > 1 is a constant. In particular, J2 = J is the usual normalized duality
mapping. It is known that, in general, Jq(x) = ‖x‖q−2J2(x), for all x ∈ B, and
Jq(x) is single-valued if B∗ is strictly convex. In the sequel, unless otherwise
specified, we always suppose that B is a real Banach space such that Jq(x) is
single-valued and H is a Hilbert space. If B = H, then J2 becomes the identity
mapping of H.
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The modulus of smoothness of B is the function ρB : [0,+∞) → [0,+∞)
defined by

ρB(t) = sup
{

1
2

(‖x+ y‖+ ‖x− y‖ − 1) : ‖x‖ ≤ 1, ‖y‖ ≤ t
}
.

A Banach space B called uniformly smooth if

lim
t→∞

ρB(t)
t

= 0.

B is called q−uniformly smooth if there exists a constant c > 0, such that

ρB(t) ≤ ctq, q > 1.

Note that Jq is single-valued if B is uniformly smooth. In the study of char-
acteristic inequalities in q-uniformly smooth Banach spaces, Xu [8] proved the
following Lemma.

Lemma 1.1. ([8]) Let B be a real uniformly smooth Banach space. Then, B
is q−uniformly smooth if and only if there exists a constant cq > 0, such that
for allx, y ∈ B

‖x+ y‖q ≤ ‖x‖q + q〈y, Jq(x)〉+ cq‖y‖q.

Let K be a nonempty, closed and convex subset of B and T : K → B ,
g : K → K and h : K → K three nonlinear mappings. (Satisfying some
suitable conditions) We consider a extended generalized variational inequalities
(EGVI)(see [6]) as follows: to find x ∈ K,h(x) ∈ K such that

〈Tx− ξ, J(g(y)− h(x))〉 ≥ 0, for every y ∈ K, g(y) ∈ K (1.1)

where ξ ∈ B.
If B = H, Hilbert space, g = h : K → K is bijective on K with R(g) = K,

then the above (EGVI) can write to

〈Tx− ξ, g(y)− g(x)〉 ≥ 0, for every y ∈ K, (1.2)

which is generalized variational inequality introduced and studied by Noor [7]
in 1988.

For g = h = I, ξ = 0, where I is the identity operator, problem (1.1) is
equivalent to finding u ∈ K such that

〈Tx, y − x〉 ≥ 0, ∀y ∈ K,

which is known as the classical variational inequality.
We would like to emphasize that problem (1.1) is equivalent to that of finding

x ∈ K,h(x) ∈ K, such that

〈ρ(Tx− ξ) + h(x)− g(x), J(g(y)− h(x))〉 ≥ 0, for all y ∈ K, g(y) ∈ K, ρ > 0.
(1.3)

This equivalent formulation easy seen from newly setting T .
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Let K be a nonempty, closed and convex subset of B. A mapping Q : B → K
is said to be sunny if

Q(Qx+ t(x−Qx)) = Qx,∀x ∈ B, ∀t ≥ 0.

A mapping Q : B → K is said to be a retraction or a projection if Qx =
x, ∀x ∈ K. If B is smooth then the sunny nonexpansive retraction of B onto
K is uniquely decided (see [8]).

Proposition. (See Bruck [2], Goebel and Reich [4].) Let B be a smooth
Banach space and let K be a nonempty subset of B. Let QK : B → K be
a retraction and let J be the normalized duality mapping on B. Then the
following are equivalent:

(a) QK is sunny and nonexpansive.
(b) ‖QKx−QKy‖2 ≤ 〈x− y, J(QKx−QKy)〉∀x, y ∈ B.
(c) 〈x−QKx, J(QKx− y)〉 ≥ 0,∀y ∈ K.

Theorem 1.1. Let B be a reflexive and smooth Banach space, T : K → B ,
g : K → K and h : K → K three nonlinear mappings, where g : K → K be
bijective on K with R(g) = K. Then the x ∈ K is a solution of the general
variational inequality (1.3) if and only if x ∈ K is a solution of the operator
equation

h(x) = QK [g(x)− ρ(Tx− ξ)], , (1.4)

Proof. Variational inequality (1.3) can write to

〈[g(x)− ρ(Tx− ξ)]− h(x), J(h(x)− g(y))〉 ≥ 0.

By Proposition (c), above formula is equivalent to

h(x) = QK [g(x)− ρ(Tx− ξ)].

This completes the proof of Theorem 1.1. �

2. Main results

The following theorem is one of the main results of this work which is mo-
tivated by the results in [6], [5].

Definition 2.1. Let T, q : K → B be two single-valued operators. The opera-
tor T is said to be

(i) accretive if

〈Tx− Ty, Jq(x− y)〉 ≥ 0, ∀x, y ∈ B;

(ii) strongly accretive if there exists a constant r > 0, such that

〈Tx− Ty, Jq(x− y)〉 ≥ r‖x− y‖q, ∀x, y ∈ B;

We rewrite the relation (1.6) in the following form:

F (x) = x− h(x) +QK [g(x)− ρ(Tx− ξ)], (2.1)
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which is used to study the existence of a solution of the extended general
variational inequality (1.3). We now study those conditions under which the
extended general variational inequality (1.3) has a solution.

Theorem 2.1. Let B be a q−uniformly smooth Banach space, K be a closed
convex set in B and ξ ∈ B. Suppose that g, h and T satisfy the following
conditions

(i) g : K → K is bijective on K with R(g) = K, strongly accretive with
constants α > 0 and Lipschitz continuous with constants s > 0.

(ii) h : K → K is strongly accretive with constants σ > 0 and Lipschitz
continuous with constants δ > 0.

(iii) T : K → B is Lipschitz continuous and strongly accretive with constants
b > 0 and t > 0, respectively.

If there exists some constant ρ > 0 such that
q
√

1− qρt+ cqρqbq + q
√

1− qσ + cqδq + q
√

1− qα+ cqsq < 1, (2.2)

where

1− qρt+ cqρ
qbq > 0, 1− qσ + cqδ

q > 0, 1− qα+ cqs
q > 0, (2.3)

then there exists a unique solution x ∈ K,h(x) ∈ K of the extended general
variational inequality (1.3).

Proof. From Theorem 1.1, it follows that problems (2.1) and (1.6) are equiva-
lent. Thus it is enough to show that the map F (x) defined by (2.1), has a fixed
point. By Lemma 1.1, for all x 6= y ∈ K we have

‖F (x)− F (y)‖
= ‖x− y − (h(x)− h(y)) +QK [g(x)− ρ(Tx− ξ)]−QK [g(y)− ρ(Ty − ξ)]‖
≤ ‖x− y − (h(x)− h(y))‖+ ‖QK [g(x)− ρ(Tx− ξ)]−QK [g(y)− ρ(Ty − ξ)]‖
≤ ‖x− y − (h(x)− h(y))‖+ ‖[g(x)− ρ(Tx− ξ)]− [g(y)− ρ(Ty − ξ)]‖
= ‖x− y − (h(x)− h(y))‖+ ‖g(x)− g(y)− ρ(Tx− Ty)‖.
≤ ‖x− y − (h(x)− h(y))‖+ ‖x− y − [g(x)− g(y)]‖+ ‖x− y − ρ[Tx− Ty]‖

(2.4)
since T : K → B is strongly accretive and B is q−uniformly smooth Banach
space, by Lemma 1.1, we have the following estimate:

‖x− y − ρ(Tx− Ty)‖q
≤ ‖x− y‖q − qρ〈(Tx− Ty), Jq(x− y)〉+ cqρ

q‖Tx− Ty‖q
≤ ‖x− y‖q − qρt‖x− y‖q + cqρ

qbq‖x− y‖q
= [1− qρt+ cqρ

qbq]‖x− y‖q.

(2.5)

Since g : K → K is s-strongly accretive and B is q−uniformly smooth Banach
space, by Lemma 1.1, we have

‖x− y − (g(x)− g(y))‖q
≤ ‖x− y‖q − q〈g(x)− g(y), Jq(x− y)〉+ cq‖g(x)− g(y)‖q
≤ (1− qα+ cqs

q)‖x− y‖q.
(2.6)
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Since h : K → K is σ-strongly accretive and B is q−uniformly smooth Banach
space, by Lemma 1.1, we have

‖x− y − (h(x)− h(y))‖q
≤ ‖x− y‖q − q〈h(x)− h(y), Jq(x− y)〉+ cq‖h(x)− h(y)‖q
≤ (1− qσ + cqδ

q)‖x− y‖q.
(2.7)

Combining (2.5),(2.6) with (2.7), one has

‖F (x)− F (y)‖ ≤ µ‖x− y‖, (2.8)

where

µ = q
√

1− qρt+ cqρqbq + q
√

1− qσ + cqδq + q
√

1− qα+ cqsq.

From (2.2),(2.3), it follows that 0 < µ < 1, which implies that the map F (u)
defined by (2.1), has a fixed point, which is the unique solution of (1.3). �

Remark 2.1. When q = 2, the condition (2.2),(2.3) become the following∣∣∣∣ρ− t

b2c2

∣∣∣∣ <
√
t2 − b2c2k(2− k)

b2c2
, t > b

√
k(2− k), k < 1. (2.9)

k =
√

1− 2σ + c2δ2 +
√

1− 2α+ c2s2. (2.10)

Remark 2.2. This paper extends and improves all related papers appeared,
such as [6] and references therein in the following senses: form Hilbert space to
slightly more general q-uniformly smooth Banach space.
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