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MIXED VECTOR EQUILIBRIUM-LIKE PROBLEMS IN
BANACH SPACES

BYUNG-S00 LEE, SALAHUDDIN AND M. K. AHMAD

ABSTRACT. In this paper, we consider a new class of generalized mixed
vector equilibrium-like problems in Banach spaces. By using Fan-KKM
Theorem and Nadler’s Theorem, we prove the existence theorem of solu-
tion for this class of generalized mixed vector equilibrium-like problems.

1. Introduction and preliminaries

(Vector) equilibrium problem is a unified model of several problems, includ-
ing optimization problems, fixed point problems, variational inequality prob-
lems, Nash equilibria problems, saddle point problems, complementarity prob-
lems as special cases and provides a natural unified framework for studying
many problems in finance, economics, network analysis, transportation and
elasticity [1-3, 5, 8, 9, 14]. We consider a new class of generalized mixed vec-
tor equilibrium-like problem and by using Fan-KKM Theorem [4] and Nadler’s
Theorem [12] we prove some existence theorems of solutions for the class of
generalized mixed vector equilibrium-like problems. Furthermore these exis-
tence theorems can be applied to derive some existence results of solutions for
generalized mixed vector variational-like problem. It is worth pointing out that
there are no assumptions of pseudo monotonicity in our existence results.

Definition 1.1. Let D be a nonempty subset of a vector space X. Then a mul-
tifunction T : D — 2% is called a KKM map, where 2% denotes the collection of

all nonempty subsets of X if for each nonempty finite subset {uy,ug, -+ ,u,} of
n

D, co{ui,ug, - ,un} C U Tu;, where co{uy,us, - ,u,} denotes the convex
i=1

hull of {uy,ug, -+, up}.

Fan-KKM Theorem. [4] Let D be an arbitrary set in a Hausdorff topological
vector space X. Let T : D — 2% be a KKM map such that Tu is closed for all

Received June 3, 2009; Accepted July 17, 2009.

2000 Mathematics Subject Classification. 49J30, 49J45, 47H10.

Key words and phrases. mixed vector equilibrium-like problem, Fan-KKM theorem,
Nadler’s theorem, Hausdorff metric.

The authors thank to the referee for his(or her) helpful review.

(©2009 The Youngnam Mathematical Society



506 BYUNG-SOO LEE, SALAHUDDIN AND M. K. AHMAD

u € D and is compact for at least one w € D. Then

ﬂTu;é@.

ueD

Nadler’s Theorem. [12] Let (X, ||.||) be a normed vector space and H the
Hausdorff metric on the collection CB(X) of all closed and bounded subsets of
X, induced by a metric d in terms of d(x,y) = ||z — y||, defined by,

H(A,B) = inf ||u— inf ||u—
(4,B) = max(sup inf flu—vl, sup inf flu—ol]),
for A and B in CB(X). If A and B are any two members in CB(X), then for
each € > 0 and each u € A, there exists v € B such that
lu—vl| < (1+e€)H(A,B).

Lemma 1.1. [11] Let Y be a topological vector space with a pointed closed and

convex cone C such that intC # 0, then for all x,y,z € Y we have
(i) r—ye—intC andx & —intC = y & —intC;

(i) z+ye—-Candz+z¢ —intC = z—y ¢ —intC;

(i) z+2z—y & —intC and —y € —C = z+ 2 ¢& —intC;

(iv) e +y ¢ —intC andy—z€ —C= z+ 2z ¢ —intC.

Definition 1.2. [11] Let f: D x D — Y be a vector valued bifunction, then
f(z,y) is said to be hemicontinuous with respect to y, if for any given « € D

Jim, f@ Ay + (1= Ny2) = f(z,y2) for all y1,y2 € D.

Definition 1.3. [15] Let X,Y be two real Banach spaces and L(X,Y) be
the space of all linear and continuous operators of X into Y. A bifunction
N(-,-) : L(X,Y) — L(X,Y) is called continuous in the first argument if for
any u,v € L(X,Y),

IN(u,-) = N(v,-)[ = 0 as [u—v| — 0.
In a similar way we can define the continuity of IV in the second argument.

Definition 1.4. [15] A single valued mapping h : D — Y is said to be P-convex
if

h(tu; + (1 — t)ug) € th(ur) + (1 — ¢)h(ug) — P, for uy,us € D and t € [0, 1].
Remark 1.1. Tt is easy to prove that h(u,v) is P-convex with respect to u if

and only if for any v € D, h(}_ t;u;,v) € Y. t;h(u;,v) — P, for all u; € D and
i=1 i=1

t; €10,1], (i=1,2,--- ,n) with > t; = 1.
=1
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Throughout the rest of this paper, by “— ” and “—” we denote the strong
convergence and weak convergence respectively.

2. Main result

Throughout this paper, X and Y are real Banach spaces and D is a nonempty
convex subset of X. A map C : D — 2Y has convex cone-values C(u)
whose interior int C'(u) is nonempty for each u € D. With the maps A,
T:D—2lY) N L(X,Y)xL(X,Y) = L(X,Y), f: L(X,Y)xDxD — Y
and h : D x D — Y, we consider the following mixed vector equilibrium-like
problems (MVELP):

(MVELP 1) Find ugp € D such that

f(N(p, q),u0,v) + h(uo,v) — h(uo, uo) ¢ —int C'(ug)
forallve D, p € A(v) and g € T'(v).

(MVELP 2) Find up € D such that for some sg € A(ug) and to € T'(ug)
F(N(s0,t0),u0,v) + h(ug,v) — h(ug, ug) & —int C(ug)
for all v € D.

Considering (MVELP 1) and (MVELP 2) in the following Theorem 2.1 and
Theorem 2.2, we assume the following condition (A) primarily;

(A) (A-1) C(u) is a pointed closed and convex cone with C(u) # Y for allu € D,
(A-2) A and T have nonempty compact set-values,
(A-3) A map W : D — 2Y defined by W(u) =Y \ (—int C(u)) for u € D,
has a weakly closed graph G, (W) in X x Y.
(A-4) h is weakly continuous in the first and second arguments.
(A-5) for each (z,v) € L(X,Y) x D, f(z,-,v) and h(v, ) are weakly contin-
uous from D to Y.

Theorem 2.1. If we add the following condition (B) to (A);

(B) there exists a map g: D x D —'Y such that
(B-1) Yu, v € D, g(u,v) € —int C(u) implies f(N(p,q),u,v) + h(u,v) —
h(u,u) ¢ —int C(u) for p € A(u), g € T(u),
(B-2) for each finite subset E of D, and for each uw € coE, a map ¢ :
D — Y defined by £(v) = g(u,v) is P-convex,
B-3) for each v € D, g(v,v) & —int C(v),
B-4) there exists a weakly compact conver subset K of D and vy € K
such that

g(u,v9) € —int C(u) for we D\ K.

—~

Then
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(I) (MVELP 1) is solvable.

Moreover, we add the following condition (C) to (A) and (B);

(©) (C-1)
(C-2)

(C-3)

(C-4)

(C-5)

N is continuous in the first and second arguments,
for each u, v € D, f(N(px,qnr),vx,vx) € C(u) for all py € A(uy),

ax € T(“’)\) a’ndf(N(p)\a q}\)a U, /Uk)+f(N(p)\a QA)v’U)\a ’LL) = O; where
vy =u+ Av—u), A€ (0,1),
for each (z,u) € L(X,Y) x D, a map f(z,u,)+ h(u,:) : D =Y
is P-convex, where P = (] C(u),

u€D
for any u, v € D,

H(AMu+ Av—u)),A(u)) — 0
and
H(T(u+ A — ), T(u)) — 0
as X\ — 0% for the Hausdorff metric H in CB(L(X,Y)), the col-
lection of all closed and bounded subsets of L(X,Y),
for each net {\} C (0,1) converging to 0%,
Px — S0, Px € A(vy)
o — to, qx € T(vy)
implies
f(N(p)\a q)\)7 U)n”) - f(N(807t0>7u7U) - 07

where vy =u+ A(v —u) foru, ve D x D,
there exists a weakly compact convexr subset K C D such that for
each u € D\K there exists vo € D satisfying

f(N(p,q),u,v) + h(u,v) — h(u,u) € —intC(u)
for allp € A(v), q € T(v).
Then there exists a solution ug € D such that
F(N(p;q),v,u0) + h(v,up) — h(v,v) & —intC(uo)
for allv e D and p € A(v), q € T(v).

Moreover additionally, the following conditions are stisfied:

(C-7)
(C-8)
(C-9)

L(X,Y) is reflexive,
A and T have bounded closed convex set-values,
for each net {\} C (0,1) such that A — 0"

Dy — So,  for all py € A(vy)
gn — to, for all g\ € T(vy)

= f(N(pA7Q)\)7U)\7’U) - f(N(SO,tQ),U)\,U) —0
where vy = u + A(v —u) for (u,v) € D x D.
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(II) Then (MVELP 2) is solvable.
Proof. (I) Define a map G : D — 2K by for v € D,

G(v) = {u € K : f(N(p,),u,v) + h(u,v) = h(u, u) & —int C(u)
for p € A(v), ¢ € T(v)},
then

(i) G(v) is weakly closed.
Indeed, for any sequence {u,} in G(v) converging to ug € K,

FN (D, q), un,v) + h(tn,v) — h(uy, uy) ¢ —int C(uy,)
for p € A(v) and ¢ € T(v). Then by conditions (A-4) and (A-5),
FIN(p; @), tns 0) +h(tn, v) = P(un, un) = f(N(p,q), to, v)+h(uo, v) = h(uo, uo)-
Hence by condition (A-3),
F(N(p,q),uo,v) + h(uo,v) — h(ug, uo) & —int C(uo),
which shows that G(v) is weakly closed.

(ii) N G(v) is nonempty.
veD
Indeed, since K is weakly compact, it is sufficient to show that the fam-

ily {G(v)}vep has the fip(finite intersection property). Let M = {v; : j =
1,2,--- ,m} be any finite subset of D.

Since V' := coM is a compact convex subset of D, it is a weakly compact
convex subset of D. Define a map F : V — 2V by, for v € V

Fw)={ueV:gluv) & —intC(u)},

then by condition (B-3), F'(v) is nonempty. And F' is a KKM map. If F is not
a KKM map, then there exists a finite subset {y; : i = 1,2,--- ,n} of V and

scalars o; > 0 with Y a; = 1 such that
i=1

Zaiyi ¢ U F(yi).
i=1 i=1
Thus

n n
g (Z aiyi,yi> € —intC (Z oziyi> .
i=1 i=1
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By condition (B-2),

n n n n
9 (Zaz‘yi,zawi> € ZO% g <Zaiyiayj> - P
i=1 i=1 i=1 i=

S <_M(za,yl>) o($00)

—intC (Zn: Oziyi) 5
i=1

which contradicts condition (B-3).

Since F'(v) C G(v) for all v € V by condition (B-1), G(v) is also nonempty
forallveV.

Since the closure cly (F(v)) is closed in V for all v € V, it is also compact.

Hence by F-KKM Theorem, ﬂ cly (F(v)) is nonempty. Chooseu € () cly (F(v)),
veV

3

N

since vg € K and F(vg) C K by condltlon (B-4),
€ cly (F(vg)) < elp(F(vo))
= clg(F(vw)) C K.
Moreover it is easy to see that for each v € V,
={ueV: f(N(p,q),u,v)+ h(u,v) — h(u,u) & —int C(u)
for pe A(v), ¢ € T(v)},
is weakly closed.
Since W € _ﬁl cly (F(vj;)) and
j=
cly (F(v;)) =cly ({fu eV :g(u,v;) € —int C(u)})
C cly (M,,)
=M,, for j=1,2,--- ,m,

f(N(p,q),u,v;) + h(T,v;) — h(T,u) ¢ —int C(w)

for p € A(vj), g € T(v;) for j = 1,2,---,m. Hence @ € () G(vj). Thus
j=1
{G(v) : v € D} has the fip, which implies that (| G(v) is nonempty. Hence
veD
(MVELP 1) is solvable.

That is, there exists ug € K C D such that

f(N(p7 q)a anv) + h(uo,v) - h(UQ,Uo) g —int C(UO)
forallve D, pe A(v), g € T(v).
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(IT) For v € D, letting vy = Av + (1 — ANug, 0 < A < 1, we have vy € D.
Since uy € G(vy),

F(N(pxr,qr), u0,vx) + h(ug, va) — h(ug, ug) ¢ —int C(ug) (2.1)

for px € A(vx), gx € T(va).
Since a map v — f(z,u,v) + h(u,v) is P-convex for (z,u) € L(X,Y) x D,
by conditions (C-1) and (C-3) we have
F(N(px, qr), va,va) + h(v, va) — h(uo, uo)
= f(N(x,;qx),vx, A0+ (1 — Nug) + h(vx, Av + (1 = Nug) — h(ug, uo)
€ AMf(N(pa,ar), va, v) + h(vy, v) — h(ug, ug)]
+ (1= N)[f(N(prs ), va, wo) + h(va, uo) — h(uo, uo)] — P
CAF(N(pr,ar), va,v) 4+ h(va, v) — h(ug, ug)]
+ (1 = N[f(N(pxr, qr), v, uo) + h(va, uo) — h(ug, uo)] — C(uo)
C A[f(N(pa, qr), va,v) + h(va, v) — h(ug, ug)]
— (1= N[f(N(pr, ar), o, va) + h(uo, vr) — h(uo, uo)] — C(uo).
Hence
F(N(px,qn),va,v) + h(va,v) — h(ug, ug) € —int C(up).
Indeed, suppose to the contrary that
F(N(px, ar), va, v) + h(va, v) — h(uo, uo) € —int C(uo).
Since —int C'(up) is a convex cone
AS(N(pr, gx),va, v) + h(va, v) — h(ug, ug)] € —int C(ug).
Since condition (C-2) implies that
F(N(pa, qr), va,va) € Cluo),
so from (2.2) we derive
(1 =N [f(N(px;gr), o, vx) + h(uo, va) — h(uo, uo)]
€ A[f(N(px, qr), v, v) + h(va,v) — h(ug, uo)] — F(N(Pr, r); va, va) — C(uo)
C —int C(ug) — C(ug) — C(uo)
—int C(ug) — C(up)
—int C(uy).

N

Thus
F(N(px, qn), uo, va) + h(ug, va) — h(ug, ug) € —int C'(ug),
which contradicts (2.1).
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On the other hand, since A(vy) and A(ug) (respectively, T'(vy) and T(uop))
are bounded closed subsets of L(X,Y), by Nadler’s Theorem for py € A(v))
(resp., gx € T'(vy)), there exists an sy € A(ug) (resp., tx € T(up)) such that

[px = sall < (1 4+ A)H(A(vx), A(uo))
(resp., [lgx = tAll < (1 + A H(T (vx), T (uo)))-
Since L(X,Y) is reflexive and A(ug) (resp., T(ug)) is a bounded closed and
convex subsets in L(X,Y), A(ug) (resp., T(up)) is also weakly compact in
L(X,Y). Hence we may assume sy — sg € A(ug) (resp., tx — to € T(up)) as
A — 0T. Moreover for each ¢ € (L(X,Y"))*, the dual space of L(X,Y),
(N (px; ax) — N(so,t0))
< le(N(pasaxn) = N(sx a))| + le(N(sx, gx) = N(s0,qx))|
+ (N (s0,gx) — N (0, tx)| + [9(N (50, tx) — N(s0,t0)]
< llellllpx = sall + el llsx = soll + llell llax — exll + llll [IEx = toll
< [lell (1 + M) H(A(va), A(uo)) + [lell lsx — soll
+ llell (X + M) H(T'(vr), T (uo)) + [l [Ex — toll-

Hence by condition (C-4),
pr—so and gy —ty as A — 0T,
Thus according to condition (C-5),
£ (N(px, gr), vx,v) — F(N(s0,t0),u0,v)|| — 0 as A — 07.

Since h : D x D — Y is continuous with respect to the first and second
arguments, by condition (C-5),

f(N(p>WQ>\)7U)\aIU) + h(l})\,’U) - h(UA/U)\) - f(N(SOatO)a anU) + h(UO,U) - h(u’OvuO)
—0 as A— 0",

Since W (ug) =Y \ (—int C(ug)) is weakly closed, (MVELP 2) is solvable. [

Theorem 2.2. If we change (A-1) with (A’-1) and (B) with (B'), then (MVELP
1) is solvable. Moreover we add (C) to them, then (MVELP 2) is also sovable.

(A’-1) Assume that C(u) is a closed proper convex solid cone of Y with
C(u) £Y forallue D.
there exists a bifunction g : D X D —'Y such that
B') th ‘ bif ) DxD—-Y h th
(B’-1) g(u,v) & —intC(u) for u, v € D,
(B"-2) g(u,v) = f(N(p,q),u,v) € =C(u) for u, v € D, p € A(v), q €
(v)
T(v),
(B’-3) {ve D: g(u,v) +h(v,u) — h(u,u) € intC(u)} is convex for each
u € D;
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(B’-4) there exists a weakly compact convexr subset K C D such that for
each u € D\K there exists vo € D satisfying
F(N(p,q),u,v0) + h(u,vg) — h(u,u) € —intC(u) for p € A(u), q € T(u).
Proof. Define a map G : D — 2% by for v € D,
Gw)={ue K: f(N(p,q),u,v)+ h(u,v) — h(u,u) € —int C(u)
for all p € A(v), ¢ € T(v)}.

Following the proof of Theorem 2.1, we can prove that G(v) is weakly closed

for each v € D. We now claim that (| G(v) # 0. Indeed, since K is weakly
veED
compact, it is sufficient to show that the family {G(v)},ep has the fip. Let

{v1,v2, -+ ,vn} be a finite subset of D and set B = co{K U {v1,va, -+ ,v,}}.
Then B is a weakly compact and convex subset of D.

We define maps Fy, Fs : B — 28 as follows:
Fi(v) = {fue B: f(N(p,q),u,v) + h(u,v) — h(u,u) ¢ —int C(u),

for all p € A(v), ¢ € T(v)}, for all v € B,
and

Fy(v) = {ue B: g(u,v)+ h(v,u) — h(u,u) ¢ —int C(u)} for all v € B.
By conditions (B’-1) and (B’-2), we have
g(v,v) + h(v,v) — h(v,v) € —int C(v), for all v € B and
g(v,v) = f(N(p,q),v,v) € =C(v) for all p € A(v), q € T(v).
Now Lemma 1.1 (ii) guarantees that
F(N(p,q),v,v) + h(v,v) — h(v,v) & —int C(v) for all p € A(v), g € T(v)

and so Fj(v) is nonempty. Now since Fj(v) is a weakly closed subset of the
weakly compact subset B, we know that Fj(v) is weakly compact.

Next, we claim that F5 is a KKM-map. Indeed suppose that there exists a
m
finite subset {uy,ug, -+ ,upm} of Band ; >0,4=1,2,--- ,m with > a; =1

=1

such that
u = Zaiui S U FQ(Uj).
i=1 j=1
Then
g9(t,uj) + h(t,u;) — h(a,a) € —int C(a), j=1,2,--- ,m.
From condition (B’-3), we derive

g(a,a) = g(a,a) + h(a,a) — h(a,4) € —int C(a),
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which contradicts condition (B’-1). Thus F5 is a KKM-map. From condition
(B’-2) and Lemma 1.1(ii), we have

Fy(v) C Fi(v) for all v € B.
Indeed if u € Fy(v), then
g(u,v) + h(u,v) — h(u,u) € —int C(u).
By condition (B’-2) we have
g(u,v) — f(N(p,q),u,v) € =C(u), for all p € A(v), ¢ € T(v).

Consequently it follows from Lemma 1.1 (ii) that

f(N(p,q),u,v) + h(u,v) — h(u,u) € —int C(u) for all p € A(v), ¢ € T(v)
that is u € Fy(v). This shows that F} is also a KKM map.

According to Fan-KKM Theorem, there exists @ € B such that @ € Fj(v)
for all v € B, that is, there exists u € B such that

f(N(p’ q)aaa ’U) + h(ﬂ,’t}) - h(ﬂ,ﬂ) ¢ —int C(ﬁ)7
forallve B, pe A(v), ¢ € T(v).

By condition (C-6), we get @ € K and @ € G(v;), i = 1,2,--- ,n. Hence
{G(v)}vep has the fip and moreover

ﬂ G(v) # 0,
veD
that is, there exists ug € K C D such that
f(N(pa Q)7u07v) + h(u07v) - h(UO, UQ) ¢ —int C(UO),
forallv € D, p € A(v) and ¢ € T'(v).
O

For the remainder of the proof, we can derive the conclusion of Theorem 2.2
by following the same proof as in Theorem 2.1.

Remark 2.1. (1) If we take N(p,q) = N(pg) and h(u,u) = h(u), then we
have the following problem: Find ug € D, there exists py € A(ug) such
that,

F(N(po),uo,v) + h(v) — h(ug) ¢ —int C'(ug) for all v € D,

which is considered by Ceng et al. [3].
(2) Inparticular, if we put f(z,z,y) = (z,n(y,x)) for all (z,z,y) € L(X,Y)x
D x D, where n : D x D — X then the above problem reduces to
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the generalized mized vector variational type inequality problem. Find
ug € D, there exist pg € A(ug), go € T(ug) such that

(N(po,q0),n(v,uo)) + h(uo,v) — h(uo, uo) ¢ —int C(uo)
for allv € D,

which is the variant for of Zhao and Zia [15] and Ahmad and Salahuddin
[1].

If we take A as single-valued mapping, then we have the following
generalized vector variational type inequality problem: Find ug € D,
there exists go € T'(uo) such that

<N(U0, ‘10),77(”, U0)> + h(u()av) - h(UO,UQ) € —int C(UO)
forall v e D,

considered by Lee et al. [10].
Again if we take N(ug,qo) = N(qo) and h(u,u) = h(u), then we have
the following problem of finding uy € D such that

(N(qo0),n(v,u0)) + h(v) — h(u) & —int C(ug) for all v € D,

which is the generalized vector variational like inequality problem con-
sidered by Khan and Salahuddin [7].

If h 20, N is an identity mapping, then we have the finding uy € D
such that gy € T'(up) and

{(qo,n(v,up)) & —int C(ug) for all v € D,

which is the vector variational like inequality.
If T is a single-valued mapping, then we have the finding uy € D such
that

(T (ug),n(v,up)) & —int C(ug) for all v € D,
which is called a generalized vector variational like inequality considered

and studied by Siddiqi et al. [13].
If (v, up) = v — up, then we have the finding ug € D such that

(T(ug),v — ug) & —int C(ug) for all v € D,

which is called vector variational inequality considered and studied by
Lee et al. [10].

IfY =R, L(X,Y) = X* (the dual of X), C(u) = R" for u € D then
we have the finding ug € D such that

(T(ug),v —ug) > Oforallve D,

which is called classical variational inequality, considered by Hartman
and Stampacchia [6].
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