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HYBRID MONOTONE PROJECTION ALGORITHMS FOR
ASYMPTOTICALLY QUASI-PSEUDOCONTRACTIVE
MAPPINGS

CHANGQUN WU AND SUN YouNGg CHO

ABSTRACT. In this paper, we consider the hybrid monotone projection al-
gorithm for asymptotically quasi-pseudocontractive mappings. A strong
convergence theorem is established in the framework of Hilbert spaces.
Our results mainly improve the corresponding results announced by [H.
Zhou, Demiclosedness principle with applications for asymptotically pseudo-
contractions in Hilbert spaces, Nonlinear Anal. 70 (2009) 3140-3145]
and also include Kim and Xu [T.H. Kim, H.K. Xu, Strong convergence
of modified Mann iterations for asymptotically nonexpansive mappings
and semigroups, Nonlinear Anal. 64 (2006) 1140-1152; Convergence of
the modified Mann’s iteration method for asymptotically strict pseudo-
contractions, Nonlinear Anal. 68 (2008) 2828-2836] as special cases.

1. Introduction and Preliminaries

Throughout this paper, we assume that H is a real Hilbert space with inner
product (-,-) and norm || - ||, respectively. Assume that C is a nonempty closed
convex subset of H and 7' : C' — C is a nonlinear mapping. We use F(T) to
denote the set of fixed points of T'.

Recall that the mapping T : C' — C' is said to be nonexpansive if

[Te =Tyl < [le —yll, Vo,yeC. (1.1)

The mapping T : C' — C is said to be asymptotically nonexpansive if there
exists a sequence {k,} of positive real numbers with lim,, ., k, = 1 and such
that

|T"z — T"y|| < knllz —y| Vn>1and Vao,y € C. (1.2)
The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [1] in 1972. They proved that if C' is a nonempty bounded closed
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convex subset of a uniformly convex Banach space E, then every asymptotically
nonexpansive self-mapping T of C has a fixed point. Further, the set F(T') of
fixed points of T is closed and convex.

The mapping T : C' — C is said to be pseudo-contractive if

(Tx — Ty,x —y) < ||ac—y||2, Va,y € C. (1.3)

The mapping T : C — C is said to be asymptotically pseudo-contractive if
there exists a sequence {k,} C [1,00) with k, — 1 as n — oo for which the
following inequality holds:

<Tnx - Tnyal‘ - y) < k’ﬂ”x - y||2a vxay eC. (14)

The class of asymptotically pseudo-contractive mappings which was introduced
by Schu [15] in 1991 contains properly the class of asymptotically nonexpansive
mappings as a subclass, which can be seen from the following example.

Example 1.1. For z € [0, 1], define a mapping T : [0,1] — [0, 1] by
Ter=(1- x%)%

Then T is asymptotically pseudocontractive but it is not asymptotically non-

expansive.

Recall that the mapping 7T is said to be asymptotically quasi-pseudocontractive
if F(T) # 0 and (1.4) holds for all z € C but y € F(T).

We remark that every asymptotically pseudo-contractive mapping with a
nonempty fixed point set is asymptotically quasi-pseudocontractive, but the
converse may be not true, which can be seen from the following example, see
Zhou [18].

Example 1.2. Let H be a real line. We define a mapping T': H — H by

Ty — gsin%, T # 0;
o, z=0.

Then T is asymptotically quasi-pseudocontractive with the constant sequence
{1} but not asymptotically pseudocontractive.

Recall that the normal Mann’s iterative process was introduced by Mann [6]
in 1953. Since then, construction of fixed points for nonexpansive mappings
and pseudo-contractions via the normal Mann’s iterative process has been ex-
tensively investigated by many authors. The normal Mann’s iterative process
generates a sequence {z,} in the following manner:

Ve, € Cy xpy1 = (1 —ap)zy + @ Tx,, Yn>1, (1.5)

where the sequence {a,}22 , is in the interval (0,1).

If T is a nonexpansive mapping with a fixed point and the control sequence
{an} is chosen so that Y~ o, (1 — o) = o0, then the sequence {z,} gener-
ated by normal Mann’s iterative process (1.5) converges weakly to a fixed point
of T' (this is also valid in a uniformly convex Banach space with the Fréchet
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differentiable norm [14]). It is well known that (1.5) has only weak conver-
gence, in general (see [2] for an example). Attempts to modify the normal
Mann iteration method (1.5) by hybrid projection algorithms so that strong
convergence is guaranteed have recently been made; see, e.g., [3-5,7-13,16-18]
and the references therein.

Kim and Xu [4] adapted the normal Mann’s iterative process for asymptot-
ically nonexpansive mappings to have strong convergence theorem in Hilbert
spaces. More precisely, they gave the following result.

Theorem KX1. Let C' be a nonempty bounded closed convex subset of a
Hilbert space H and letT : C' — C be an asymptotically nonexpansive mapping
with a sequence {k,} such that k, — 1 as n — co. Assume that {an}5%, is a
sequence in [0,1] such that limsup,,_, . &, < 1. Define a sequence {x,} in C
by the following algorithm:

xg € C  chosen arbitrarily,

Yn = QpTp + (1 - an)Tnmn;

Cn={2 € Ct|lyn — 2|* < llzn — 2I|” + On},

Qn={2€C:{xg—xp,x, —2) >0},

Tnyl = PCannxoa
where

0, = (1 — ay,) (k2 — 1)(diamC)? — 0, as n — oc.
Then {xy} defined by above iterative algorithm converges strongly to Ppr)xo.
Recently, Kim and Xu [5] improved Theorem KX1 from asymptotically non-

expansive mappings to asymptotically strict pseudocontractions. To be more
precise, they proved the following theorem.

Theorem KX2. Let C be a closed convex subset of a Hilbert space H and let
T:C — C be an asymptotically k-strict pseudo-contraction for some 0 < k <
1. Assume that the fixed point set F(T) of T is nonempty and bounded. Let
{zn} be the sequence generated by the following (CQ) algorithm:
xg € C' chosen arbitrarily,
Yn = nZp + (1 — )T 2y,
Cp= {2 € Ct |lyn — 2| < llzn — 2|

+k = an (1 = an)]llen — T"n|? + 6},
Qn={2€C:{x,— 2,20 — ) >0},

Tpt+1 = Pcannl"ov

where
On = An(l— )y — 0, A, =sup{||z, —z|:2€ F(T)} < 0.

Assume that the control sequence {a,} is chosen so thatlimsup,,_, . an < 1—k.
Then {xy,} defined by above iterative algorithm converges strongly to Ppr)xo.
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Very recently, Zhou [18] improved the results of Kim and Xu [5] from asymp-
totically strict pseudo-contractions to asymptotically pseudo-contractive map-
pings. To be more precise, he proved the following theorem.

Theorem Z. Let C' be a bounded and closed convex subset of a real Hilbert
space H. Let T : C — C be a uniformly L-Lipschitzian and asymptotically
pseudo-contraction with a fized point. Assume the control sequence {au,} is
chosen so that o, € [a,b] for some a,b € (0 Let a sequence {x,} be
generated by the following manner:

1
714,7[/)

xg € C  chosen arbitrarily,

yn = (1 — ap)zy + T2y, n >0,

Cn={2€C:an[1 -1+ L)ay]|zn — T zu|? < (20 — 2,Yn — T"yn)
+(kn — 1)(diamC)?},

Qn={2z€C:(z—zy,x, —x0) >0},

Tn+1 = Po,ng, o, n>0.

Then the sequence {x,} generated by above sequence converges strongly to a
PF(T) Zg-

In this paper, motivated by Theorem KX1, Theorem KX2, Theorem Z, we
modify the normal Mann’s iterative scheme to obtain strong convergence for
asymptotically quasi-pseudocontractive mappings in the framework of Hilbert
spaces without any compact assumption. The results presented in this paper
improved the corresponding results announced in Kim and Xu [4], Kim and Xu
[5], Qin, Su and Shang [10] and Zhou [18].

In order to prove our main results, we need the following lemmas.

Lemma 1.1 can be deduced from Zhou [18]. For the sake of completeness,
we still give the proof.

Lemma 1.1. Let C' be a nonempty bounded and closed convex subset of H
and T a uniformly L-Lipschitzian and asymptotically quasi-pseudocontractive
mapping. Then F(T) is a closed convex subset of C.

Proof. From the continuity of 7', one has that F(T) is closed. Next, we show
F(T) is convex. Let p1,ps € F(T). We prove p € F(T), where p = tp; +
(1 —t)pa, for t € (0,1). Put yo = (1 — a)p + aT"p, where a € (0, IJ%L) For
Yw € F(T), one sees

lp — T"pl|?
T mn 1 mn
=p-T"p,p-T p>:a<pfya,p7T P)

1 mn mn ]' mn
:a@*ymp*T P—Ya—T ya)>+5<pfya,ya7T Ya)

1 mn mn ]' mn
=E<p—ymp—T pP—Ya—T ya)>+a<p—w+w—ymya—T Yor)
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14+ L
o

n 1 . 1
(1 =+ L)Oé”p =T p”2 + a<p — W, Ya — T ya> + a(kn - 1)||ya - ’(U||2

IN

1 1
1P = bal* + = p = w0, go = T"Ya) + — (0 = o Yo = T"Y)

IN

1 1
< (1+ L)allp = T"p|* + —(p = w,90 = T"Ya) + —(kn — 1)(diamC)?
which yields that

a[l—(1+L)a]|[p—T™p||? < (p—w, Yo —T"Yo)+(kn—1)(diamC)?, vYw € F(T).

(1.4)
Taking w = p; i = 1,2 in (1.4), multiplying ¢ and (1 — ¢) on the both sides of
(1.4), respectively and adding up, one has

all = (1+ D)allp — Tl < (kn — 1)(diamC)>.

Let n — oo in (1.4) yields that lim,, . ||[p — 7" p|| = 0. Since T is continuous,
we have Tp = p. This shows that F(T) is convex. This completes the proof. [

Lemma 1.2. Let C be a closed convex subset of real Hilbert space H and let
P be the metric projection from H onto C(i.e., for x € H, Pcx is the only
point in C such that ||z — Poz| = inf{||z — z|]| : 2 € C}). Given x € H and
z € C. Then z = Pox if and only if there holds the relations: {(x —z,y—z) <0,
for any y € C.

2. Main results

Theorem 2.1. Let C be a nonempty bounded and closed convex subset of
a Hilbert space H and T a uniformly L-Lipschitz and asymptotically quasi-
pseudocontractive mapping from C' into itself with a nonempty fized point set.
Let {x,} be a sequence generated in the following algorithm:

xg € C' chosen arbitrarily,

Yn = (1 — an)Tn + anT" 2y,

Cn={2€C:an[l — 1+ L)ay)||lzn — T"zu||* < {xn — 2,Yn — T"Yn) + 00},
Qo = C;

Qn=4{2€Qn_1:(xn—2,20—1) >0}

Tn+1 = Po,n@., %o,

where
0, = (k, — 1)(diamC)* — 0, as n — oo.
If the control sequence satisfies the restriction:

0 < liminf a,, < limsupa, <a <1,

n—00 n—00

where a € (0, H%L), then {x,} converges strongly to Pp(ryxo.
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Proof. From the definition of C,, and @,, one can easily see that C,, and @,
are closed and convex for all n > 0. Next, we prove that F(T) C C, N Q,, for
all n > 0. For Yw € F(T), one has

lzn — TnanQ

(X — T @,y — T"xy)

1
= 7<$n_yn7xn_Tnmn>
Qp
1 mn mn 1 mn
= 7<$n_ym$n_T xn_(yn_T yn)>+7<xn_ymyn_T yn>
Oy Qn
1 mn mn 1 mn
:a—@n—yn,xn—T Tp — (Y =T yn))+a—<xn7w+wfyn,ynfT Yn)
1+ L

IN

1 1
||x7’t - yn||2 + 7<xn — W, Yn — Tnyn> + 7<w —YnsYn — Tnyn>
ap, «

n n

1 1

n

It follows that
an[l = (1 + L)ay]|lz, — TnanQ <A(xn —w,yn — Tyn) + On,

which shows that w € C,. This implies that F(T) C C, for all n > 0.
Next, we prove F(T) C @, for all n > 0 by induction. For n = 0, we have
F(T) C C = Qp. Assume that F(T) C Q. Since x,11 is the projection of xg
onto C), N Q,, we have

(Lo — Tpy1, Tngr —w), Yw € Cp N Qp,

as F(T) C C,, N Qy; the last inequality holds, in particular, for all w € F(T).
This together with the definition of Q,, 1 implies that F(T) C Q,+1. Hence
F(T) c C,, N @y, holds for all n > 0. Noticing that

Tn+1 = PCnﬂQan S Qn
and x, = Py, %o, one arrives at
2o = znll < llzo =z,

which shows that the sequence {||z¢p — .||} is nondecreasing.
On the other hand, from x,, = Py, xo, one has

(o — Tn, Ty —w) >0, Yw € Q. (2.1)

From Lemma 1.1, we have that Pp(7)zo is well defined. There exists a unique
p such that p = Pp(pyzo. It follows from (2.1) that

0< <I07In7$n7p>
= (To — Tn, Ty — To +To — P)

< —llzo — x| + llwo — 2allllzo — p,
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which yields that
[0 = zn|| < [lzo — pl|- (2.2)
It follows from (2.2) that the sequence {x,} is bounded. Therefore, we have
that lim, o |20 — @y || exists.
On the other hand, by the construction of @,, one has that @,, C @, and
ZTm = Pg,, x0 € Qp for any positive integer m > n. From (2.1), we have

(o — Tpy Ty — T) > 0. (2.3)
It follows that
|z — anQ = ||zm — 20 + 20 — $n|‘2
= |z — ol + [lzo — @nll® — 2{z0 — 0, w0 — ) (2.4)
<N = 2ol* = |20 = znl® = 2(z0 = @n, Tn — 2m) .
< Jlwm = zol* — [lzo — a1
Letting m,n — oo in (2.4), one has lim,, n—oo ||2n — Zm|| = 0, Ym > n. Hence,

{z} is a Cauchy sequence. Since H is a Hilbert space and C' is closed and
convex, one can assume that

z, > q€C asn— oo. (2.5)

Finally, we show that ¢ = Pp(1)®o. To end this, we first show ¢ € F(T'). By
taking m = n + 1 in (2.4), one arrives at

Jim [, — 2| = 0. (2.6)
Noticing that x,+1 = Pc,ng, %o € Cn, we obtain
an[l = (1 + D)ay]l|lzn = T @n|* < [0 — niallllyn — T"ynll + O
It follows from the assumptions on the control sequence {«,} and (2.6) that
lim |z, — T"z,|| = 0. (2.7)
Since T is a uniformly L-Lipschitz, one has
[2n = Tau| = |20 = zppr | + l2nsr = T e[| + 1T 2 = Ty |
+ |1 T, — Ty ||
< (L4 D)f|an = zngall + 20 = T @ || + LI T 2 — @0
It follows from (2.6) and (2.7) that
lim ||, — Tz,| = 0. (2.8)
Notice that
[Tzn =gl < llzn = Tenll + llg — 2l
From (2.5) and (2.8), one obtains

lim ||Tx, —q|| = 0.



422 C. WU AND S. Y. CHO

From the closedness of T, one has ¢ € F(T'). By using the definition of @,, and
noting the fact that F(T) C @, we have

(xo — Tp,Tn —w) >0, Ywe F(T) CQy. (2.9)
Letting n — oo in (2.9), one gets
(xo —q,q —w) >0, Ywe F(T)
In view of Lemma 1.2, one sees that ¢ = Pp(7)xo. This completes the proof. [J

Remark 2.2. Theorem 2.1 improves Theorem 3.5 of Zhou [18] from asymptot-
ically pseudo-contractive mappings to asymptotically quasi-pseudocontractive
mappings.

Remark 2.3. The hybrid monotone projection algorithm studied in this paper
is also different from Zhou [18]’s. We do not require that the mapping I — T is
demi-closed at zero.
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