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Abstract

The decode-and-forward cooperative communication protocol allows single-antenna users in wireless environments
to obtain the powerful benefits of multi-antenna systems without the need for physical arrays. Evaluating the
performance of this protocol through simulations is time-consuming and therefore, a need exists for an analytical BER
expression to serve as a reference. This paper proposed such an expression for coherently BPSK-modulated data.
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1. Introduction

Signal fading due to multi-path propagation is a serious
problem in wireless communications. Using a diversified
signal in which information related to the same data
appears in multiple time instances, frequencies, or ante-
nnas that are independently faded can reduce considerably
this effect of the channel™. Among well-known diver-
sity techniques, spatial diversity has received a great deal
of attention in recent years because of the feasibility of
deploying multiple antennas at both transmitter and re-
ceiver™, However, wireless mobiles may not be able to
support multiple antennas due to size or other cons-
traints”), so they may not be able to take advantage of
spatial diversity. To overcome this limitation, a new tech-
nique was born, called cooperative communications, which
allows single-antenna mobiles to gain some benefits of
transmit diversity. Among three basic cooperative proto-
cols®!, the decode-and-forward(DF) protocol demons-
trates the most reasonable trade-off between implemen-
tation complexity and BER performance.

However, until now, the performance measure for analy-
zing BER for DF has been limited to the outage pro-
babilitym. In [5], the authors investigated the feasibility
of using the DF protocol with BPSK for direct trans-
mission and QPSK for the relay scheme. However, they
only showed the upper bound of the BER expression. Thus,
our goal in this paper is to derive its closed-form BER
expression in the condition of a variance channel link.

. BER Expression Formulation

Consider a wireless network consisting of single-ante-

e

Fig. 1. A simple cooperation model.

nna terminals: a source(S), a relay(R) and a destination
(D). This study investigates all terminals equipped with
single-antenna transceivers and sharing the same fre-
quency band. In addition, to mitigate implementation com-
plexity, terminals do not transmit and receive signal at the
same time, since considerable attenuation over wireless
channels and insufficient electrical isolation between
transmit and receive circuitry make a terminal's trans-
mitted signal dominate the signals of other terminals at
its receiver input. Towards this end, channel allocation
based on the time-division approach is investigated.

Assuming that channels between terminals experience
independent slow frequency-flat Rayleigh fading, i.e.,
they are constant during an N-symbol block but change
independently to the next. Without loss of generality, we
only illustrate the analysis for the first symbol of each
block. In addition, we assume perfect channel-state infor-
mation at all the respective receivers but not at the
transmitters.

To capture the effect of path loss on BER performan-
ce, we use the same model as discussed in [5] where the
variance of ¢ is given by A ,=(ds/d ) Xd p/d )
with 4, and o, being the distance and the channel
coefficient between transmitter ; and receiver j, respec-
tively, and being the path loss exponent. For conve-
nience of presentation, we use discrete-time complex
equivalent base-band models to express all the signals.
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The DF protocol includes two phases. In the first
phase, S broadcasts a BPSK-modulated symbol "a" and
so, the signals received at Rand D are given by:

ysze’“sze\/ﬁa bn sk (1)
ysp=asVEsatng (2)

where denotes a signal received at the terminal ; from
the terminal ;, 4, is a zero-mean unit-variance com-
plex additive noise sample at the node ;, and E, is an
average bit energy of S.

At the end of this phase, R recovers the original data

by maximum likelihood(ML) decoding as:
“a= sign( Re(a* spy s)) (3)

Here, gign(,) is a sign function and Re(,) is a real
part.

In the second phase, the relay sends 7 to D with an
average bit energy FE, The signal arriving at D is of
the form

yRD:aRDVER&+nRD (4)

Now D combines the received signals from both
phases based on maximum ratio combining and then
detects the transmitted signat "a™:

“a=sign(Re(V E sax sy 5otV E pa* gpy gn) (5)
Using (2) and (4), we can rewrite (5) as
“a=sign((E sla o *a+E fa pl *2)+ n)

= sign((E sla gl *+ €E ga pil Ha+n) (6)

Here n=Re(V E sa* spn op+V E ga* pon zp) 1S @ Gau-
ssian r.v. with zeromean and variance (E g, .+ E g, 9)/%
given channel coefficients; = —1 means that the relay
made the wrong decision on the symbol "a" otherwise,
&= - 1.

Based on (6), the ML detection offers the minimum

error probability, conditioned on the channel coefficients
as

P.=Prl a=1la=-1]
= Prl—(E da o *+ E gla pd D+ n>01Prle=11+
Pr—(E da gl = E gla g) D+ n>01Prle=—1]
=P  (1- Prle=—1D+P,Prle=—~1] (7

The average BER can be found by averaging the
above over distributions of channel coefficients as

«I'D—QZ_PT;(I— Prle=—1D+ P, Prle=—1] (8)

Since Pr] ¢=-1] is the instantaneous error proba-
bility of the BPSK-modulated symbol over Rayleigh
fading channel S-R plus AWGN with zero mean and
unit variance, its average BER is easily established.

Rewrite the expression of P, in the explicit form

Pl Sl T

2 T E o o 9)

Rewrite the expression of p, in the explicit form

E: Prin> (E da 5 ‘+E rle rrl 2)]

= QW AE Ja ol "+ E glard D) (10)

Here (.) is a Q-function.

Let x=F dagd? and y=F fJg 5ol *. Since o, are
zero-mean complex Gaussian r.v.'s with variance 4 ,, «
and y have exponential distributions with mean values
of E A sp and E #A rp» that is, Fd0)=2 exp(—A )
and £ (y)=4A,exp(—1,y) where 2 =1/(E i) and
Ay=1/(E gd go)> ad x y>(; 7.(x), f,(y) are pdfs
of rv.s » and y, respectively.

Also, we denote w=x+y. The pdf of 4, hence, is
expressed as

7w = [ 707 (o=

- /i yA Yo ~-/LJ:/~__ . A -
= /.le/i,\f[g ¢ ] Ax Ay
bl ™w A.=A,=b (11)

Now we establish the BER according to two cases of
(10).

2-1 Case of A =] y
From (9), we have

Pa={ Om QW 2)b “we ™ "dw

=‘H1‘V T+L5>2(2+ %}Z) (12)

The last equality in (11) is taken from [9, (12)].
Also in this case, it is easy to see that

Po= Prl—(Edas) ~Eglapd H+m01=05 (13)

Substituting (8), (11), and (12) into (7), we obtain
P,

2-2 Case of } #2 )

In such a case, (9) is of the form
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P, = wa(@)—/ix_/‘—L[e T T

== _A fQ(@)A e M

—A.w
~/{—x_“;; j:Q(V 2w)d e dw

i T
- 2(Aj—vm>[1_\/ e (14)

If we let z=y4—y, then p » and p , are written as:

Py= PI’[_(ESIQ’ SD| 2_ER|¢1 RDl 2)+ 7>0]

~ Q(@)Pr[zzm +[1- Q(@)]ngm

And

Pa= PoPot+(1— PQ(1—Py) (16)

Considering the case of ;> in the sequel, we have
[6, (6-55)]

© —Ax
£ 4= [ ety pay=ALE—

At A, (17
So
P = Pr[z=0]= fowfz(z)d2=7% (18)
x ¥

Moreover, the pdf of ,—.? is easily found as [6,
(5-22)]

P A=y £ o) = A — (19)

Now we compute the pdf of ,=,/y as follows [6,
(6-60)]:

f = [ wf (wif (w)dw=

[ oL Ade M aa,
0 Zun AytA, A=Ay

[efllyw_ef/lxw] (20)

By changing the variable r=V 4 and using [7, (7) on
page 361], the above is reduced to

v’ﬂﬂ Fp—y

7l )—
“ £ — (A4 k\ﬂ o A IR k‘/Z)]dk 21)

Finally p, is given by:

Po= [ V20 (wdu=

68

/ez —A R A W

A_QZXLZLIQ(@)I Vi e du

7= kze —<Aka+Aka)dk
_aun )
=2 AL A )~ M 2] o)
The last equality in (16) is obtained from (A4) in the
Appendix.

Using (15) and (16), we find (14). In addition, from
(8), (13), and (14), we calculate the BER in (7).

II. Numerical Result

An asymmetrical network geometry is examined where
the relay is located on an S-D straight line. The direct
path length S-D is normalized to be 1. We also denote
d as the distance between S and R. For the case of the
symmetrical network, all distances between the two
terminals are set to 1. Additionally, we only consider
5=3 and g=1.

For a fair comparison, it is essential that the total energy
consumed by the cooperative system does not exceed
that of the corresponding direct transmission system.
Therefore, the total energy of power at the source and
the relay equals the power of direct transmission P o+
P r=P pieer -

We verify the accuracy of the BER expression in (7)
by comparison with Monte-Carlo simulations. The re-
sults are depicted in Fig. 1. We can see that the simu-
lation results match the analytical ones. This shows that
the theoretical BER expression is completely exact.

In the Fig. 2, 3, we give BER versus distance and
SNR. The smaller distance from the source to the relay,
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Fig. 2. BER comparison between theory and simulation.
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Fig. 3. BER vs distance of source relay destination.
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Fig. 4. The relationship among BER distance-SNR.

the better performance we can get from the system. It
1s also closed for both the theoretical value and the
simulated result.

IV. Conclusion

A closed-form BER expression for the decode-and-
forward cooperative communication protocol was esta-
blished. Its validity was demonstrated by a number of
Monte-Carlo simulations. This expression significantly con-
tributes to the performance evaluation of the decode-
and-forward protocol under different transmission condi-
tions, such as fading and path-loss, without time-consu-
ming simulations. Additionally, it can be employed in
optimum energy allocation for the relay and the source
in order to improve the BER performance.

Appendix

Applying [7, (7) on page 361 and (4} on page 880]
and {8, (14)], we obtain

ST S B ey
fg(«':‘,/?ljz):ﬁ} gle hEhleE

_‘/12\/2-+ ,lL_&éé/2+/11(.L+_L Tz‘t)
ST Uy 67 2° 23)
and

- Q28 -
fr,a0= | y

f \/_gZ ~Agt- Eé’dgde

=3 f erfc(\/z) Vf—f(s,/ll,/% 9)de
_,,_.]_ - g .,1_ el3i_..
=5 0, [Fe Hae s cen i g

By substituting (23) into (24) and changing the vari-
able [ =V g (24) is rewritten as

A - 1 —ap
fAyh)=" H "*z 5

“ / "A2L2/2+A,
2A2 A3

,_]__L‘“ﬁ??
(6*22 )

dL

(25)

Applying the results in [7, (2)-(3) on page 360], we
can compute (25) as

f(/l /12)’_ 2
134,
964%

A3+4A )

AN A

[ 124 (m(a%ml))
I +\ 7 o T
+\;_zr_ 124+ A5 120124, +4%)

A1 Bz 3A3t16R,
| F 768

\[ 1247
] « 164, + 4%
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