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On a New Hilbert-type Integral Inequality

Dongmei Xin
Department of Mathematics, Guangdong Institute of Education, Guangzhou, Guang-
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Abstract. By introducing a parameter and estimating the weight coefficient, we obtain

a new Hilbert-type integral inequality with a composite kernel and a best constant factor.

As applications,we also consider its equivalent forms and reverse forms.

1. Introduction

If f, g are non-negative real functions such that 0 <
∫∞
0

fp(t)dt < ∞ and
0 <

∫∞
0

gq(t)dt < ∞, then we have (see [1])

(1.1)
∫ ∞

0

∫ ∞

0

f(x)g(y)
max{x, y}

dxdy < pq

(∫ ∞

0

fp(t)dt

) 1
p
(∫ ∞

0

gq(t)dt

) 1
q

,

where the constant factor pq is the best possible. In 2004, by introducing a pa-
rameter λ (λ > 2−min{p, q}), Yang[2] gave a generalization of (1.1) with the best
constant factor as follows:
(1.2)∫ ∞

0

∫ ∞

0

f(x)g(y)
max{xλ, yλ}

dxdy < kλ(p)
(∫ ∞

0

t1−λfp(t)dt

) 1
p
(∫ ∞

0

t1−λgq(t)dt

) 1
q

,

where the constant factor kλ(p) =
pqλ

(p + λ− 2)(q + λ− 2)
is the best possible.

In 2005, Yang[3] gave a new Hilbert-type integral inequalities as follows: for
2−min{p, q} < λ < 1, we still have
(1.3)∫ ∞

0

∫ ∞

0

f(x)g(y)
|x− y|λ

dxdy < K̃λ(p)
(∫ ∞

0

x1−λfp(x)dx

) 1
p
(∫ ∞

0

x1−λgq(x)dx

) 1
q

,

where the constant factor K̃λ(p) = B(
p + λ− 2

p
, 1−λ)+B(

q + λ− 2
q

, 1−λ) is the

best possible. In 2006, Yang [4] built two new bilinear integral operator inequalities
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with composite as follows:

(1.4)
∫ ∞

0

∫ ∞

0

| x− y |λ−1

(max{x, y})λ
f(x)g(y)dxdy < k′λ(p) ‖ f ‖p‖ g ‖q,

(1.5)
∫ ∞

0

∫ ∞

0

| x− y |λ−1

(min{x, y})λ
f(x)g(y)dxdy < K ′

λ(p) ‖ f ‖p‖ g ‖q,

where the constant factor k′λ(p) = B

(
λ,

1
p

)
+B

(
λ,

1
q

)
and K ′

λ(p) = B

(
λ,

1
p
− λ

)
+

B

(
λ,

1
q
− λ

)
are the best possible.

The main objective of this paper is to give a new Hilbert integral inequality as
(1.5). As applications, we also consider the equivalent form and its reverse.

2. Some lemmas

First, we need the following formula of the β function (see[5]): for u, v > 0,

(2.1) B(u, v) =
∫ ∞

0

tu−1

(1 + t)u+v
dt =

∫ 1

0

(1− t)u−1tv−1dt =
∫ ∞

1

(t− 1)u−1

tu+v
dt.

Lemma 2.1. If p > 1,
1
p

+
1
q

= 1, r > 1,
1
r

+
1
s

= 1, 0 < λ <
1
2
, define the weight

function ωλ(s, x) as:

(2.2) ωλ(s, x) =
∫ ∞

0

(min{x, y})λ · xλ
r

|x− y|2λ
y−1+ λ

s dy, x ∈ (0,∞).

Then we have

(2.3) ωλ(s, x) = B(1− 2λ, (1 +
1
r
)λ) + B(1− 2λ, (1 +

1
s
)λ).

Proof. For fixed x, setting u =
y

x
in (2.2), we have

ωλ(s, x) =
∫ ∞

0

(min{1, u})λu−1+ λ
s

|u− 1|2λ
du

=
∫ 1

0

u−1+(1+ 1
s )λ

(1− u)2λ
du +

∫ ∞

1

u−1+ λ
s

(u− 1)2λ
du

=
∫ 1

0

(1− u)(1−2λ)−1u−1+(1+ 1
s )λdu +

∫ ∞

1

(u− 1)(1−2λ)−1

u(1−2λ)+(1+ 1
r )λ

du

= B(1− 2λ, (1 +
1
s
)λ) + B(1− 2λ, (1 +

1
r
)λ).
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Hence, (2.3) is valid and the lemma is proved. �

Note. By (2.3), we still have

(2.4) ωλ(r, y) = B(1− 2λ, (1 +
1
r
)λ) + B(1− 2λ, (1 +

1
s
)λ).

Lemma 2.2. If p > 1,
1
p

+
1
q

= 1, r > 1,
1
r

+
1
s

= 1, 0 < λ <
1
2
, and

0 < ε <
qλ(s + 1)

2s
, 0 < δ <

(s + 1)λ
2s

, then we have

(2.5) H :=
∫ ∞

1

x−1−ε

(∫ 1
x

0

u−1− ε
q +(1+ 1

s )λ

(1− u)2λ
du

)
dx = O(1).

Proof. For 0 < ε <
qλ(s + 1)

2s
, 0 < δ <

(s + 1)λ
2s

, by (2.1), we obtain

0 < H ≤
∫ ∞

1

x−1

(∫ 1
x

0

u−1− 1
q

qλ(s+1)
2s +(1+ 1

s )λ

(1− u)2λ
du

)
dx

=
∫ 1

0

u−1+
λ(s+1)

2s

(1− u)2λ
du

(∫ 1
u

1

x−1

)
dx

=
∫ 1

0

u−1+
λ(s+1)

2s

(1− u)2λ
(− lnu)du

=
∫ 1

0

(1− u)(1−2λ)−1u−1+
λ(s+1)

2s −δ(−uδ lnu)du.

Since f(u) = −uδ lnu is continuous in (0,1] and f(u) → 0 (u → 0+), there
exists L > 0, such that | −uδ lnu |≤ L, u ∈ [0, 1]. Then we have 0 < H ≤

LB(1− 2λ,
λ(s + 1)

2s
− δ). Hence, (2.5) is valid and the lemma is proved. �

Lemma 2.3. Suppose that p > 0, (p 6= 1),
1
p

+
1
q

= 1, r > 1,
1
r

+
1
s

= 1, 0 < λ <
1
2
,

and 0 < ε <
|q|λ
2

.

(1) If p > 1, then we have

I :=
∫ ∞

1

∫ ∞

1

(min{x, y})λx−1− ε
p + λ

r

|x− y|2λ
y−1− ε

q + λ
s dxdy

=
1
ε

[
B(1− 2λ, (1 +

1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)
]
−O(1);(2.6)
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(2) If 0 < p < 1, then we have

I :=
∫ ∞

1

∫ ∞

1

(min{x, y})λx−1− ε
p + λ

r

|x− y|2λ
y−1− ε

q + λ
s dxdy

≤ 1
ε

[
B(1− 2λ, (1 +

1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)
]

.(2.7)

Proof. (1) Setting u =
y

x
, by (2.1) and (2.5), we have

I =
∫ ∞

1

x−1−ε

(∫ ∞

1
x

(min{1, u})λu−1− ε
q + λ

s

|1− u|2λ
du

)
dx

=
∫ ∞

1

x−1−ε

(∫ 1

1
x

u−1− ε
q +(1+ 1

s )λ

(1− u)2λ
du

)
dx

+
∫ ∞

1

x−1−ε

(∫ ∞

1

(u− 1)(1−2λ)−1

u(1−2λ)+ ε
q +(1+ 1

r )λ
du

)
dx

=
1
ε

∫ 1

0

(1− u)(1−2λ)−1u(1+ 1
s )λ− ε

q−1du

−
∫ ∞

1

x−1−ε

(∫ 1
x

0

u−1− ε
q +(1+ 1

s )λ

(1− u)2λ
du

)
dx +

1
ε
B(1− 2λ,

ε

q
+ (1 +

1
r
)λ)

=
1
ε

[
B(1− 2λ, (1 +

1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)
]
−O(1).

(2)Setting u =
y

x
, by (2.1), we have

I ≤
∫ ∞

1

x−1−ε

(∫ ∞

0

(min{1, u})λu−1− ε
q + λ

s

|1− u|2λ
du

)
dx

=
∫ ∞

1

x−1−ε

(∫ 1

0

(1− u)(1−2λ)−1u(1+ 1
s )λ− ε

q−1du

)
dx

+
∫ ∞

1

x−1−ε

(∫ ∞

1

(u− 1)(1−2λ)−1

u(1−2λ)+ ε
q +(1+ 1

r )λ
du

)
dx

=
1
ε

[
B(1− 2λ, (1 +

1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)
]

.

Hence the lemma is proved. �

3. Main results and applications

Theorem 3.1. If p > 1,
1
p

+
1
q

= 1, r > 1,
1
r

+
1
s

= 1, 0 < λ <
1
2
, f, g ≥ 0 such
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that 0 <
∫∞
0

xp(1−λ
r )−1fp(x)dx < ∞ and 0 <

∫∞
0

xq(1−λ
s )−1gq(x)dx < ∞, then we

have the following equivalent inequalities:∫ ∞

0

∫ ∞

0

(min{x, y})λf(x)g(y)
|x− y|2λ

dxdy

< kλ(r)
{∫ ∞

0

xp(1−λ
r )−1fp(x)dx

} 1
p
{∫ ∞

0

xq(1−λ
s )−1gq(x)dx

} 1
q

;(3.1) ∫ ∞

0

y
pλ
s −1

(∫ ∞

0

(min{x, y})λf(x)
|x− y|2λ

dx

)p

dy < kp
λ(r)

∫ ∞

0

xp(1−λ
r )−1fp(x)dx,(3.2)

where the constant factor kλ(r) = B(1 − 2λ, (1 +
1
s
)λ) + B(1 − 2λ, (1 +

1
r
)λ) and

kp
λ(r) are the best possible.

Proof. By Hölder’s inequality and Lemma 2.1, we have∫ ∞

0

∫ ∞

0

(min{x, y})λf(x)g(y)
|x− y|2λ

dxdy

=
∫ ∞

0

∫ ∞

0

(min{x, y})λ

|x− y|2λ
·

[
x(1−λ

r )/q

y(1−λ
s )/p

f(x)

]
·

[
y(1−λ

s )/p

x(1−λ
r )/q

g(y)

]
dxdy

≤

{∫ ∞

0

∫ ∞

0

[
(min{x, y})λ

|x− y|2λ
· x

λ
r

y(1−λ
s )

dy

]
xp(1−λ

r )−1fp(x)dx

} 1
p

×

{∫ ∞

0

∫ ∞

0

[
(min{x, y})λ

|x− y|2λ
· y

λ
s

x(1−λ
r )

dx

]
yq(1−λ

s )−1gq(y)dy

} 1
q

=
{∫ ∞

0

ωλ(s, x)xp(1−λ
r )−1fp(x)dx

} 1
p
{∫ ∞

0

ωλ(r, y)yq(1−λ
s )−1gq(y)dy

} 1
q

.(3.3)

If (3.3) takes the form of equality, then there exists constants A and B, such that
they are not all zero and (see [6])

A
x(p−1)(1−λ

r )

y1−λ
s

fp(x) = B
y(q−1)(1−λ

s )

x1−λ
r

gq(y), a.e. in (0,∞)× (0,∞).

We find that Ax · xp(1−λ
r )−1fp(x) = By · yq(1−λ

s )−1gq(y), a.e. in (0,∞) × (0,∞).
Hence there exists a constant C, such that

Ax · xp(1−λ
r )−1fp(x) = C = By · yq(1−λ

s )−1gq(y), a.e. in (0,∞).

Without loss of generality, suppose that A 6= 0, we may get xp(1−λ
r )−1fp(x) =

C/(Ax), a.e. in (0,∞), which contradicts 0 <
∫∞
0

xp(1−λ
r )−1fp(x)dx < ∞. Hence
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(3.3) takes a strict inequality. In view of (2.3) and (2.4), we have (3.1). For ε > 0

small enough
(
ε <

|q|λ
2
)
, setting fε and gε as:

fε(x) = gε(x) = 0, x ∈ (0, 1); fε = x−1− ε
p + λ

r , gε = x−1− ε
q + λ

s , x ∈ [1,∞).

If there exists a positive constant K with K ≤ Kλ(r), such that (3.1) is still valid
when we replace kλ(r) by K, then by (2.6), we have

B(1− 2λ, (1 +
1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)− o(1)

= ε

∫ ∞

0

∫ ∞

0

(min{x, y})λfε(x)gε(y)
|x− y|2λ

dxdy

< εK

{∫ ∞

0

xp(1−λ
r )−1fp

ε (x)dx

} 1
p
{∫ ∞

0

xq(1−λ
s )−1gq

ε(x)dx

} 1
q

= K.

For ε → 0+, it follows that kλ(r) ≤ K. Hence the constant factor K = kλ(r) in
(3.1) is the best possible. For x > 0, setting a bounded measurable function [f(x)]n
as:

[f(x)]n =
{

f(x), f(x) < n;
n, f(x) ≥ n.

by the condition of 0 <
∫∞
0

xp(1−λ
r )−1fp(x)dx < ∞, there exists n0 ∈ N , such that

for n ≥ n0,
∫ n

1
n

xp(1−λ
r )−1[f(x)]pndx > 0. Setting

gn(y) = y
pλ
s −1

(∫ n

1
n

(min{x, y})λ[f(x)]n
|x− y|2λ

dx

)p−1

(
1
n

< y ≤ n;n ≥ n0),

by (3.1), we have

0 <

[∫ n

1
n

yq(1−λ
s )−1gq

n(y)dy

]p

=

[∫ n

1
n

y
pλ
s −1

(
(min{x, y})λ[f(x)]n

|x− y|2λ
dx

)p

dy

]p

=

[∫ n

1
n

∫ n

1
n

(min{x, y})λ[f(x)]ngn(y)
|x− y|2λ

dxdy

]p

< kp
λ(r)

{∫ n

1
n

xp(1−λ
r )−1[f(x)]pndx

}{∫ n

1
n

yq(1−λ
s )−1gq

n(y)dy

}p−1

< ∞.(3.4)

(3.5) 0 <

∫ n

1
n

yq(1−λ
s )−1gq

n(y)dy < kp
λ(r)

∫ ∞

0

xp(1−λ
r )−1fp(x)dx < ∞.
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Hence 0 <
∫∞
0

yq(1−λ
s )−1gq

∞(y)dy < ∞, by using (3.1), for n → ∞, both (3.4) and
(3.5) still take the forms of strict inequalities, and we have (3.2). On the other
hand, suppose (3.2) is valid. By Hölder’s inequality, we have∫ ∞

0

∫ ∞

0

(min{x, y})λf(x)g(y)
|x− y|2λ

dxdy

=
∫ ∞

0

(
y

λ
s −

1
p

∫ ∞

0

(min{x, y})λf(x)
|x− y|2λ

dx

)(
y−

λ
s + 1

p gq(y)
)

dy

≤
{∫ ∞

0

y
pλ
s −1

(
(min{x, y})λf(x)

|x− y|2λ
dx

)p

dy

} 1
p
{∫ ∞

0

yq(1−λ
s )−1gq(y)dy

} 1
q

.(3.6)

Then by(3.2), we have (3.1). Hence (3.1) and (3.2) are equivalent. If the constant
factor in (3.2) is not the best possible, then by (3.6), we may get a contradiction
that the constant factor in (3.1) is not the best possible. Hence the theorem is
proved. �

Theorem 3.2. If 0 < p < 1,
1
p

+
1
q

= 1, r > 1,
1
r

+
1
s

= 1, 0 < λ <
1
2
, f, g ≥ 0,

such that 0 <
∫∞
0

xp(1−λ
r )−1fp(x)dx < ∞, 0 <

∫∞
0

xq(1−λ
s )−1gq(x)dx < ∞, then we

have the following equivalent inequalities:

I =
∫ ∞

0

∫ ∞

0

(min{x, y})λf(x)g(y)
|x− y|2λ

dxdy

> kλ(r)
{∫ ∞

0

xp(1−λ
r )−1fp(x)dx

} 1
p
{∫ ∞

0

xq(1−λ
s )−1gq(x)dx

} 1
q

,(3.7)

J :=
∫ ∞

0

y
pλ
s −1

(
(min{x, y})λf(x)

|x− y|2λ
dx

)p

dy > kp
λ(r)

∫ ∞

0

xp(1−λ
r )−1fp(x)dx,(3.8)

L :=
∫ ∞

0

x
qλ
r −1

(
(min{x, y})λg(y)

|x− y|2λ
dy

)q

dx < kq
λ(r)

∫ ∞

0

yq(1−λ
s )−1gq(y)dy,(3.9)

where the constant factor kλ(r) = B(1 − 2λ, (1 +
1
s
)λ) + B(1 − 2λ, (1 +

1
r
)λ) and

kp
λ(r), kq

λ(r) are the best possible.

Proof. By the reverse Hölder’s inequality, similar to the proof of (3.1), we have (3.7).
We conform that J > 0. If J = ∞, then (3.8) is naturally valid; if 0 < J < ∞,

setting g(y) =
(

(min{x,y})λf(x)
|x−y|2λ dx

)p−1

(y > 0), then by (3.7), we have

∞ >

∫ ∞

0

yq(1−λ
s )−1gq(y)dy = J = I

> kλ(r)
{∫ ∞

0

xp(1−λ
r )−1fp(x)dx

} 1
p
{∫ ∞

0

yq(1−λ
s )−1gq(y)dy

} 1
q

> 0∫ ∞

0

yq(1−λ
s )−1gq(y)dy = J >

∫ ∞

0

kp
λ(r)xp(1−λ

r )−1fp(x)dx.
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Hence we have (3.8). On the other hand, by the reverse Hölder’s inequality, we
have the reverse of (3.6), and then by (3.8), we obtain (3.7). Hence (3.7) and (3.8)
are equivalent.

For ε > 0 small enough
(
ε <

|q|λ
2
)
, setting fε and gε as:

fε(x) = gε(x) = 0, x ∈ (0, 1); fε = x−1− ε
p + λ

r , gε = x−1− ε
q + λ

s , x ∈ [1,∞).

If there exists a constant K with K ≥ kλ(r), such that (3.7) is still valid when we
replace kλ(r) by K, then by (2.7), we have

B(1− 2λ, (1 +
1
s
)λ− ε

q
) + B(1− 2λ, (1 +

1
r
)λ +

ε

q
)

≥ ε

∫ ∞

0

∫ ∞

0

(min{x, y})λfε(x)gε(y)
|x− y|2λ

dxdy

> εK

{∫ ∞

0

xp(1−λ
r )−1fp

ε (x)dx

} 1
p
{∫ ∞

0

xq(1−λ
s )−1gq

ε(x)dx

} 1
q

= K.

For ε → 0+, it follows that kλ(r) ≥ K. Hence the constant factor K = kλ(r) in
(3.7) is the best possible. By the reverse of (3.6), the constant factor of (3.8) is also
the best possible. For y > 0, n ∈ N , setting

[g(y)]n

 n, g(y) > n;
g(y), 1

n ≤ g(y) ≤ n;
1
n , g(y) < 1

n .

by the condition of 0 <
∫∞
0

yq(1−λ
s )−1gq(y)dy < ∞, there exists n0 ∈ N , such that

for n ≥ n0, 0 <
∫ n

1
n

yq(1−λ
s )−1[g(y)]qndy > 0. Setting

fn(x) = x
qλ
r −1

(∫ n

1
n

(min{x, y})λ[g(y)]n
|x− y|2λ

dy

)q−1

, (
1
n

< x ≤ n;n ≥ n0),

by (3.7) and in view of q < 0, we have

∞ >

[∫ n

1
n

xp(1−λ
r )−1fp

n(x)dx

]q

=

[∫ n

1
n

x
qλ
r −1

(
(min{x, y})λ[g(y)]n

|x− y|2λ
dy

)q

dx

]q

=

[∫ n

1
n

∫ n

1
n

(min{x, y})λfn(x)[g(y)]n
|x− y|2λ

dxdy

]q

>

kq
λ(r)

{∫ n

1
n

xp(1−λ
r )−1fp

n(x)dx

}q−1{∫ n

1
n

yq(1−λ
s )−1[g(y)]qndy

}
> 0.(3.10)

(3.11) 0 <

∫ n

1
n

xp(1−λ
r )−1fp

n(x)dx < kq
λ(r)

∫ ∞

0

yq(1−λ
s )−1gq(y)dy < ∞.
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Hence 0 <
∫∞
0

xp(1−λ
r )−1fp

∞(x)dx < ∞, by using (3.7), for n →∞, both (3.10) and
(3.11) still take the forms of strict inequalities, and we have (3.9).
On the other hand,suppose that (3.9) is valid. By the reverse Hölder’s inequality,
we have

I =
∫ ∞

0

(
x−

λ
r + 1

q f(x)
)(

x
λ
r −

1
q

∫ ∞

0

(min{x, y})λg(y)
|x− y|2λ

dy

)
dx

≥
{∫ ∞

0

xp(1−λ
r )−1fp

n(x)dx

} 1
p
{∫ ∞

0

x
qλ
r −1

(
(min{x, y})λg(y)

|x− y|2λ
dy

)q

dx

} 1
q

.(3.12)

Then by(3.9) and q < 0, we have (3.7). Hence (3.7) and (3.9) are equivalent. If
the constant factor in (3.9) is not the best possible, then by (3.12), we may get a
contradiction that the constant factor in (3.7) is not the best possible. Thus the
theorem is proved. �

Remark 3.3. Inequality (3.7), (3.8) and (3.9) are equivalent.
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