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ABSTRACT. In the present paper, we introduce and investigate a new subclass of multi-
valent functions associated with the Cho-Kwon-Srivastava operator 7, (a,c). Such results
as inclusion relationships, convolution properties and criteria for starlikeness are proved.
Relevant connections of the results presented here with those obtained in earlier works are
also pointed out.

1. Introduction and preliminaries
Let A(p) denote the class of functions f normalized by

f(z):zp+2ap+kzp+k (peN:={1,2,3-1}),
k=1

which are analytic and p-valent in the open unit disc
U:={z: 2€C and |2z] <1}
For simplicity, we write
A(l) =: A.

For two functions f and g, analytic in U, we say that the function f(z) is
subordinate to ¢g(z) in U, and write

f(z) <g(z)  (z€0),
if there exists a Schwarz function w(z), which is analytic in U with

w(0)=0 and |w(z)]<1 (2€0)

* Corresponding author.

Received 11 March 2008; revised 24 June 2008; accepted 3 June 2008.

2000 Mathematics Subject Classification: 30C45, 30C80.

Key words and phrases: Cho-Kwon-Srivastava operator, differential subordination,
Hadamard product (or convolution), starlike and convex functions.

265



266 R. Aghalary and Zhi-Gang Wang

such that
f(z)=g(w(z)) (z€0).
Indeed it is known that

f(z) <g9(z) (€U) = f(0) =9(0) and f(U) Cg(U).

Furthermore, if the function g is univalent in U, then we have the following equiv-
alence:
f(z) <g9(z) (z€U) <« f(0)=9(0) and f(U)C g(U).
A function f € A(p) is said to be in the class S;(a), the space of p-valently
starlike functions of order «,0 < a < p, if and only if it satisfies the following
inequality:

%(ZJ{;S)) > o (z € U).

For p =1, we write
Si(a) =: §*(a).
A function f € A(p) is said to be in the class Kp(a) of all p-valently convex

functions of order o, 0 < a < p, if and only if

2f o

? S Sp (OZ)
As usual, for p = 1,K1(0) =: K denote the family of all convex functions in U. Also
a function f € A is said to be strongly starlike of order 3,3 > 0, if and only if it
satisfies the following subordination condition:

ZJJ:;S) < Gti)ﬂ (z € 1),

and is denoted by S(3).
For functions f;(z) € A(p), given by

(1.1) fi(z) = 2"+ Zap+k,jzp+k (J=12),
k=1
we define the Hadamard product (or convolution) of f1(z) and f2(z) by

oo

(1.2) (fr* f2)(2) = 2"+ appraapre 2z’ = (f2x f1)(2).

k=1

In terms of the Pochhamer symbol (or the shifted function) (k),,k € R, given
by
1, (n=0);
(k) =
kE(k+1)(k+2)---(k+n—-1), (neN),
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we now define a function ¢,(a;c; z) by

a;c; z) = 2P 3 %zm'k
(13) ¢P( 1 ) +; (C)k

(aeR; ceR\Zy; Zy :={0,—-1,-2,---}; 2 ).

Corresponding to the function ¢,(a;c;z) given by (1.3), we consider a linear
operator:

Ly(a,c)f(z) : Ap — Ap
which is defined by means of the following Hadamard product (or convolution):
(1.4) Ly(a, ) f(2) == ¢pla,ci2) x f(2)  (f € Ay),
It is easily seen from (1.3) and (1.4) that
2 (Lp(a, ) f(2)) = al(a,c)f(2) = (a = p)L(a,c) f(2),

we also note that

and

Ly(n+p,1)f(z) =D"""71f(z)  (n>-p),
where, in the special case, when
p=1 and neNy (Ng:=NuU{0}),

D™ can be identified with the Ruscheweyh derivative of order n, (see, for details,
[6]). With the aid of the function ¢,(a;c; z) defined by (1.3), we here consider a
function zi);}(a, ¢; z) given by the following convolution:

2P

opla,c; z) * qb;(a, ¢ z)= m

<)\ > _p)7
which leads us to the following family of linear operators:
(1.5) o (a,0)f(2) := ¢ (a, ¢ 2) * f(2)

(a,c e R\Zy; A>—p; z€U; feA).
It is readily verified from the definition (1.5) that

(1.6) () (a+1,0)f(2)) = arp(a,0) f(2) — (a = p)7(a + 1,) f(2),
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and

(1.7) (1 (a,0)f(2)) = A+ p)7p Ha, 0)f(2) = A1y (a, €) f(2).

Also by definition and specializing the parameters \, a, ¢, we obtain

(18) Aot L)) = f(2), e )f() = Zf;jz),
(1.9) a,a)f(z) = DY) (n> —p),
and

T+ p+L1f(2) = Fup(f)z) (k> -p),

where F), , denote a familiar integral operator defined by (2.4) below (see Section

2). In recent years, the operator Tzf‘(am) was studied by many authors (see, for

details, Cho et al. [2], Patel [4], Aghalary [1] and Sokétand Trojnar-Spelina [7]).
Making Use of the Cho-Kwon-Srivastava operator 7 (a, ¢), we now define a new

p
subclass of A, as follows.

Definition 1.1. For fixed parameters, p > 0, and o € C — {0}, with a > 0, we
say that a function f € A, is in the class Ré‘vc(p, a, ) if it satisfies the following
subordination condition:

(a0 f(2)  az(r)(ac)f(2))

_ p =
(1.10) (1-a) o + » o <1+ pz.

The object of the present paper is to obtain several inclusion relationships and
other interesting properties of functions belonging to the subclass Rfl‘yc(p, a, ). By
using the method of differential subordination, some mapping properties involving

A

the Cho-Kwon-Srivastava operator 7, (a, c) are also investigated.

In order to prove our main results, we shall require the following lemmas.

Lemma 1.1(Hallenbeck and Rusheweyh [3]). Let h(z) be analytic and convex
univalent in the unit disk U with h(0) = a,c # 0 ,R(c) > 0. Also let

g(Z) =a+by2" + bn+lzn+1 + -
be analytic in U. If

(1.11) g(2) + 29 (» € U),
then

(1.12) 9(2) <Y(2) = — /O tG= () dt < h(z) (z € V).
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and the function ¥ is convex and is the best dominant of (1.11).
Lemma 1.2(Ruscheweyh and Stankiewicz [5]). If f,g are analytic and F,G € K
such that f < F, g <G, then fxg<F xGQG.
2. Main results
We begin by stating our first result given by Theorem 2.1 below.

Theorem 2.1. Leta >0, 0 £a € C, A > —p and R(a) > 0. Then
(1) The inclusion Ry .(p, a, 1) C R} .(p, o1, 1) holds whenever ,oq € C,R(ay) >

0, and p1 1s defined by p = Lal <p|oz—oq| + |a1|>.
o]\l 5] .
(2) The inclusion R} .(p,a, ) C Ry, (p, e, 1) holds whenever p = p 1
e ; 0

(3) If fl € Ré,c(p? alnu/l) and f2 € R()J,\,C(p7 a2a/~’/2)7 then F(Z) = TI?((L + 130)(.](.1 *
f2)(2) € R} (p,0n,p11), whenever 0 # a; € C,R(ay) > 0,(j = 1,2), and

_ loa +pl(a+1)

[— ap .

Proof. We first prove (1). Let

0 < peo

7 (a,)f(2)

for f € R} .(p,a, 1), then p(z) is analytic in U and

a,c

7 (a,0)f(2) = 2"p(2).
By taking the derivative in the both sides of the above equation, we obtain

T (a,0)f(z)  az(t)(ac)f(2)) @
2(0,0f() | a2 @,0)f(2) = () + Sap (),

(2.1) (1-a)

Since f € R} .(p,, 1), Lemma 1.1 and (2.1) implies that

zP D 2P

A
T, )
2a0fC) L m
zP a+p
We now consider the identity
™ a,c)f(z z2(tMa, ) f(2))
. l(l_al) 2@ OIE) | o 25 Zp)f( ) _1]
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which holds for all @ and «a;. It follows that

A \ )
(1—041)W+O;W_1

a—
§u<p|1|+|a1|),
la| \ o+ p]

and the desired inclusion relationship is clear.
(2) Let f € R .(p, v, ) and

Ma o) f(z
T(+L)ﬂ)+

ZT)\CL ,C 2)Y
q(z) = (1 —a)- (7 (a+1,0)f( ))

«
2P D 2P

Using (1.6) and by taking derivative of (1.6), we obtain
) _ RS | a ey

e}
a zP P zP

(2.2) q(z) +

By applying Lemma 1.1 to (2.2), we can write

q(z)

T lz.
Thus

a
fER <p7a MH)

a
The estimate p ) cannot be improved in general.
a

A
O)F
(3) Let fj € Ry .(p, o, p5) (j =1,2) and ¢(z) = M. Noting that

zp

™Ma,0)F(2) z(TIf‘(a, c)F(z))

(1-a)F———+— -
z D z
=6(2) + %zwz)
:(b(Z) * ¢a1717(z>
_p@OhE) Bt Lok, e
T , Ma + 1,
_Tpla 2f1(z> ¢ Gon p(2) 5 2 (a ch)fz(z)»

where

SRR AR
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By assumption and using Lemma 1.1, we observe that
(2.3)
7 (a,0) f1(2)

A
T a—i—l,ci z aplop
. p( )2() 1 M2

*Po, p(2) < 1+ 1z and [P
Pay p(2) 1 P (a+1)(az+p)

Since the functions 1 4+ 2z and 1+ WP, are convex in U, by applying
(a+1)(az +p)
Lemma 1.2 to (2.3), we conclude the desired result. O

Upon setting a = p = A = ¢ =1 in the third part of Theorem 2.1, we arrive at
the following result.

Corollary 2.1. Let 0 # a; € C, R(a;) > 0 (j = 1,2) and the functions f;(z) €
A (j = 1,2) satisfy the following subordination:

fi(2) +azzfi(2) <=1+ 2z (5=1,2),
then

(fi = f2)'(2) + nz(fi+ f2)"(2) < 1+ mz,

whenever s < 2|as + 1.
Theorem 2.2. Leta >0, 0 # a € C, R(a) >0, f € R, .(p,o, 1) and

(a+1)|a + p|sin 50

0<p< .
"= /Tt 2a(a + 1)(1 + cos 20)

Then

7 (a, ) f(2)

2atLof@)]| "

0, (0<d<1).

o

’arg

Proof. By Lemma 1.1 and Theorem 2.1, we obtain

A
™Ma,c)f(z .
argp(i)f() < arcsin —2
2P |a + p
and
A
TMa+1,¢)f(z
arg —p( /) < arcsin Hap

P (a+Dla+pl
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Thus, we have

7 (a,0)f(2)
arg —

T]f‘(a +1,¢)f(2)
) (a+1,0)f(2)

2P

7 (a,0)f(2)

<
arg o

+ |arg

(a+1)sin 56
V1+2a(a+1)(1+ cos50)
asin 54
V/1+2a(a+1)(1+ cos 50)

< arcsin

+ arcsin

J.

T
2
This completes the proof of Theorem 2.2. |

Upon setting a = p = A = ¢ = 1 in Theorem 2.2, and using Corollary 2.1, we
get the following result.

Corollary 2.2. Let 0 # a; € C, R(a;) > 0 (j = 1,2) and the functions f;(z) €
A (§ = 1,2) satisfy the following subordination:

fi(2) +ajzfi(z) < 1+ pz (j=1,2),

then
f1x fa € 8(9),

where 0 < 6 < 1 and other parameters are related to the inequality

Haf2 < 451“(%6)

a0+ el = 5 seon(m)

For a function f(z) € A,, the integral operator F), , : A, — A, is defined by

0<

A

(2.4) Fup(f)(z) = AP / (e

— K+
= (zp + uljrpﬁkzp—%) * f(z) (u>-p; z€U).
k=1

Theorem 2.3. If f € R} .(p, o, M), then the function F,,(f) defined by (2.4)
pt+p
belongs to the class R) .(p, o, M), where My = M ———— .
g a,c(p 1) 1 1 _|_p+1

Proof. 1t follows from (1.6) and (2.5) that

(2.5) () (a, ) Fup()(2)) = (n+ )77 (a,) f(2) = iy (a, €) Fup () (2).-
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We now put

T (a, ) Fup(£)(2) N gz(Tg(a,C)Fu,p(f)(z))/.

(26)  p(x)=(1-a) B ; ~

Using (2.6) and the differentiation of (2.4), we find that

™Ma, o) f(2)  az(t)Ma,c)f(2)) 2¢/(2)
2.7 1—a)2— ——r = .
N e o)+ 252
Since f € R27c(p, a, M), by virtue of (2.8), we have
/
)+ 223 gy
Thus, by Lemma 1.1, we get
n+p
Z) <14+ M—-—2.
#(2) p+p+1
We thus complete the proof of Theorem 2.3. O

By putting a = p = A = ¢ = 1 in Theorems 2.2 and 2.3, we deduce the following
consequence.

Corollary 2.3. Let 0 # a € C, R(a) > 0 and the function f(z) € A satisfy the
following subordination
) +azf’(z) <1+ Mz,
then
Fua1(f)(z) € 8(9),

p+2  2sin(%)

ptl 5+4cos(%‘5)

where M <

1 1
Theorem 2.4. Let 0 # a € C, §R(a) > 5 0<pup<|af(l+ ?R(g)), 0 < mla| <
1+ R(a) and f € R} .(p, o, ). Then

a,c

2(1y(a,0)f(2))’ ‘ ppllal(X+R(E)) +pl

I

aof(z) el (1 +R(E)) — up)’

and

)

A a+1L0)f(2) | mia|ll +R(a) + |a]
a+1,¢)f(2) 1+ R(a) — mla|
where up

AT Y]
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Proof. Assume that f € A, satisfies the condition (1.10). By setting

Ma, ) f(z
o(z) = T2 Zp)f( ),

and by (1.10), we have

(2.8) p(z) + %zp’(z) =1+ pw(z),

where w € B. After some algebraic calculations, from (2.8), we obtain

1 [eS)
o p 2_1q _ p 1 n
(2.9) p(z) =1+ ua/o te " w(tz)dt =1+ wo nz::l . gwnz .
where -
w(z) = anz”
n=1
It follows that
(ep(z)) =1+ p2 ST 2L
p - ‘uOé — n + pn
— 1 p
=1+ uB S wn2" + /Jp <w(z) - g/ talw(tz)dt> .
a—=n + 5 a Jy
In particular,
P p [l
(2.10) 2p'(2) = p= <w(z) - —/ talw(tz)dt>
« a Jo
and therefore, from (2.9) and (2.10), we get
zp'(2)| _ ppllel(1+R(E)) +p)
p(z) | lalllal(T+R(5)) — ppl”

or equivalently

@AfE) | ppllal(l+ RE) +p)
(@, 0 f(2) [alllal(1+ R(Z)) — ppl”

For proving the second inequality, by setting

. pp (2) = m(a+1,0)f(2)
TRy YT Iz
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and making use of (2.10) and (1.6), we can write
(2.11) 2p(2) + ap1(2) = a + maw (2)

where wy(z) € B. After some similar computations as above, it follows that

1
p1(z) =1+ ma/ t2 twy (t2)dt,
0

and
2p1(2) = ma <w1 (2) — a/ol t* L (tz)dt> .
Hence
1 / lal
)| 2 1= mlel g )] < mlal (14 55
and the desired conclusion follows from the above inequalities. O

Upon setting a = p = A = ¢ = 1 in Theorems 2.4, we get the following conse-
quence.

Corollary 2.4. Let 0 < a < 1,0 < u < 1 and function f(z) € A satisfy the
following subordination

) +azf’(z) <1+ pz,

then
2f"(2) o+ 2]
7o) | S alavi—a
and
() ’ 30
1) Nt D) —p

1 1
Theorem 2.5. Let 0 #a € C, R(=) > —= and 0 <y < 1. If f € R) .(p, v, 1),
a p ’

then 7 (a, c) f(z) € S*(v) whenever u satisfies the inequality

p

(P =N +pR(@))
plaf + 2 4 1+ (p =)ol

|

(2.12) 0<p<

Proof. Let
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in view of the representations (2.9) and (2.10), we have
(2.13)

1 (zp’(z) N _7> - 1 ug (w(z) - §f01 t%lw(tz)dt)

p—7\ p(z) -7 1+ p L LBtz at
«

+p_’y )

where w € B. We need to show that 7'];\ (a,c¢)f(z) € S*(y). But according to a well
known result obtained in [6], and in view of equality

p
= + D,
e @Ol
it suffices to show that
1 /
— (Zp ) —|—p—'y> £ _iT, TeR.
p—7\ p(z)

However, by (2.13), it can be easily seen that this is equivalent to verify that

“{a(p - Wf(l T {w(z) - Z/Ol tilw(tz)dt] + g /01 tilw(tz)dt} £ 1.

Now, if we let

M= sup
TER, weB

T {”(z) B Z/Oltglw(tz)dt] +Z/01f51w(tZ)dt‘-

Then, in view of the rotation invariance of B, 7,\(a,c)f(z) € 8*(v), if uM < 1.

Now, for ®(—) > —R(—), we observe that

1 1
@ p
0

1
p p 2_q p
M<—— |w(z) — f/ ta w(tz)dt‘ + —
IaI(pv)’ a o o]

1
/ ts_lw(tz)dt‘

p p p
= laf(p =) (1 el + WS))) T a0+ R(E))
_p (ol +R(E)) +1+ (@ —)lal)
la?2(p — (1 +R(E)) ’

which shows that

(1 +R(E)) + 1+ (p—)lel)
lal?(p— 7)1+ R(E))
A

Therefore, 7,)(a, c) f(z) € S*(v), whenever uM < 1. The desired conclusion follows

from the hypotheses. O

Yt
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Puttinga =2, =1, c=1, p=1landa=1, A=1, c=1, p=1 in Theorem
2.5, we get the following results.

1
Corollary 2.5. Let 0 #a € C, R(—) > -1 and 0 <y < 1. If f € A satisfies the
e
condition:
(1- a)@ +af(z) <1+ pz,
where
T o+ 2 14 (1= )

then f € S*(v).

1
Corollary 2.6. Let 0 # a € C, ?R(a) >—1and 0 <y < 1. If f € A satisfies the
condition:
f'(2) +azf"(z) < 1+ pa,

and p satisfy (2.14), then zf' € S*(v).

1

Corollary 2.7. Let 0 £a € C, R(—) > -1 and 0 <y < 1. If f € A satisfies the
a

condition:

(1—aﬂgﬁ+af@)<1+Mz
where
(2.15) 0< M < 2w =) (laf + R(a)
T A+l + 5+ 1+ (1= )lal)

then F,,1(f) € S*(v).

Theorem 2.6. Let >0, a >0, 0<y <1 and f € Rfl‘,c(p,a,u). If 1 satisfies
the following conditions:

41 =&+ D(a+ Da
pU§+U@+ﬂ)+%aﬂ—2w+2+4d%”ﬁ%]

, (0<a<oo; a#lb);

O0<p<
4(1—v)(a+1)2

a[(1+ )2 +2p(1 = 29) + 2+ dae =5

(a=

).

SRS

then

™ a,c)f(z
(2.16) %<@&&3§&@>>%
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T (a,0)f(2)

A
Proof. Let p(z) = ————— and pi1(z) = Hla+1,9/()

In view of the

2P 2D
representation (2.10), we have
p [t
(2.17) p(z) =1+ u—/ te"tw(tz)dt.
@ Jo

Using the identity (2.17) in (1.6) and carrying out Lemma 1.2 in the resulting
equation, we deduce that

R PR p..
1+ap—ao<f0(t L &= (tz)dt, (a#a),

Kp 1 a—1 1
1 — t log sw(tz)dt = =).
+aa fo og sw(tz)dt, (a

We need to consider the two cases a = £ and a # £. Using the last two equations,
we see that for o # 2,

1 z 1 L+u2 LtElw(tz)dt
e (e ) ( e )
v \pi(z 7\ 1+ a2 [t — tE-T)w(tz)dt

For proving (2.16), it suffices to show that

(g e rex

But, by (2.18), it can be easily seen that this is equivalent to verify that

Sl [ Grlt gyt ) st £

which is same as

1
L P £-1 a—1
) - 2y — 1))t5 ! — aa(2y — 1)t t2)dt
2 a(p—aa)(l—7) {/0 [(P aa + ac(2y — 1)) aa(2y —1) ]w( 2) ]
I p 1+4T (Y o, s
2 © = -1
+2 a(p — aa)(1—7) [1 T /0 (pt act®™w(tz)dt| #
Now, if we let
p
M= sup x
TeRr, wen |a(p — aa)(1 —7)
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| /0 [(p —aa+ ac(2y — D))t — ao(2y — D)t wtz)dt

L+4T [* o,

Then, in view of the rotation property of the class B, we obtain that

éR(i((ZZ))) > if uM <2

Thus our aim is to find the value of M. We consider the positiveness of the integrand
in (2.19). It is easy to see that

(p—aa +aa (2y—1))ta—t —aa(2y — 1)t*!

p— ax
. .. P 1
is positive for allt € [0 1], a # = and 0 < v < 3 also
a
pta—l —aate?!
p— ax

aq, _a _ _ ac, _o
is positive for ¢ > (—)?=sc and is negative for 0 < ¢t < (—)?-e=. Hence, for

a # £, using the above observations, we estimate that

p ! 21 — ax _ a—1
M<a(p—aoz)(1—7)/0 {(p—aa-ﬁ-aa(%/—l))t (2v—1)t }tdt

tl 1 7
+ P U (—p t51 4 aa t‘H) tdt +/ (p t51 _ aa t“’l) tdt
a(p —aa)(1—=7) /o t ]

) 2(1_7)(221)(1—#61)01 [(i“) (1+a) —2aa(2y — 1) +2 +4a <C;1> =

where t; = (%)Pfaaa.

Therefore, we find that

p|(2+1)(1+4+a)—2aa(2y—1) +2+ 4a(%)piﬁ

M= 2(1-7)(2 +1)(1 +a)a
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Next, we deal the case o = P We observe that
a

b

p[(p—aa) —aa(2y — 1)t*7 (1 — ta )] D [1+a(l —29)t* log 1]

a(p—aa)(1— ) - a(l—7) -0

lim
o —

a
Similarly, as a +— £, one has

ta—l _ gate—l ot a1 te!
p(p ): p Ggﬂ+al) >H>p (1+alogt) >0,
alp—aa)(l—7)  a(l—7) P-a a(l—7)

[e3

for all t € [e™® 1]. Therefore for v = £, we can easily obtain

v = Pllat 12+ 2p(1 —2y) +2 + dae” )]
21 =) (a+1)%«a
The proof of Theorem 2.6 is thus completed. (I

By putting a =p = A = ¢ =1 in Theorem 2.6, we get the following result.
Corollary 2.8. Leta > 0and0 <y < % If f € A satisfies the following condition:
F'(z)+azf"(z) < 1+ pa,

where

41=9)(L 4+

T —, (0<a<oo; a#l);
(2+1)+a(l—-2y)+1+2a7=

0<p<
A1 —)?
24 (1—29)+ 1422’

then f € S*(v).
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