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A Multicoded-PPM Scheme for High Data Rate UWB
Communication Systems

Sung-Yoon Jung and Dong-Jo Park

Abstract: A new modulation scheme called multicoded-pulse po-
sition modulation (MC-PPM) is proposed for an ultrawideband
(UWB) impulse radio communication system. The multicoded sig-
nal is generated by using several orthogonal codes for transmitting
data simultaneously. Then, each multi-level value of the multicoded
signal is converted to pulse position which results in not only an
improved data rate, but also a processing gain in reception, de-
livering the power-efficient benefit of PPM and guaranteeing the
low pulse energy for UWB systems. We notice that the modula-
tion of multi-level values of the multicoded signal to pulse position
is more efficient in terms of achievable data rate than the mod-
ulation of transmitting data based on other PPM schemes within
given bandwidth and pulse energy. Therefore, as a performance
measure, we focus on the achievable data rate (link capacity) of the
proposed scheme and analyze it theoretically. Through simulation,
we compare the link capacity of the MC-PPM scheme and other
PPM schemes, such as A/-ary PPM and multiple PPM. With the
fixed bandwidth and same pulse energy condition, the UWB sys-
tem based on the proposed MC-PPM scheme shows good link ca-
pacity and an increased data rate as L increases, which is contrary
to other PPM schemes.

Index Terms: Link capacity, multicoded signal, pulse position mod-
ulation (PPM), uitrawideband (UWB).

I. INTRODUCTION

Ultrawideband (UWB) radio communication is promising for
applications in high data rate and short-range wireless com-
munications, such as wireless personal area networks (WPAN).
UWRB systems are defined as any radio system that has a frac-
tional bandwidth > 0.20 or a UWB bandwidth > 500 MHz
regardless of the fractional bandwidth [1]. In accordance with
the preliminary approval of UWB technology from the FCC first
report and order, UWB systems are allowed to operate in the fre-
quency band between 3.1 and 10.6 GHz for indoor UWB com-
munication systems [2]. Theoretically, a UWB system can de-
liver a high data rate due to a large signal bandwidth. However,
power spectrum density limitations, such as federal communi-
cations commission (FCC) Part 15 rules [2], limit the system
capability. In particular, UWB systems under FCC Part 15 rules
provide reliable communications only over small to medium dis-
tances.

UWB radio communication systems are usually referred to as
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impulse radios that transmit impulse-based waveforms occupy-
ing narrow pulse durations on the order of nanoseconds. Based
on these impulses, many kinds of modulation schemes are used
to transmit signals. The position or amplitude of the pulses, such
as pulse position modulation (PPM) or pulse amplitude modu-
lation (PAM) including antipodal signaling, is used to carry in-
formation [1], [3]. In all cases, one information bit is usually
spread over multiple pulses to achieve a processing gain in re-
ception because the power of the transmitted pulses is low in
UWB radio systems. Among the various modulation schemes,
the most commonly used for UWB impulse radio communica-
tion is PPM, especially binary PPM (BPPM) [4]-[5]. 1t is well
known that PPM can achieve power efficiencies at the expense
of bandwidth requirements [6]. Therefore, PPM fits well to the
concept of UWB radio communications that requires low power
instead of delivering a ultra-wide bandwidth. However, to apply
this to a system that supports high data rates, the conventional
BPPM scheme is not sufficient.

To increase the data rate of this scheme, either the pulse de-
sign or the modulation format needs to be considered. In [7],
pulse shape modulation (PSM), based on orthogonal modified
Hermite pulses combined with BPPM, is used. The data rate is
increased with an increased size of the Hermite pulse set where
each pulse in the set exhibits different spectral characteristics.
This may lead to a requirement for different antenna structures,
as well as violation of the spectral mask requirements as de-
fined in the FCC first report and order. Another approach is
to use M-ary PPM [8]. This modulation format increases the
data rate at the expense of bandwidth expansion. However, if
the bandwidth is fixed, the data rate in this scheme decreases
while, conversely, increasing M. To overcome this drawback,
there are activities to increase the data rate of the PPM scheme,
such as multiple PPM (MPPM) [9]-[10]. MPPM uses two or
more pulses to convey information. This can be accomplished
by placing more than one pulse in all possible pulse positions
and generating a much larger number of usable channel sym-
bols when M is large. Till now, we discussed orthogonal PPM
schemes, which basically assume that the pulse overfapping is
not allowed. However, if we loose the restriction of orthogonal
modulation, M -ary PPM scheme combined with pulse overlap-
ping such as N-orthogonal PPM scheme is also possible [11].
However, it requires the optimized pulse design in additive white
Gaussian noise (AWGN) and multipath channel taking into con-
sideration the particular characteristic of UWB channel, which
is not easy in practical implementation even though it does not
violate the spectral mask requirement.

We propose a UWB impulse radio communication system
based on multicoded-PPM (MC-PPM). The multicoded signal
is generated by using several orthogonal codes for transmitting
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Fig. 1. The block diagram of the proposed MC-PPM scheme.

data simultaneously. Then, each multi-level value of the multi-
coded signal is converted to pulse position which results in not
only an improved data rate, but also a processing gain in recep-
tion, delivering the power-efficient benefit of PPM and guaran-
teeing the low pulse energy for UWB systems. The proposed
MC-PPM scheme does not change the spectrum, as in pulse
shaping, nor does it expand the transmission bandwidth. Note
that we do not consider pulse overlapping in order to focus on
the modulation scheme itself, not the pulse design issue. This is
because pulse overlapping scheme such as N-orthogonal PPM
can also be combined with orthogonal PPM scheme if necessary.
With the fixed bandwidth, no pulse overlapping and same pulse
energy condition, the UWB system based on the proposed MC-
PPM scheme shows good link capacity and an increased data
rate as L increases, which is contrary to other PPM schemes
such as M-ary PPM and multiple PPM.

The rest of paper is organized as follows. In Section II, we
describe the proposed MC-PPM scheme. Performance is ana-
lyzed in Section III where, as a performance measure, we focus
on the achievable data rate (link capacity) of the proposed MC-
PPM scheme. Section IV presents simulation results in order
to determine the validity of the proposed scheme. Through this,
we show consistency of the analytical and simulated results and
compare the link capacity of the proposed scheme with other
PPM schemes, such as M-ary PPM and multiple PPM. Finally,
conclusions are presented in Section V.

1I. MC-PPM SCHEME

Fig. 1 shows a block diagram of the proposed MC-PPM
scheme. As shown in the figure, each data block that contains L
BPSK modulated data b = [by - -- by]T is encoded by L binary
orthogonal multicodes of length /N to obtain a multicoded signal
vector of length NV, as follows:

d=d---dy]' =Cb (1)

where C' = [c1 -+ ¢r] is an N x L binary orthogonal code
matrix and ¢; = [c1 ;- en )T, ens € {+1, —1} denotes the [th
orthogonal code. Then, each element of d has L + 1 symmetric
possible multi-level values, i.e., d, € {—L, —L+2,---, L —
2, L}

A. Signaling Format

To transmit the signal, each element of a multicoded signal

vector is converted to a pulse position vector as shown below:
m = [my - my]" @)

where m,, = (d,, + L)/2 denotes a delay for determining the
pulse position. Note that we only need L+ 1 positions in order to
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Fig. 2. The signaling structure of the proposed MC-PPM scheme.

transmit L data and this is the main feature which can increase
the data rate in the proposed MC-PPM scheme. For multiple ac-
cess, various schemes can be used, such as time-hopping multi-
ple access (TH-MA) and direct sequence-multiple access (DS-
MA) [12]. In this paper, we do not focus on the MA scheme. It
is known that the gaussian approximation of multiple access in-
terference is possible when the number of multiple access user
is large [13]. Therefore, we omit the multiple access scheme
and assume a single user case. After passing through a UWB
pulse shaping filter, the transmitted UWB-IR signal based on
multicoded PPM has the form

oo N-—-1

zt)= > > VEyw(t—iTy—nTr —mnd) (3

i=—0o0 n=0

where ¢ is the pulse spacing between two consecutive emission
time slots, and w(t) represents a normalized pulse of duration
T, and energy F,,. The transmitted signal that contains L data
occupies a total of IV frames of duration 7y and requires a time
duration of Ts = NTy where Ty = (L + 1)d. A guard time T
remains at the end of transmission in order to consider the pro-
cessing delay. Then, the total time duration required for trans-
mitting a data block is T3 = T +1,. The signaling structure of
MC-PPM is shown in Fig. 2.

B. Receiver Design

The received signal r(t) over a UWB multipath channel is
given by
r(t) = z(t) x h(t) + n(t) @)

where n(t) is AWGN and * indicates the convolution opera-
tor. h(t) is the channel impulse response modeled by [16] as

below:
L1 Lz

h(t) = Z Z Op,q 6(t —Tp — Tpq) &)

p=0 ¢=0

where {ay, 4 } is the gth multipath gain coefficient of the pth clus-
ter, {7} is the delay of the pth cluster, and {7}, } is the delay
of the gth multipath component relative to the pth cluster arrival
time (7},). At the receiver end, we consider hard decision decod-
ing, which is practical in real UWB communication systems due
to implementation constraints related to the large system band-
width. We also assume that the receiver is exactly synchronized
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with the transmitter. Upon reception of r(t), the receiver per-
forms demodulation at the ith signal interval and produces the
correlation metric 7 of length (L + 1) N; as follows:

r=[ro- ry_1)" 6)
Ty = [Tn,() te 7"n,L]T (7)
where
iTo+(n+1)Ty
Tn,j = / r(tyw(t — jo)dt. (3)
iTs+nTy

Here, w(t) denotes the template pulse at the receiver, which can
be implemented as either a coherent or noncoherent type. We
assume that the pulse has the form w(t) = w(t) » hg(t) and
hr(t) can be

htt) = {E(ﬂ,
Tk, pistt -
9

where h(t) denotes the estimated channel and {6}, {m}, and
L. represent tap weights, tap delays, and the number of taps of
the rake receiver, respectively [14].

Based on the maximum-likelihood (ML) decision rule, we
detect the position of the transmitted pulses and regenerate the
multicoded signal vector as shown below:

for autocorrelation receiver

7i), for rake receiver

m=|m; ---my|", (10)
d=1[d - dy]" (11)
where
My = arg max 7y ;, (12)
F=0,-.L
dp = 21, — L. (13)

Finally, I data contained in d are decoded by orthogonal codes
used at the transmitter with the hard decision as follows:
oz T =074,

z=[n (14)

b=1[by - by]" = sign{z}. (13)

III. PERFORMANCE ANALYSIS

The main purpose of the proposed approach is to enhance the
data transmission rate of the system for high data rate UWB
communication services. We notice that the key point, which
can increase the data rate of the proposed scheme, is the conver-
sion of multi-level values of the multicoded signal to pulse posi-
tion. However, one of main concern is the effect of the proposed
modulation scheme on the BER performance. Therefore, as a
performance measure, we use the link capacity of the proposed
scheme. Link capacity is simply a measure of how many bits per
second can be transferred over a link [1] and it is represented as
a function of the average bit error probability (BER) and the
maximum data rate. Focusing on the link capacity, we analyze
the achievable data rate of the proposed MC-PPM scheme.
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A. Average BER Analysis

To evaluate the average BER performance, we derive the av-
erage error probability of the multicoded signal, P, as the first
step.

A.1 Error Probability of the Multicoded Signal

Noting that the position having a maximum value among
{rn.;}k_o is determined to be the transmitted symbol in the ML
scheme, the correction probability given m,, is defined as

oC
Pclmn :/ P(Emn|mn)prn,mn AT m,,

— X0

(16)

where P(E..,mn) = P(Tnm, > ™| Thom,, 7 7 my)isthe
probability that r,, ., is larger than each of the other L values
{rn; }JLZO, j # m, when m,, is transmitted. Moreover, if the
noise of each element in (4) is assumed to be independent, we
can rewrite P(E,,, |my,) as

P(Em, lmy) = ] Plram, >l rm,). (A7
J#mn

To complete the derivation of P, , we need to know the
probability density function (PDF) of each r, ; given m,,. By
substituting (4) into (8), we can reformulate (8) as

Tng = Hnj T Mnj

Y Ew thR (O) + Mg, .7 = My (18)
~ \WEw Buny ((7 —mn)8) + ny j,  otherwise
where .
th,R(7—> = / h(t)hR(t—T)dt (19)

and n,, ; is filtered noise, which is also AWGN with a zero mean
and a variance of o2. Then, the PDF of each r,, ; can be derived
from (18) as follows:

1
Varo,

My, ) is given by

Pr,, (@) = (20)

(= — un,jq ‘

2
20z

exp {

Using (20), P(E,,

n

P(Emnimn) - H / ’ /prn,j drn,j

JFMn
on 1

= H / F€7I2/2 dx.
FEaucs e T

2D

Tn,mp " Hn,j

Thus, the correction probability given m,, is
1 o Lo S
Prjm,, == / e/ d
clmn vV 2 /;oo ]71£j:ﬂ[ —oa V 2T

1 Pnyg — ’

and the probability of error given m,, will be

(22)

Pejm, =1 — Pajpm, - (23)
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Fig. 3. The distribution of e, when L = 5, N = 8, and F;, /N, = 0 dB.
(o: Analysis in (27), x: Simulation)

Based on (23) and assuming the prior probability of m,, to
be uniform, the average error probability of a multicoded signal,
P, is given by

L
1
P, = 1 > P, (24)

My =0

A.2 Average BER of the Multicoded-PPM

Using (24), we derive the average BER of the proposed
multicoded-PPM scheme. To reach the objective, we first refor-
mulate (11) as follows:

d=d+e (25)
where e = [e1 - - en]7 denotes the error vector due to detecting
an incorrect pulse position in (10).

Then, the possible error values of each e,, according to d,, can
be given as shown below:

L = e, € Eq, ={0,-2,---,—2L}

L-2 = e,€FEq, ={2,0,--,-2L+2}
ifd, = ;

~L+2 = e, €Fy ={2L—2,---,0,—2}

-L = e, € B, = {2L,---,2,0}.

(26)
The probability distribution of each e,, can be formulated as fol-
lows:

pen(T) = ZP{en = Tldn = Z}P{dn = l}

€D
1-F, for 7 =0 o7
Ty [EE e () ] B e 0
and r € {-2L, —2L +2,---,2L}
where ,C, = (5;’) = Eﬁ and D= {~L, —L+2,---,~1

+1,--+,L — 2}. The detailed derivation of (27) is given in the
Appendix. From (27), we can check that the mean of the distri-
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Fig. 4. The distribution of & when L = 5, N = 8, and E;/N, = 0 dB.
(o: Analysis in (30), x: Simulation)

bution of e,, is zero and the variance o2 is given as

2L
2 _ 2
0l = 2 Tpe

r=—2L
2L L—|r|/2 L-3
1 P,
E 2 2 : e
r=—2L =0 ' 2 L (28)

(letting r = 2p, ¢ = ¢ with some modification)
1\ 23 L L—p
2
()7 |z (D)
p=0 q=0

Fig. 3 shows the probability distribution of ¢, when L =
5, N =8, and E,/N, = 0 dB. From the figure, we can see that
the derived distribution of e,, agrees with the simulation result.
We used system parameters for the simulation that are described

in Section IV.
Then, by using (1) and (25), we rewrite (14) as follows:

Fe
T

z=CTd=C%(d+e)

(29)
=Cc'cb+C*e=Nb+eé

where CTC = NI due to the orthogonal property of the
code matrix C' and Iy indicates the L x L identity matrix.
€ = [é1 -+ é1]7 represents an error vector after the orthogo-
nal decoding process. Here, each &; can be thought of as the
sum of random variables {e, }}\._; because C is composed of
binary orthogonal codes and the probability distribution of e,,
has a symmetry property [(27) and Fig. 3]. Therefore, the distri-
bution of each €; can be derived by convoluting the distribution
of each e,, as shown below:

Pz, = Pey *Pey ¥ * Pey (30)

for all [. Assuming that each element of é is independent, the
mean and the variance of € can be calculated as

E{é} = OL><17

31
var{é} = No? Iy. GV

Fig. 4 shows the probability distribution of & when L =
5, N = 8and E,/N, = 0 dB. As shown in the figure, the de-
rived distribution of é; agrees with the simulation results. From
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(29), each element of z is written as

2= Nb + ¢, l=1,--- L. (32)

If we let Py{error|z;} denote the bit error probability of the [th
bit, it is given by

Py{error|z} = P{b; = 1} P{error|z, b, = 1}
+ P{b; = =1} P{error|z, b, = —1}

0 0
1 1
=5 Z Paln=1 1T 5 Z Pzylby=—1

=00 ZL:O

(33)

where p.,|p,=1 and p,,5,—_; indicate the probability distribu-

tions of z; when b; = 1 and b; = —1, respectively. These dis-
tributions act to shift the center of the probability distribution of
€ to N when b; = 1 and —N when b; = —1. Therefore, the

average BER of the proposed multicoded-PPM can be derived
as follows:

L
1
Py= ; P,{error|z }. (34)

B. Link Capacity Analysis

To finalize the analysis of the link capacity, we derive the
maximum data rate Rj ;q, of the proposed multicoded-PPM
scheme, represented as

L
Rmangz bps).
e T, N(L+U5+Ib(m)

(33)
Then, from (34) and (35), the link capacity of the multicoded-
PPM scheme is written as follows:

LC = (1 — Py)Rp max
(36)

L
== Ry esT o)

1V. SIMULATION RESULTS

We have described the proposed MC-PPM scheme and an-
alyzed its performance. Now, we present analytical and simu-
lated results and compare them with other PPM based schemes
in order to determine the validity of the proposed scheme. For
the simulations, we use the prolate pulse [17], which possesses
a bandwidth of approximately 2 GHz, a center frequency of 4
GHz, and a time duration of approximately 7}, = 0.5 ns.

The system parameters are also set to 1},, = 0.5 ns and
T, = 0, and Walsh-Hadamard orthogonal codes are used for
generating multicoded signals. The multipath channel is mod-
elled as described in [16]. We assume that the receiver knows
the channel state information. All simulation results are obtained
by averaging 100 channel realizations, where 10,000 data blocks
were generated for each channel realization.

Fig. 5 shows a comparison of the simulated and analytical
results of the proposed scheme according to L when NV = 8
on the AWGN channel. The analytical curves are matched with
the simulation curves. Therefore, the analytical results provide
a good estimation of performance when the system parameters
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Fig. 5. The comparison between the simulated and analyzed performa-
nce of the proposed MC-PPM scheme: (a) BER and (b) link capacity.

have been selected. Even though the BER curves of the proposed
MC-PPM scheme degrade as L increases, the performance gap
becomes narrower in the high F; /N, region due to the process-
ing gain of the proposed MC-PPM scheme caused by orthogo-
nal multi-coding. In addition, we also notice that there is an in-
creased link capacity as L increases under the fixed bandwidth
and same pulse energy condition. This is the one of the main
advantages of MC-PPM, which is not the case for other rate-
enhanced PPM schemes.

Next, we compare the performance of the MC-PPM with
other rate-enhanced PPM schemes. For other PPM schemes, we
include M-ary PPM [8] and multiple PPM (MPPM), when the
number of pulses was two [9]. They use a repetition code and
hard-decision decoding for fair comparisons (the same pulse
power, processing gain and detection rule) with the proposed
MC-PPM scheme. In Fig. 6, we compare the performance of
the proposed MC-PPM with that of M-ary PPM scheme when
L = 4,8, and N = 8 on the AWGN channel. As shown in
Fig. 6(a), the BER performance of the proposed MC-PPM is
worse than those of M-ary PPM in high E},/N, region. How-
ever, as shown in Fig. 6(b), the link capacity of MC-PPM is
much higher than that of M -ary PPM scheme. It means that it
is possible to compensate for the degraded BER performance of
the proposed MC-PPM scheme in high E, /N, case by utilizing
more powerful channel coding scheme with the benefit of higher
data rate (similar comment is also mentioned in [11]).

In order to investigate a higher link capacity for the proposed
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Fig. 6. The comparison of the performance between the proposed MC-
PPM and M-ary PPM schemes: (a) BER and (b) link capacity.

Table 1. Simulation cases.

Lj|1]2,4]8
MC-PPM

N|j1]2]4]8

M-arcyPPM | L || 1|2 |48
(nospreading) | N || 1 |1 |11
M-aryPPM | L |1 |2]4 8
(spreading) Nj1]2]4]8
Multiple PPM | L || 1 ]2 |4 | 8
(nospreading) | N || 11|11
Multiple PPM | L | 1 ]2 |4 |8
(spreading) Ni|1]1]24

scheme, we compare link capacities of MC-PPM, M-ary PPM
and multiple PPM schemes in the AWGN and multipath chan-
nels (CM1 and CM3). For CM1 and CM3, we use a rake re-
ceiver with maximum ratio combining (MRC) and the number
of fingers set to 20 (L. = 20). In addition, for M -ary PPM and
multiple PPM, we consider 2 cases, 1) pulse spreading (pulse
repetition) for distributing pulse energy in time (low pulse en-
ergy by the factor of processing gain per each pulse) and obtain-
ing time diversity gain instead, 2) no pulse spreading. Note that
we use walsh code, which can only increase its length as the
power of 2, for orthogonal code in MC-PPM scheme. There-
fore, we compare results as shown in Table 1. In Table 1, NV is
reduced to half in pulse spreading case of multiple PPM scheme
(when the number of pulses is two) in order to satisfy same pulse
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Fig. 7. The comparison of link capacity between the MC-PPM, M-ary
PPM scheme and multiple PPM scheme according to L (no pulse
spreading for A-ary PPM and multiple PPM: Larger pulse energy
than that of MC-PPM): (a) L = 1, (b) L = 2, (c) L = 4, and (d)
L=8
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Fig. 8. The comparison of link capacity between the MC-PPM, M-ar-
y PPM scheme and multiple PPM scheme according to L (pulse
spreading for M-ary PPM and multiple PPM: Same pulse energy
between all schemes): (@) L = 1, (b) L = 2, (c) L = 4, and (d)
L =28
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energy constraint with other schemes.

Fig. 7 shows the comparison of the link capacity when the
pulse spreading is not used. From the figure, we can see that
the link capacity of MC-PPM is going to be better than that
of M-ary PPM when L > 4. In case of multiple PPM, it al-
ways shows higher link capacity than that of MC-PPM. How-
ever, note that the energy per pulse is N times (NN/2 times)
larger than that of MC-PPM in case of M-ary PPM (multiple
PPM) due to no pulse spreading. In UWB communication sys-
tems, the pulse energy is low due to the spectral limitation of
UWRB. Therefore, it is desirable and widely used in the literature
to adopt pulse spreading with multiple pulses to achieve a pro-
cessing gain keeping low pulse energy in impulse radio based
UWB schemes.

Otherwise, Fig. 8 shows the comparison of the link capacity
when the pulse spreading is used. From the figure, it is clear
that the link capacity of M-ary PPM is lower than that of MC-
PPM regardless of L. In case of multiple PPM, it shows better
performance than that of MC-PPM when L < 4 (except for
L = 1), but getting worse as L becomes larger. Therefore, we
can say that if we consider the low pulse energy in UWB system,
it is desirable 1o spread energy by pulse repetition to achieve a
processing gain in M -ary PPM and multiple PPM scheme. In
that case, the link capacity of the proposed MC-PPM scheme
shows good performance.

V. CONCLUSION

We have proposed a UWB impulse radio communication
scheme based on multicoded-PPM. By converting multi-level
values of the multicoded signal to pulse positions, we increased
the data rate in PPM scheme while delivering the power-efficient
advantage of PPM and guaranteeing the low pulse energy for
UWRB systems. Through analysis, we derived the link capacity
of the MC-PPM scheme using average BER and maximum data
rate in order to investigate the effect of data rate increase on
the BER performance. Through simulations, we confirmed the
consistency of the analysis with numerical results. In addition,
we notice that with the fixed bandwidth and same pulse energy
condition, the UWB system based on the proposed MC-PPM
scheme shows good link capacity and an increased data rate as
L increases, which is contrary to other PPM schemes.

APPENDICES
I. DETAILED EVALUATION OF (27)

We evaluate (27) in detail. The probability distribution of e,
is formulated as

Pe, (1) =Y Plen = rld, = 1} P{dy =1}

leD

(37

where P{d, = [} is the prior probability that the multicoded
signal d,, is [, P{e, = r|d,, = I} indicates the conditional er-
ror probability of e,, = r when d,, = land D = {-L, —L +
2.+, =1, +1,---,L — 2, L}. If we assume that orthogonal
codes, which are used to generate the multicoded signal d,, in
(1), are randomly generated with an equal probability and pos-
sible values {+1, —1}, it can be verified that P{d,, = [} follows
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the binomijal distribution

L
1
We also assume for analytical simplicity that the probability
of each e, to be r occurs with an equal probability. Then, the
conditional error probability P{e,, = r|d,, = [} can be written
as

1-F, forr =0
Ple, =r|d, =1} = (39)
%, otherwise

for all d,, € D. By using (38) and (39), (37) is derived with
some manipulation, as follows:

Pen(r) = Plen = rld, = }P{d, = 1}

leD
1-PF, for r=0
T\ () aarzo

forr € {—2L, —2L+2,---,2L}.
(40)
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