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Abstract. We focus on discrete event systems with a structure of parallel processing, synchronization, and no-
concurrency. We use max-plus algebra, which is an effective approach for controller design for this type of 
system, for modeling and formulation. Since a typical feature of this type of system is that the initial schedule is 
frequently changed due to unpredictable disturbances, we use a simple model and numerical examples to 
examine the possibility of applying the concepts of the feeding buffer and the project buffer of critical chain 
project management (CCPM) on max-plus linear discrete event systems in order to control the occurrence of an 
undesirable state change. The application of a CCPM-based framework on a max-plus linear discrete event 
system was proven to be effective. 
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1.  INTRODUCTION 

We focus on discrete event systems with a structure 
of parallel processing, synchronization, and non-concurrency. 
Typical examples of this type of system include a class 
of manufacturing systems, transportation systems, and 
project management. The behavior of this type of sys-
tem can be described with max-plus algebra (Cohen et 
al., 1989, Heidergott et al., 2006), which is a subclass of 
dioid algebra (Baccelli et al., 1992). A typical feature of 
this type of system is that the initial schedule is fre-
quently changed due to unpredictable disturbances. 

In this context, we examine a method of controlling 
the occurrence of an undesirable state change in these 

systems. This state change indicates a significant change 
in tasks from an initial schedule. In general, assigning 
buffers in the systems and monitoring and controlling 
the tasks in a wider range are effective for controlling 
such changes. 

Focusing on max-plus linear discrete event systems, 
several studies have considered the uncertainty of the 
execution time of the task (Heidergott, 2006). However, 
if the relevant parameter contains stochastic variations, 
there is a strong nonlinearity. Thus, it is difficult to deal 
with large-scale problems. 

On the other hand, the method based on Critical 
Chain Project Management (CCPM) (e.g., Lawrence, P. 
L., 2005 and reference therein) has an advantage in that 
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it can handle easily large-scale problems. The CCPM 
method has been found to be an effective tool to protect 
projects from delays. The CCPM method is an out-
growth of the theory of constraints (TOC), developed by 
Goldratt (1990), for scheduling and management of 
manufacturing. In the CCPM method, an empirical 
value is used to obtain an estimate of the process dura-
tion for each process. Moreover, the CCPM method 
provides a method for determining locations at which 
time buffers should be inserted in order to prevent un-
planned delays in completing the project. This is be-
cause the method does not consider the change in execu-
tion points of individual tasks, and a buffer is incorpo-
rated into the cluster of tasks. 

Therefore, using a simple model and a numerical 
example, we examine the possibility of applying the 
concept of the feeding and project buffers in CCPM to 
max-plus linear discrete event systems which are based 
on Goto and Masuda (2008).  

The remainder of the present paper is organized as 
follows. In Section 2, we present an overview of the 
max-plus algebra and the max-plus linear system. In 
Section 3, we briefly review the concept of critical chain 
project management. In Section 4, a simple model and a 
numerical example are presented. In Section 5, we 
summarize the results and present concluding remarks. 

2.  MAX-PLUS LINEAR SYSTEM 

In this section, we briefly review the max-plus alge-
bra and the max-plus linear discrete event systems, both 
of which are fundamental to the present study. 

2.1 Max-plus Algebra 

Max-plus algebra is an algebraic system that is 
suitable for describing a certain class of discrete event 
systems. In a field { },D R= ∪ −∞  where R  is a real 
field, the operators for addition and multiplication are 
defined as: 

max( , ),x y x y⊕ =  .x y x y⊗ = +    (1) 

The symbol ⊗ corresponds to multiplication in conven-
tional algebra, and we often omit this notification when 
no confusion is likely to occur. For example, we simply 
write xy  as the simplified expression of .x y⊗  The 
commutative, associative, and distributive properties 
hold for this operation. By definition, the unit elements 
for these operators are given by ( )ε ≡ −∞  and ( 0),e ≡  res-
pectively. The following relationships are satisfied for 
an arbitrary x D∈ . 

x x xε ε⊕ = ⊕ = , x e e x x⊗ = ⊗ = . (2) 

Furthermore, the following two operators are defined for 

subsequent discussions: 

( , ),x y mm x y∧ = \ .x y x y= − +   (3) 

We denote the unit element of ∧  by ( ).ε ≡ +∞  An op-
erator for the powers of real numbers is introduced as: 

,x xα α⊗ = ×  for Rα ∈    (4) 

If ,m n≤  then the operators for multiple numbers are: 

1 1max( , , , ),
n

k m m n m m nk m
x x x x x x x+ +=

⊕ = ⊕ ⊕ ⋅⋅ ⋅ ⊕ =  (5) 

1 1min( , , , ).
n

k m m n m m nk m
x x x x x x x+ +=

∧ = ∧ ∧ ⋅ ⋅ ⋅ ∧ =  (6) 

For matrices ,m n×∈X D  [ ]ijX express the ( , )i j -th ele-
ment of ,X  and TX  is the transpose matrix of .X  
For ,X m n×∈Y D , 

[ ] [ ] [ ] max([ ] , [ ] ),ij ij ij ij ij⊕ = ⊕ =X Y X Y X Y      (7) 

[ ] [ ] [ ] min([ ] , [ ] ).ij ij ij ij ij∧ = ∧ =X Y X Y X Y     (8) 

If , ,m l l p× ×∈ ∈X D Y D  

1 1, ,
[ ] ([ ] [ ] ) max ([ ] [ ] ),

l

ij ik kj ik kjk k l
X Y X Y X Y

= = ⋅⋅⋅
⊗ = ⊕ ⊗ = +     (9) 

[X⊙
1 1, ,

] ([ ] \ [ ] ) max ( [ ] [ ] ),
l

ij ik k j ik k jk k l
Y X Y X Y

= = ⋅⋅⋅
= ∧ = − +    (10) 

where the priorities of operators ,⊗  \, and ⊙ are higher 
than those of operators ⊕  and .∧  Unit elements for 
matrices are denoted as ,mnε  which is a matrix in which 
all of elements are ε  in ,m n

mn Dε ×∈  and me  is a matrix 
in which the diagonal elements are e  and the off-
diagonal elements are ε  in .m n

m D ×∈e  In , ,mx y D∈  if 
[ ] [ ]i ix y≤  holds for all (1 ),i i m≤ ≤  then we simply write 

.x y≤  
The operators introduced above have other interest-

ing and attractive properties that are not used in the pre-
sent paper. See (Heidergott et al., 2006) or (Baccelli et al., 
1992) for details. 

2.2 Max-plus Linear System 

The max-plus linear discrete event system is de-
fined as a system for which the behavior can be de-
scribed in linear form in max-plus algebra. The max-
plus linear discrete event system is similar to the state-
space equations in modern control theory: 

( ) ( ) ( 1) ( ),k k k k= − ⊕x A x Bu     (11) 

( ) ( ),k k=y Cx       (12) 
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where k is the event counter that represents the number 
of event occurrences from the initial state. In addition, 

( ) , ( ) ,n pk k∈ ∈x uD D  and ( ) qk ∈y D are the states, and the in-
put and output variables, respectively, and n, p, and q are 
the corresponding dimensions. ,m nA ×∈D  m pB ×∈D  and C  

q n×∈D are the system input and output matrices, respec-
tively. 

Let us consider the simple production system shown 
in Figure 1 as an example. In this system, Process 1 re-
ceives the raw material from the input lane, and Proc-
esses 2 and 3 manufacture the parts simultaneously. 
Process 4 processes the parts received from Processes 2 
and 3, and then sends the resulting part to the output 
lane. The processing times in Processes 1 though 4 are 
denoted as d1 through d4, respectively. Each process is 
assumed to have the following specific constraints:  

 
• While the machines are in operation, they cannot 

initiate processing for subsequent parts. 
• Processes 2 through 4, which have precedence 

constraints, cannot begin processing until they 
have received the manufactured parts from the 
preceding processes. 

• Process 1, which has an external input, cannot 
begin processing until it receives the correspond-
ing materials. 

• If the machine is empty, processing starts as soon 
as all required materials from the preceding pro-
cesses and external inputs become readily avail-
able.  

 
For the -thk  batch, assume that ( ), ( )u k kx , and ( )y k  rep-
resent the feeding, processing start, and processing fin-
ish times, respectively. Then, we have the following 
relations. 

1 1 1( ) max{ ( ), ( 1) },x k u k x k d= − +     (13) 

2 2 2 1 1( ) max{ ( 1) , ( ) },x k x k d x k d= − + +    (14) 

3 3 3 1 1( ) max{ ( 1) , ( ) },x k x k d x k d= − + +    (15) 

4 4 4 2 2 3 3( ) max{ ( 1) , ( ) , ( ) },x k x k d x k d x k d= − + + +  (16) 

4 4( ) ( )y k x k d= +       (17) 

Equations (13) through (17) can be expressed in the 
form of Eqs. (11) and (12), where 
 

 
Figure 1. Manufacturing sequence of a simple production 

system. 
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ε
ε
ε

⎛ ⎞
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

   (18) 

2
41 1 2 3( ),a d d d= ⊕  4 1 2 3( ).b d d d= ⊕     (19) 

Equations (14) through (16) must be transformed into 
equations that do not contain the term ( ).ix k  This im-
plies that the equations are expressed in the form of Eq. 
(11). There have been few discussions about the domain, 
in which the equations are described as a general form 
of the system matrix and input/output matrices. There-
fore, in the next subsection, we review a general formu-
lation of the max-plus linear equations for systems with 
precedence constraints or synchronizations. 

2.3 Max-plus Linear Representation 

We briefly review the process for deriving the max-
plus linear representation for a certain class of discrete 
event systems that were developed by Goto and Masuda 
(2008). We assume that the relevant constraints are im-
posed on the focused system in the following manner: 

 
• The number of processes is n, the number of ex-

ternal inputs is p, and the number of external 
outputs is q.  

• All processes are used only once for a single batch. 
• The subsequent batch cannot start processing while 

the current batch is being processed.  
• Processes that have precedence constraints can-

not start processing until they have received all 
required parts from the preceding processes. 

• For processes that have external inputs, process-
ing cannot start until all required materials have 
arrived. 

• Processing starts as soon as all of the conditions 
stipulated above are satisfied. 

 
For the -thk  job in process (1 ),i i n≤ ≤  let [ ( )]ikx  and ( )k  
( 0)≥  be the starting time and the processing time, re-
spectively, for each process, and let the initial condition 
be 1(0) .n=x ε  For external input (1 ),j j p≤ ≤  [ ( )] jku  re-
presents the material feeding time. For external output 

(1 )r r q≤ ≤ , [ ( )]rky  denotes the output time. Matrices ,kA  
0,kF B  and kC are introduced to represent the structures 

of systems as follows: 

( )  :  if .
[ ]

 :  otherwise.  
i

k ij

d k i j
ε

=⎧
= ⎨
⎩

A      (20) 
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 if process   has a  preceding process .

if process   does not have a preceding  process 

( ) :
[ ]

 :  .
j

k ij

i j

i j

d k
ε
⎧

= ⎨
⎩

F  (21) 

0 if process has an  external input 

if process  does not have  an expernal input  

. :             
[ ]

 : .ij

i j

i j

e
ε
⎧

= ⎨
⎩

B   (22) 

if process has an external output 

if process  does not have an external output

( ) : .
[ ]

 :  .
j

k ij

j i

j

d k
iε

⎧
= ⎨
⎩

C   (23) 

where kF is referred to as the adjacency matrix. 
For the -thk  job in process  (1 ),i i n≤ ≤  1[ ( 1)]k ik− −A x  

is the finishing time, [ ( )]k ikF x  is the latest time among 
finishing times in the preceding processes, and 0[ ( )]ikB u  
is equal to the latest feeding time from external inputs. 
Furthermore, [ ( )]k ikC x  is the latest time among the fin-
ishing times in the processes attached to the correspond-
ing output. The earliest starting time is defined as the 
minimum value on which the corresponding process can 
begin processing immediately 

Using the above discussions, the earliest starting 
times of any of the processes are given by Goto and 
Masuda (2008), as follows: 

* 0
1( ) [ ( 1) ( )],E k kk k k−= − ⊕x F A x B u      (24) 

where 
* 2 1,l
k n k k k

−= ⊕ ⊕ ⊕ ⋅⋅ ⋅ ⊕F e F F F      (25) 

l
k nnε=F        (26) 

An instance  (1 )l l n≤ ≤  depends on the precedence-
relations of the systems. The corresponding output times 
are given by: 

( ) ( ).E k Ek k=y C x      (27) 

Furthermore, the latest starting time is defined as the 
maximum value for which the same output time by the 
earliest time is accomplished. The latest starting times of 
any of the processes are given by Goto and Masuda 
(2008), as follows: 

( )*( )
T

L k kk =x A F ⊙ ( )*( 1)
T

k kk + ∧x C F ⊙ ( ).ky     (28) 

The latest feeding times are also given by: 
* 0( ) ( )T

L k kk =u C F B ⊙ ( ).ky      (29) 

A critical path is defined as the processes for which the 
total floats are zero. Moreover, the total float is defined 
as the total sum of the float times of the corresponding 
processes. The total float can also be described as the 
difference between two primary times, one of which is 
the minimum value among the latest starting times of 
the succeeding processes, by which the output time is 
unchanged, and the other of which is the completion 

time in the corresponding process caused by the earliest 
starting time. The total floats ( )kw  regarding all proc-
esses are obtained as: 

( ) ( ) ( ).L Ek k k= −w x x      (30) 

The critical path is determined by a collection of 
numbers α  that satisfy: 

Critical paths : { [ ( )] 0}.k αα =w     (31) 

3.  CRITICAL CHAIN PROJECT MANAGEMENT 

We briefly review the concept of the critical chain 
project management (CCPM) method. Projects often 
exceed their initial planned schedule, usually as the re-
sult of unforeseen uncertainties in the external factors. 
In order to resolve this dilemma, the CCPM method has 
been considered in various studies (e.g., Lawrence, P. L., 
2005 and reference therein). Critical chain project man-
agement addresses several shortcomings of the Program 
Evaluation and Review Technique (PERT), which is the 
most widely used tool for project management. The 
PERT is based on identifying a critical path, which is the 
longest path of linked processes in the entire project. 
Focusing only on the longest path of processes may re-
sult in several problems, such as multitasking. Critical 
chain project management instead asserts that, in addi-
tion to process dependencies, a good project manage-
ment should address resource constraints only if they are 
absolutely required. Critical chain project management 
provides a method for determining locations at which 
time buffers should be inserted in order to prevent un-
planned delays in the completion of the project. Using 
the PERT, each process in the project consists of a set of 
four times, namely, the earliest start, the earliest output, 
the latest start, and the latest output times. Since these 
times are communicated to everyone involved in the 
project, they can be closely monitored. The difference 
between the earliest and latest start times is equivalent to 
the slack. Processes on the critical path do not have any 
slack time, and significant attention should be paid on it. 
In order to estimate the process duration, optimistic es-
timates, which include significant safety margins, are 
included in order to ensure completion in the specified 
time frame. This is often referred to as the 90% estimate. 

Instead, CCPM uses an empirical value to obtain an 
estimate of the Aggressive But Possible (ABP) time for 
each process as well as for the process duration. In the 
present paper, we use 1/3ABP HP ,⊗=  where Highly Pos-
sible (HP) is the time to completion with a probability of 
90%. 

The next step is to determine a buffer to encapsu-
late the uncertainty of task durations. This buffer is re-
ferred to as the project buffer, and it absorbs variations 
in the critical path. A project buffer is embedded be-
tween the final process on the critical path and the ex-
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ternal output. The position of the project buffer is de-
termined using the output matrix [ ] .k i jC  We consider the 
element [ ] ,k iC α  in which α  is the collection of proc-
esses on the critical path. If the element [ ]k iαC  has a 
finite value, by the definition of matrix [ ]k ijC , process 
α has an external output i . Then, we embed a project 
buffer after process α . The size of the project buffer is 
estimated as follows: 

1/3PB .Ey⊗=       (32) 

This method is based on the cut and paste method or 
50% of the chain (Tukel, O. I. et al., 2006, Lawrence, P. 
L., 2005).  

We assume that the original processing time of 
each process id  is equal to the HP time. Then, we re-
duce the processing time of each process by the ABP 
time, and let the buffer size equal one half the duration 
of the longest path feeding into the buffer: 

Buffer size 1/ 2 1/3(HP - ABP) (HP)⊗= =    (33) 

Then, the power 1/3 appears in Eq. (32). The two major 
advantages of this method are that it is simple to apply, 
and that it usually provides a sufficiently large buffer. 

In order to protect the critical path from the delay 
of the non-critical path, a feeding buffer is embedded. A 
feeding buffer is inserted before the process that joins 
the critical path but is not on the critical path. In order to 
determine the position of the feeding buffer, we define a 
new vector, as follows: 

: ,
[ ]

: ,i

i
e i

v
ε α

β
∈⎧

= ⎨ ∈⎩
      (34) 

where β is the collection of processes on the non-
critical path. Moreover, we introduce the following new 
vector: 

* .kk F v≡ ⊗       (35) 

If [ ] j ε≠k  and j α∈ , then we embed a feeding buffer 
between processes β  and .j  The size of the feeding 
buffer is estimated as: 

( ) 1/31FB HP APB HP .
2 β β β

β β

⊗= × − =∑ ∑    (36) 

Equation (36) indicates that the size of the feeding 
buffer is defined as 1/3 the sum of the processing times 
(HP times) of the processes on the non-critical path be-
tween the juncture and the joint. 

Note that the project and feeding buffers are time 
buffers and not inventory buffers. That is, variation is 
protected by capacity, rather than inventory. 

Finally, the critical path is monitored by closely fol-
lowing the rate at which the project buffer is consumed. 

Thus, instead of reporting the due dates for each process, 
and thereby promoting the student syndrome, CCPM 
suggests simply informing the project team on a regular 
basis as to whether the consumption rate of the project 
buffer is under control. 

4.  NUMERICAL EXAMPLE 

Using a simple model and a numerical example, we 
examine the possibility of applying the concepts of the 
feeding and the project buffers in CCPM on Max-Plus 
linear discrete event systems. 

4.1 Simple Max-plus Linear System 

We apply the method introduced in Section 2.3 to 
calculate the earliest/latest starting time and finding the 
critical path. Figure 2 shows a simple production system 
with one-input, one-output, and six processes. Consider-
ing these structures, the matrices defined in Eqs. (20) 
through (23) are set as follows: 

1 diag(3, 9, 3, 15, 6, 6),k − =A

3
3

,
9 3
9 3

15 6

F

ε ε ε ε ε ε
ε ε ε ε ε
ε ε ε ε ε

ε ε ε ε
ε ε ε ε
ε ε ε ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟

=⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 (37) 

( ) ( )0 , 6 .Te ε ε ε ε ε ε ε ε ε ε= =B C    (38) 

By calculating 3,kF  we obtain 4
44k =F ε  and  

*

3
3

,
12 9 3
12 9 3
27 24 18 15 6

e
e

e
e

e
e

ε ε ε ε ε
ε ε ε ε

ε ε ε ε
ε ε

ε ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟

= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

F      (39) 

Assuming the initial condition as 61( )k ε=x  and the 
input times from the external input as 0,u =  the earliest 
starting time Ex  and the output time Ey  are calculated 
using Eq. (24) and Eq. (27), as follows: 
 

 
Figure 2. A simple production system. 
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( )

* 0
1

* 0

[ ( 1) ]

   3 3 12 12 27 ,
E k

T

k

e
−= − ⊕

= =

x F A x B u

F B u
    (40) 

33.E E= =y Cx       (41) 

From Eqs. (28) through (30), the latest starting time ,Lx  
feeding time Lu , and total float w  are obtained as: 

*( )T
L =x CF ⊙ ( )3 9 12 21 27 ,Te=y    (42) 

0,L =u       (43) 

( )6 9 .T
L E e e e e= − =w x x      (44) 

Therefore, the critical path can be identified as {1,α =  
2, 4, 6}  

4.2 Application of a CCPM-based Framework on 
a Simple Max-plus Linear System 

We apply the concepts of the feeding and project 
buffers of CCPM to a simple max-plus linear system 
shown in the previous subsection. We assume that each 
processing time is equivalent to the ABP time. Then, we 
obtain the respective processing times as (3, 9, 3, 15, 6, 
6) × 1/3. From the discussion in Section 4.1, the critical 
path is {1, 2, 4, 6}. Furthermore, we embed a project 
buffer after process 6, because the value of the output 
matrix 16[ ]C  in Eq. (38) is finite, and process 6 is on 
the critical path. We define a new vector ( , , , ,ev ε ε ε≡  

, ) .Te ε  Then, we can obtain 
* ( , , , 3, 3, 18) .Tek F v ε ε= ⊗ =  

Since 4[ ] ε≠k  and process 4 is on the critical path, we 
embed a feeding buffer after process 3. Moreover, since 

6[ ] ε≠k  and process 6 is on the critical path, we embed 
a feeding buffer after process 5. The size of the project 
and feeding buffers are estimated by Eq. (32) and Eq. 
(36), respectively. We then obtain PB=11 and FB3=1 
FB5=2. Figure 3 shows a production system in which the 
concepts of the feeding and the project buffers of CCPM 
are applied to the system shown in Figure 2. Consider-
ing these structures, the matrices defined in Eqs. (20) 
through (23) are set as follows: 

 

 
Figure 3. Production system shown in Figure 2 after appli-

cation of CCPM. 

1 diag(1, 3, 1, 5, 2, 2, 1, 2, 11),ck − =A      (45) 

1
1

3 1
, 3 1

5 2
1

2
2

c

ε ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε

ε ε ε ε ε ε ε
ε ε ε ε ε ε ε
ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟=⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

F 0 0
c,  ,

11

T

c

e ε
ε ε
ε ε
ε ε
ε ε
ε ε
ε ε
ε ε
ε

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟= =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

B C  (46) 

where the subscript c indicates that CCPM is applied. 
By calculating 2 6 ,ck ck⋅ ⋅ ⋅F F  we obtain 7

99ck ε=F  and 

*

1
1
4 3 2 1

.4 3 2 1
9 8 7 5 4 6 2
2 1
6 5 4 2 3

11 10 9 7 6 2 8 4

c

e
e

e
e

e
e

e
e

e

F

ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε

ε ε ε ε ε ε ε
ε ε ε ε

ε ε ε ε
ε

ε ε ε ε ε ε
ε ε ε

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

    (47) 

Assuming that the initial condition is 61( )c k ε=x  and 
that the input times from the external input is 0c =u , 
the earliest starting time cEx  and the output time cEy  
can be calculated using Eq. (24) and Eq. (27), as follows: 

( )

* 0
1

* 0

[ ( 1) ]

    1 1 4 4 9 2 6 11 ,
cE c ck c c c

T
c c c

k

e
−= − ⊕

= =

x F A x B u

F B u
 (48) 

22.cE c cE= =y C x        (49) 

From Eq. (28) and Eq. (30), the latest starting time 
cLx and the total float cw  are obtained as: 

*( )T
cL =x CF ⊙ ( )1 2 4 5 9 3 7 11 ,Te=y  (50) 

c cL cE= −w x x  
( )1 1 1 1 .Te e e e e=           (51) 

Therefore, the critical path can be identified as 
{1, 2, 4, 6, PB}α = . It can be confirmed that by apply-

ing CCPM, the earliest output time is reduced to 2/3 the 
original time. This indicates that the application of the 
concepts of CCPM on max-plus linear discrete event 
systems is effective. 
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5.  CONCLUDING REMARKS 

We examined a method of controlling the occur-
rence of an undesirable state change of the systems. In 
general, a method of assigning buffers and monitoring 
and controlling the tasks in a wider range are effective 
for controlling such changes. Focusing on max-plus 
linear discrete event systems, if the relevant parameter 
contains stochastic variations, there is a strong non-
linearity in the state of the systems. Thus, it is difficult 
to handle large-scale problems. In contrast, the CCPM-
based method has an advantage in that such problems 
can be handled easily because it does not consider the 
change in the execution times of individual tasks. In-
stead, a buffer is assigned to the cluster of tasks. 

In the present paper, we examined the possibility of 
applying the concept of the feeding and project buffers 
of CCPM on max-plus linear discrete event systems, 
using a simple model and numerical examples. We con-
firmed that, by applying CCPM, the earliest output time 
is reduced to 2/3 the original time. This indicates that 
application of the concepts of CCPM on max-plus linear 
discrete event systems was effective. 

For the more practical operation, it is necessary to 
take account of competition for resources and online 
management of buffer penetration that are discussed by 
the framework of CCPM. These extensions and addi-
tional details of a general formulation for applying the 
CCPM-based framework on max-plus linear discrete 
event systems should be discussed in the future. 

ACKNOWLEDGMENTS 

Hirotaka Takahashi was supported in part by the 
Uchida Energy Science Promotion Foundation, Sasa-
gawa Scientific Research Grant and the JSPS Grant-in-

Aid for Scientific Research No.20540260. Hiroyuki 
Goto was supported by research grants from the Takaha-
shi Industrial and Economic Research Foundation, The 
Mazda Foundation and the JSPS Grants-in-Aid for Sci-
entific No.20710114. 

REFERENCES 

Baccelli, F., Cohen, G., Olsder, G. J., and Quadrat, J. P. 
(1992), Synchronization and Linearity, An Algebra 
for Discrete Event Systems, John Wiley and Sons, 
New York. 

Cohen, G., Moller, P., Quadrat, J., and Viot, M. (1989), 
Algebraic tools for the performance evaluation of 
discrete event systems, Proceedings of the IEEE, 
77, 39-59.  

Goldratt, E. M. (1990), Theory of Constraints: And how 
it should be implemented, North River Pr. 

Goto, H. and Masuda, S. (2008), Monitoring and sched-
uling methods for MIMO-FIFO systems utilizing 
max-plus linear representation, Industrial Engi-
neering and Management Systems, 7, 23-33. 

Heidergott, B., Olsder, G. J., and Woude, L. (2006), Max 
Plus at work: Modeling and Analysis of Synchro-
nized Systems, New Jersey: Princeton University 
Press. 

Heidergott, B. (2006), Max Plus Linear Stochastic Sys-
tems and Perturbation Analysis, New York: Sprin-
ger Verlag. 

Lawrence, P. L. (2005), Critical Chain Project Manage-
ment, Artech House Inc.  

Tukel, O. I., Rom, W. R., and Duni Eksioglu, S. (2006), 
An investigation of buffer sizing techniques in criti-
cal chain scheduling, European Journal of Opera-
tional Research, 172, 401-416.

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


