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Abstract

We unite the two con concepts - normality We unite the two con concepts - normality and congrucnce - in an in-
tuitionistic fuzzy subgroup setting. In particular, we prove that every intuitionistic fuzzy congruence determines
an intuitionistic fuzzy subgroup. Conversely, given an intuitionistic fuzzy normal subgroup, we can associate an
intuitionistic fuzzy congruence. The association between intuitionistic fuzzy normal sbgroups and intuitionistic
fuzzy congruences is bijective and unigue. This leads to a new concept of coscts and a corresponding concept

of guotient.
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1. Introduction

In 1986, Atanassov[l] introduced the notion of iutu-
itionistic fuzzy sets as the gencralization of fuszy sets
defined by Zodeh[23]. Since then others have stud-
led intuitionistic fuzzy subrings [2], intuitionistic fuzzy
subgroups [3,10-12.15], intuitionistic fuzzy topolgical
spaces [5,6,13,22], and intuitionistic fuzzy topological
groups|14] in various contexts. On the other hand, in-
tuitionistic fuzsy relations [7,16] have also been inves-
tigated since a definition was introduced by Bustince
and Burillo [4]. More recently, Hur et.al. studied in-
tuitionistic fuzzy congruences on a lattice[l7], on a
groupoid (18], on a near-ring module[20] and on a
semiring [21], respectively. In particular, Hur et.al.[19]
investigated the lattice of intuitionistic fuzzy congru-
ences.

In this paper, we unite the two concepts - normality
and congruence - in an intuitionistic fuzzy subgroup
setting. In particular, we prove that every intuitionis-
tic fuzzy congruence determines an intuitionistic fuzzy
subgroup. Conversely, given an intuitionistic fuzzy
normal subgroup, we can associate an intuitionistic
fuzzy congrucnce. The association between intuition-
istic fuzzy normal sbgroups and intuitionistic fuzzy
congruences is bijective and unigue. This leads to a
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new concept of cosets and a corresponding concept of
guotient.

2. Preliminaries

We will list some concepts and results needed in the
later sections.

Forsets X,Y and Z,f = {f1,f2) : X = Y x Z
is called a complez mapping if fi X — Y and
f2: X — Z are mappings.

Throughout this paper, we will denote the unit in-

terval[0,1] as 1. Sorne of cur results can be extended to
more general lattices.
Definition 2.1 [1,5]. Let X be a noncmpty set.
A complex mapping A = (ua, va) X — I xI
is called intuitionstic fuzzy set (in short, IFS) in X
if pa(z) + vale) < 1 for each 2 € X, where the
mapping pa 2 X — I and vq + X — I denote the
degree of membership (namely pa(z)) and the degree
of nonmembership (namely v4(z)) of cach z € X to
A, respectively. In particular. 0. and 1. denote the
intuitionistic fuzzy empty set and the intwitionistic
fuzzy whole set in X defined by 0.(x) = (0,1) and
1(z) = (1,0) for each x € X, respectively.
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We will denote the set of all I[FSs in X as IFS(X).

Definition 2.2 [1]. Let X be a nonempty set and let
A= (pa,va)and B = (ug,vp) be IFSs on X. Then
1) ACBiff pa < pup and vy > vp.
2)A Biff AC B and B D A.
) = (VAMU’B)'
(ta AN pp,va vV ug).
(1A V pp,va AVE).
(,LLAv 11— MA)7 <> A=

(
(
(3
4y AnB=
(5) AUB =
(6) []JA= (1 —va,va).
Definition 2.3 [5]. Let {4;};cs be an arbitrary fam-
ily of IFSs in X, where A; = (uu4,,v4,) for cach i € J.
Then

(1) ﬂAl = (/\MAi»\/VAi)-

2) UAi = (V pas Ava,).

Definition 2.4 [10]. Let A be an IFS in a set X
and let A, € I with A+ p < 1. Then the set
AN = Lp € X pa(z) > Xand va(z) < p} is called
a (A, u)- level subset of A.

Result 2.A [12, Proposition 2.2]. Let A be an IFS
mn a set X and let

(A1, 1), (A2, p2) € ImA.

If My < Xy and py > o, then Azp2) A(M"“),
where Im A denotes the image of A.

Definition 2.5 [11]. Let G be a group and let A €
IFS (G). Then A is called an intuitionistic fuzzy sub-
group (in short, ITFG) of G if it satisfies the following
conditions :

(i) palzy) 2 palz) A paly) and va(e) < vala) v
va(y) for each z,y € G.

(i) pa(e™) > pa(e) and va(e
x €G.

1Y < wa(x) for each

We will denote the set of all IFGs of G as IFG(G).

Result 2.B [11, Proposition 2.6]. Let A be an
IFG of a group G. Then A(z™1) = A(z) and pa(z) <
pale),va(z) > vale) for each v € G, where e is the
identity element of G.

Result 2.C [11, Proposition 2.17 and Proposi-
tion 2.18]. Let A be an IFS of a group G. Then
A € IFG(G) if and only if for each (A, pu) € ImA,
AN subgroup of G. In this case, A™#) is called
a level subgroup of G.

Definition 2.6 [15]. Let A be an TFG of a group G

and let a € G be fied. We define a complex mappings
Aa=(prag,vae) : G—Ix1T
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and
aA = (paa,Van) G — I x 1
as follows respectively: for each z € G,
Aa(z) = A(za™") and aA(z) = A(a 'z).
Then Aa [resp. aA] is called the intuitionistic fuzzy
right [resp, lefl] coset of G determined by a and A.

Definition 2.7 [12]. Let A be an IFG of a group
G. Then A is called an intuitionistic fuzzy normal
subgroup (in short, IFNG) if A(zy) = A(yx) for any
z.y €G.

We will denote the set of all IFNGs of G as IFNG(G).
Result 2.D [15, Proposition 2.9]. Let A be an IFG

of a group G. Then the followings are equivalent: for
any a,x € G,

(1) /JA(aza Y > pa(r) and va(ara™t) <wva(z).
(2) Afaya™) = A(z).

(3) A € IFNG(G).

(4) aA = Aa.

(5) adat = A

Result 2.E [15, Proposition 2.13 and proposi-
tion 2.18]. Let A be an IFG of a group G and let
(A.p) € ITmA. Then A € IFNG(G) if and only if
AN 4 G,

Remarks. (1) Clearly there are intuitionistic fuzzy
subgroups that are not intuitionistic fuzzy normal sub-
group. For if G is any non-abelian group and 1 is any
subgroup that is not normal, then we can get intuition-
istic fuzzy subgroup out of H that are not intuitionistic
normal subgroups.

(2) In condition (1) of Result 2.D, it is enough to
reguire pa(a™tza) > pa(z), and VA(CL lza) < vu(z)
for all @ € G and = € sup p(A), where sup p(A) is
the support of A given by {z € G : pa(z) > 0 and

VA(x) < 1}

3. Intuitionistic fuzzy corgruences

Definition 3.1 [4,7]. Let X be a set. Then complex
mapping R = (pr,vr) : X x X — I x [ is called an
intuitionistic fuzzy relation (in short, IF'R) on X if
pr(z+1y)+vr(z,y) <1foreach (z,y) € X x X, ie.,
R e IFS(X x X).

We will denote the set of all IFRs on a set X as
IFR(X).

Definition 3.2 [16]. Let X be a set and let R €
IFR(X). For each (A, ) € I x I with A+ p <1, let
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RMH = {(a,b) € X x X : pr(a.b)
> Xand vg(a,b) < pu}.
This set is called the (A, p)-level subset of RR.

It is clear that RM* is a relation on X.

Let G be a group, let R €IFR(G) and let (Ag, o) =

( \/ pr(z.y), /\ vr(z,y)). Then we observe that
T, y€G r,yel@
(Ao, o) € I x 1. (Ao, po) = (0,1) implies that we
have the empty relation, namely, R(x,y) = (0,1) for
all z.y € G. From now on, we assume (\g,pg) €
(0,1] x [0,1).

We can define two operations on IFR(G)x IFR(G) :

Definition 3.3 [4,7]. Let P,@Q € IFR(G). Tnen the
composition Q@ o P of P and @, is definde as follows:
for any z,y € G,
poor(@,y) = \/ [np(.y) A polz,y))
zeX
and
voor(z.y) = N\ [vp(z,u) vV vg(z.y)].
zeX
Definition 3.4. Let P, €IFR(G). Then the multi-
plication P © Q of P and Q. is defined as follows: for
any z,y € G,
/'LPG‘Q(Iﬂ .7/) = \/
T=w122, Y=Y1yz2, T1.22,Y1,Y26G6

P (w1, 22) A pg(yr. )]

vpag(@,y) = A\

T=T1T2, Y=Y1Y2, T1,T2,41,Y26€G

ey w2} Vg (y y2)-

and

Definition 3.5 [20,21]. Let G be a group and let
O~ # R €lFR(G). Then R is called an intuitionistic
Juzzy weak equivalence relation (in short, [FW ER) on
G if
(1) R is intuitionistic fuzzy weakly reflexivei.e., for
cach x € G, R(z,x) = (Ag, pt0).
(2) R is intuitionistic fuzzy symmetric,
Le.. R(x,y) = R(y,z) for any z,y € G.
(3) R is intuitionistic fuzzy transitive,
ie., RoR CR.

We will denote the set of all IFWERs on X as
IFEw (X).

It is readily checked that if R is IFWER on a
group, the R is idempotent for o. ie., RoR = R
(see Proposition 2.9 of [16]). Furthermore, for each
(A, 1) € [0, Xo] X [po, 1], R is o crisp equivalence re-
lation on G (Sce Theorem 2.17 of [16]). In particular,
(Mo, jt0) - level subset R(osko) ig g crisp aquivalence

relation on G and as such yields a partition of G in
the crisp sense. The (Ag, po) - level classes of G under
this partition are denoted by &,¢.é etc., containing
representative elements z,y, e respectively. For each
(Ao, i) - level class & for € G| an intuitionistic fuzzy
set Ry : G — I x I is chefined as R;(a) = R(x,a) for
each v € G.

Now for each (A, 1) € [0, ] X [p0.1], the collec-
tion {Rg}’m cx € G} is a crisp partition of G. The
family of intuitioistic fuszy sets {R;} for z € G, on
G associated with an intuitionistic fuzzy weak equiv-
alence relation R, is called the intuitionistic fuzzy
partition of G with respect to R. Tt is uniquely deter-
mined by I, U Ry = 1. and R; N R, means that

reG
tri(a) A pirgla) < a and vra(a)Vpg(a) > 3 for each
a € G whenever R(z.y) = (o, ) (Sce Theorem 2.15
of [16]).

Definition 3.6 . Let G be a group and let R €
IFEw (G). Then R is called an intuitionistic fuzzy & -
congruence on G if R© R C R.

We will denote the set of all intuitionistic fuzzy & -
congruences on ( as IFC (G).

The relation R© R C R can be thought of as a substi-
tution property are is well known in crisp congrucnce
relations on a group or a general algebra. Moreover,
we can interpret in the crisp case a congruence as an
equivalence relation F as a subset of G x G that is at
the same time a subgroup of G x G. This is indeed
analogously the case in the intuitionistic fuzzy case.
An IFWER that is at the same time an intuitionis-
tic fuzzy subgroup of G x G is an intuitionistic fuzzy
@ - congruence on G. It is easily seen that for each
(A, 1) € [0, Mo] X [1o, 1], RM® is a congruence if and
only if R is an intuitionistic fuzzy © - congruence on

G (See Theorem 3.6 of [20]).

4. Main results

Now we turn our attention to the relationship be-
tween intuitionistic fuzzy © - congruences on a group
GG on the one hand and intuitionistic fuzzy normal
subgroups on the other.

Proposition 4.1 . Let G be a group and let A €

IFNG(G). We define a compler mapping Ry =
(tpavnry) + G x G — I x T as follows: for any
x,y € G,

Rala.y) = Alay™).
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Then Ra € IFC(G).

Proof . Let z,y € G. Then

pr (T, y) = paley ™) < pale) = Ao
and

v, (2,y) = valey™) = vale) = po.

Then Ru(z,z) = A(zz 1) = A(e) = (Ao, o), for each
x € G. So R4 is intuitionistic fuzzy weakly reflexive.
We can easily see that R4 is both intuitionistic fuzzy
symmetric and intuitionistic fuzzy transitive.

Hence R4 € IFEw(G).

Now let z,y € G. Then
BRA0RA(T,Y) = \/
TET1 T2, Y=U1Y2, T1,%2,Y1,Y26€6

lra (21, 22) A fr, (Y1, y2)

VRyoR4(T,Y) = /\
T=X1T2, Y=Y1Y2, T1,%2,Y1,Y2€C
[VRA (wla z2) V VR4 (yl; Ya).
On the other hand, for each representation of x = 25
and y = y1y2,
Ra(z,y) = Alzy™") = A(zrzays 'yy ).
Then
palzizays 'y ) = palriyr fyi ey, tyr )
> palziy")
Aa(yizays 'yt
[Since 4 € TFG(G))
= pa(zyr ') A pa(zayz )
[Since A € IFNG(G)]
= pRr (T1,Y1) A figa (22, 92)

and

and
valzizay; 'y ) = valziy; 'yiweys 'y h)
Svalziy )
Vva(yizayy i)
= va(z1y; )V valzoys ')
= VR4 (a’.lyl) V VR, (x27y2>'
Thus pir,or.(7,y) < pr,(z,y) and vi,or, (2.y) >
vra(z,y). So R4 €IFCy(G). This completes the
proof. O

The following is a sort of converse of the above propo-
sition:

Proposition 4.2 Let G be a group and let
R € IFCo(G). Then there is an A € IFNG(G)
such that Ar(zy~') = R(z,y) for any z,y € G

Proof. Since R €IFCy(G), R is intuitionistic fuzzy
weakly reflexive. Then R(z,z) = (Ao, o) for each
r € G. By an earlier remark (made just after Defi-
nition 3.5), ROopo) s g crisp congruence on (. Let
le]r(Ao, o) be the class containing the identity e in
the partition of G yielded by R o:#0) We define a
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complex mapping Agr = (ptava,) : G — [ x I as
follows: for each x € G,
Ag(z) = R{z,e). (i) Ag is well - defined.

(ii) R(z,e) = R® 1 e, Agp(z) = Ag(z™!) for
each x € G.

Suppose z € [e]r(Ao, o). Then zRAo#0)e and
2= TRPosto) =1
Thus eRPo#0) =1 So R(z™1, €) = (Ao, o) = R(z, €).

Suppose © ¢ le]r(Xo, o). Then pgr(z,e) < Ao
or vg(z,e) > pg. Since [e] pong.uey 1 a subgroup of
G, up(z™t e) < Ay or vr(z 1 e) > wo.

Let t1 = pr(z,e), ta = ur(z 1, e), s1 = vr(z,e) and
s = vr(z~le).

Assume that 1 < {5 and 51 > s9. Then x € [e] pees,on)
and 2 ¢ [€] grz.en)- S0 271 € [€] pieg,sn . Since [€] giry.on
is a subgroup of G, [e] p(ts.5») - This is a contradiction.
A similar contradiction arises if we assume that tg < £
and so > s1. Thus t; = t5 and s1 = $o.

So in any cases, R(x,e) = R(z™!,¢e). Hence Ag(z) =
Ag(z71) for each z € G.
(111) /LAR(:L.y) > MAR(CU) A :uAR(y) and VAR(xy) <
va(2) Vs, (y) for any z,y € G.
Let z,y € G. Then
HAg (T,Yj) - /J'R(‘/L'yo e)
> pp(z,e) A pr(y,e)
[Since R € IFC(G)]
= pag(®) A pag(y)
and
Van(2y) = v(ey,e) < va(z, &) V va(y, )
= VAR('T) v VAR(y)’
Hence, by (i),(ii) and (iii), Ag € IFG(G).
(iv) R(x,e) = R(zy,y) for any z,y € G.
Let t, = pr(zy,y), t2 = pr(z,€), s1 = vr(zy,y)

and s = vg(z,e).
Assume that £; > t3 and s; < sy. Then, by Result
1A, [e]%“sl) C [e]%Q’Sz). Thus

zyRUs0)y and 4y~ RUs1)y—1 = g R(s1)e,
So pr(z,e) > t; and vy(z,e) < s1 and hence t3 > ¢
and so < sy. This is a contradiction. A similar
contradiction arises if 7 < %9 and s; > sg. Thus
R(z,e) = R(zy,y). So

R(zy~',e) = R(zy 'y,y) = R(z,y), i.e.,

Ag(zy™") = R(z,y).

(v)Ag € IFNG(G).
Let z,a € G. Then
Ag(a~tza) = R(a™'za,e) = R(aa 'za,a)
= R(za,a) = R(z,¢€)

This completes the proof. O

Proposition 4.3 . Let G be a group and let R €
IFCo(G). Then the collection {R;} : * € G 1is an
intuitionistic fuzzy partition of G in the sense that
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URi:ﬂ—G

xcG
and
R; N Ry ; Corngopey Jor all & 9. e,
prla) A g, la) <z and vy, (a)
Vg, (a) > py for each a € G,
where C, (aq.piq) { )
each x € G.

Proof. 1t is straightforward to check that U R; =
reG
mey. Assume that for any & 5 ¢ there exists a € (G such
that R; N Ry(a) = (Ao, fo). Then
pr,(a) Mg, (a) = Ao and vg, (a) Vg, (a) = po.
= pr,la) = Ao = pr, (a) and v, (a) = po
= vg,(a)
= R(z,a) = R(y.a), x €& and y € ¢
= zRVwrolg and yRGomelg
= ,’ERQ"”“’O):I/
[Since RPAo#0) is an equivalence relation]
=y €& = [2] pogne and y € 4.
Thus # Ny # @. So this is a contradiction to the
fact that 2 Ny = @. Hence Rz N Ry & Cy ). This
completes the proof. ]
Proposition 4.4. Let {R; : 2 € G} be the intuition-
istic fuzzy partition of G given in Proposition 4.3
Then {R; « x € G} is a group under suitably defined
binary operation. Furthermore an intuitionistic fuzzy
set Ry in G precisely the intuitionistic fuzzy left coset

zRe of Re associated with x € G, where ¢ = [e] g -

Proof. We define a binary operation in the col-
lection {R; : z € G} as follows : for any x,y € G,
R;Ry = Ry

where 2y is the class containing xy for z € £ and y € 9.

Proof. (i) The multiplication is well-defined.
Let .21 € # and y,y; € y. We must show that
R{zy,a) = Rlxiy;,a) for each a € G.
Then clearly xRPo#)z, and yRWo ““)yl Since
RBoro) s a congruence on G, (zy)ROM0#0) (r1y).
Thus
Ty € [2Y] gogwns = Ty
= Ri{zy, z11n) = (Ao, po)-
Casel : If a € %y, then R{zy,a) = (Ao, po) =
R(ziy1,a).
Case2 . If a € 2y, then
Lr{zy,a) < Ay, vrlzy,a) > o and
pr{xy. a) < Ao, vr(zig,a) > po.

Thus
tr(ry.a) > prlry, o) A pe(ey, a)
[Since B € IFE,(G)]
= pr(T1y1.a)

and

()\0 [J,()) and 71"(;(1’) == (/\(',Tgm) f()’f'

vr(zy, a) < vpley,z191) V vr(z1y1, @)
= vr(my, a).
By the similar arguments,
pr{ziyr, o) > pr(zy, a) and vr(ziyi, a)
< vr(ry.a).
So, in any cases, R(zy,a)
R{xyy, a).
Hence

= R{:z',lylr a’): i.e., va“y (CL) -

is well-defined.
(ii) {R:} is a group under the binary operation de-
fined above.
Let o € GG. Then
Rep{a) = Rlex,a) = R(x,a) =
Thus Rc’x - R;g;, i.e.t RéRj;
Rri:-
So R is the identity of {R;.}
Let &1 = [27!] gposgune for each z € G. Then
RyR; = Ry = Re. [Since e = za™ ! € g1
Thus (R;) ™! = Rz
The associativity (R;Ry)R: 1 (RyRs) follows
form the same property in G. Honce ({R;}.1) 15 a
group.
Finally. we recall that the intuitionistic fuzzy left
coset of R associated with z € G,z K, is defined by
(xR)(y) = R(z~'y) for each y € G.
It is clear that R = Agp. where Ag is the intuition-
istic fuzzy set in G defined in Proposition 4.2. Since
Agr € IFNG(G), Re € IFNG((). We shall show that
xR, = R, for each # € G. Let y € G. Then
2R:(y) = Re(x™'y) = R{z "y, ¢)
= R{xx 'y, x)
= Ry, x)
= R(z,y)
= R:(y).
Hence R, = R; for cach x € (. This completes the
proof. (]

= R;. Similarly, R;R; =

Finally, the following shows that every congruence
arises form an intuitionistic fuzzy normal subgroup
with the partition given by the intuitionistic fuzzy left
cosets. The proof follows from Proposition 4.1 and is
omitted.

Proposition 4.5. Let G be o group and let A €
ITFNG(G). Then there exists an Ba € IFCq(G) such
that the intuitionistic fuzzy partition associated with
Ry is the collection {zA : & € G} of intuitionistic

fuzzy cosets of A.
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