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Abstract

We investigate the properties of fuzzy relations, metrics and ¢-equivalence relation on a stsc quantale lattice L and a
commutative cqm-lattice. In particular, pseudo-(quasi-) metrics induce ©-(quasi)-equivalence relations.
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1. Introduction and Preliminaries

Quantales introduced by Mulvey [11,12] have arisen in
an analysis of the semantics of linear logic systems devel-
oped by Girard [4], which supports part of foundation of
theoretic computer science. Recently, Bélohlavek [3] in-
vestigated the properties of fuzzy relations and similarities
on a residual lattice. De Baets and Mesiar [1,2] studied
the relations between pseudo-metrics and (-equivalences
relations.

In this paper, we investigate the properties of fuzzy
relations, metrics and (-equivalence relation on a stsc-
quantale lattice and a commutative cqm-lattice. Non-
negative functions on X x X induce fuzzy relation and
metrics. In particular, pseudo-(quasi-) metrics induce -
(quasi)-equivalence relations.

Definition 1.1. [11,12] A triple (L,<,®) is called a
strictly two-sided, commutative quantale (stsc-quantale, for
short) if it satisfies the following conditions:

Q1) L = (L, <,V, A, 1,0) is a completely distributive
lattice where 1 is the universal upper bound and 0 denotes
the universal lower bound;

(Q2) (L, ®) is a commutative semigroup;

(Q3)a=a0®1,foreacha € L;

(Q4) @ is distributive over arbitrary joins, i.e.

i€l i€l
Remark 1.2. [6-8] (1) The unit interval with a left-
continuous t-norm ©, ([0, 1], <, ®), is a stsc-quantale.
(2) Let (L, <, ®) be a stsc-quantale. Foreach z,y € L,
wedefiner —y=\V{z €L |z0z <y}

Definition 1.3. [1-3], {6-8] Let X be asetand (L, <. <) a
stsc-quantale. A function R : X x X — L is called a fuzzy
relation. A fuzzy relation is called:

(R1) reflexive if R(z,2) =1 forallz € X,
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(R2) symmetric if R(z,y) = R(y,z), forallz,y € X,

(R3) transitive if R(z,y) ® R(y,z) < R(z, z), for all
.y, 2z € X.

If R satisfies (R1) and (R2), R is an (©-quasi-
equivalence relation. If an ®-quasi-equivalence relation R
satisfies (R2), then R is an ®-equivalence relation.

Definition 1.4. Let X be a set. A functiond : X x X —
[0. > is called a quasi-metric on X if it satisfies;
(M) d(z,xz) =0forallz € X,
(M2) d(z,y) + d(y, z) > d(z,z), forall z,y,z € X.
A quasi-metric d is called a pseudo-metric if it satisfies;
M3)d(z,y) =d(y,z), forall z,y € X.
A pseudo-metric d is called a metric if it satisfies;
M)ifd(z,y) =0, thenz = y.

Theorem 1.5. [10] Let Ry, Ry € L**X be fuzzy rela-
tions. The compositions of Ry and Ry are defined as

RioRy(z.z) = \/ Ra(z,y) © Ra(y, 2)
yeX

(R1 = Ry)(w,2) = N\ (Ri(z,y) = Ra(y, 2))

(Ry = Ro)(w,2) = |\ (Raly.2) = Ru(x,y))

(Rl < RQ)(‘TVZ) = /\ (Rl(Tvy) A RQ(yZ))
yeX

Ri(y,z) = Ri(x,y).

Then we have the following properties.

(1) (R10 Ry)* = R5 0 Ry.

(2) (R, = Ry)* = R} <« Rj and (R, < Ry)® =
RS = RY.

(3) (Ry & R2)® = RS < RY.



Definition 1.6. [10] Let (L, ©) be a stsc-quantale. A func-
tion T : L — L is called an equivalence transformation
map if it satisﬁes the following conditions:

(HT(1) =
(2)1ff<y,thenT( ) < T(y),
G T(x)eTly) <T(xoy).

Theorem 1.7. [10] Let I be an ©-equivalence relation and
T an equivalence transformation map. Then 7o R is an &-
equivalence relation.

2. Fuzzy Relations and Metrics

Theorem 2.1. Letd, dy, dy € [0, 00]*** be non-negative
functions. We define d; W dy € [0, 00]¥ ¥ as follows:

dy dQ(ﬂQ Z)

N\ (di(z,y) + daly, 2))

yEX
dy > dy(z.2) = \/ ((di(a.y) = daly.2)) v 0)
yeX
dy ady(z,z) = \/ ((da(y,z) — di(x,y)) v O)
yeX
dyody(x,z) = \/ di(x.y) — daly, )|
yeEX

oc+a=a+o0c=ocVa € |0,00]
oc = o = 0.

We have the following properties.
(1) (dy Wdg)® = d5 W dj where di(z.y) = di{y. ) for
eachxr.y € X.
(2) (dy > d2)? = d3 < df and (dy @ dy)*
(3) di @ (dQqu) (dl U(fz)bd'g_
(4)d1<](dQUdd> (d1<1d2\Ud;.
(3) (d1 < ([2} ddy < di W (dQ < dg)
(6) dy > (Cl2 > d;g) < (dl v dz) W ds.
(7) (d) < dz) g d;g = d‘; < (dg e d,g).
(8) d1 < (dz < dg) = <d1 & (12} < dg.
(9) (dl 22 dg) g dg = d1 o <d2 ] (jg).
(10) If d; 1s a (quasi-, pseudo-) metric for each i = 1, 2,
then d; V ds and dy + dy are (quasi-, pseudo-) metric.
(11) Let dy and d- be quasi-metrics. dy A dy is a quasi-
metric lffd[ & d,g Z d] A d? and d2 Lﬂd] > dl AN dg.
{12) Let d; and o be metrics. dy W dy is a metric iff
d1 H (,lg = CZQ &) d1~

= df e df.

Proof. (1) and (2) are similarly proved as the following:

(divdy)®(z,2) = (di>dy)(w,2)
;\/yex(((h(r y) — da(y.2)) vV 0)
V(@) - diz00)) v 0)
(d}ﬂds)(z x).
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(3) Since ((a +b) —c)Vv0 = (a+b—c)VO0and
a+((b—c)v0)=(a+b—c)vaforalla,bc>0,we
have ((a +b) —¢) VO < a+ ((b—c)V0). Thus

(dy @ dy) > ds) (2. w)

=V, (/\( (di(z.y) +daly, z)) — da( zu:))\/O)
=V, A, ((di(x,y) + da(y, 2)) = ds(z.w)) v
<A, V. (di,y) + ((daly. 2) — ds(z.w)) vV 0)

= (dy & (da & ds)) (2, w).

(4), (5) and (6) are similarly proved as in (3).

(7) Since (((b—a)V0)—c)VO0 = (((b—c)v0)—a) V0,

(<d1 < dg) > di)(l w

)
= V. (V, (e ) = di(2.9)) V 0) = dy(z,)) v 0

dy(z,y)) v 0)
ds(z,w)) Vv 0)

_\/\/(] deZ

) =
=V, V. {{(({da(y. 2) -
= (dl < (dQ = dg))(I, w).
(8) Since (((c = b)V0) —a) V0= {(¢c —a~—1b)Vv0),

(gl < (d2 < dd))(T ’(’l’)

—

=V, (V. (a2 w) = da(y, 2)) V 0) — i)
~V.V, ((d3 (z,0) — (di(x,y) + da(y, z)))\/O)
= ((dy W da) < ds){x, w).

(9) Since (((a—b)V0)—c) V0= ((a—(b+c))V0),
we similarly proved as same in (8).
(10) It is casily proved.
(11) (=) Since d; A dp is a quasi-metric,
(di Wda)(w,2) = A\, (dilz,y) + daly, 2))
> A, ((di Ad2)(@,y) + (di A da) (Y,
> (dy Ada)(x, 2).

{<=) We only show that d; A dy satisfies (M2).

+(dy /\dz)(y z)

+ (dr(y, 2) Nda(y, 2))
() + h(y-2)
Z} /\ <d1 U dg)(I ~} A dg{?ﬁ

(dy Ndg)(a,y) +
= (dy{m,y) A dala, y))
= (dy(x,y) + di(y, 2)) A
Ad i, y) + daly, 2)) A
> dy (T 7) A <dOU(]1)(
> (dy Ada)(z, 2).

(12) (=) Since (d1 W dp) is a metric,

((7/1 [ dz)(;l} ,3) ((11 ) dg)(Z ’1‘)
= Nyex(diz.y) + d2(y. 2))
= Nyex(dily. 2) + dz(z. y))

= (dy Wdy)(z, 2).

31

—~da{z,w)) VO
—di(z,y)) VO

vo)

z))

)
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(<)

(di W dz)(z,y) + (di W d2)(y. 2)
= /\yleX[dl(xvyl) + dZ(ylv 7/”
+ AL exld2(y, z1) +di(z1, 2)]

= Nyrex Nsjex ([ch(x., y1) + do(y1,9)]
+[da(y, z1) + dy (21,2)])

= /\y1eX /\zleX ([dl(fﬁa Y1) ,
+(d2(y1,y) + da(y, 21)) + d (21, 2)])

> Apex Asvex (d(e90) + [dalyn, 1) + i, 2)))
di(z,y1) + A, exlda(yr, 21) + du(z1, Zﬂ)

= Nyiex
= Nyex (di(z,y1) + (d2 Wdi)(ys, 2)
= Nprex (di(z,91) + (di W da) (31, 2)
= Nyrex |l

= Nipex

> /\Z2€X dy(z, z2) +d2(22,2’)>
= (d1 LUCZQ)(.Z‘,Z).

Other cases are easily proved.

O

Example 2.2. (1) We give an example di W (da > d3)
(dy Wdo) > ds from:

(37)el(5 8)-(5 2)
=[(57)+(; oI5
(3 7)<[(s 8)=(32)]-(3 0)
)=(5 1)

-[(25)<(3 7)1(3

(4) Let d; and ds be quasi-metrics as follows:

0 2 3 0
di=| 3 0 4 dy=11
5 2 0 4

0 2 2

diWde=1{1 0 3

3 2 0

32

di(z,y1) + N, exldi(yr, 22) +d2(22=2)}>
Ngrexdi(@, 1) + di(yr. 22)] + do(z2. z)) Since dy Wdy # dp Wdy, dy ¥ dy is not a metric

v

)=(3 2)

0 2
diNdy =dy Wdy = 1 3
4 0

NN O

Since dy Wds Z# di A dg, by Theorem
not a quasi-metric because

A(11), dy A dy is

3 = (di Ada)(2. y)+(di Ada)(y, 2) 2 (diAda) (2, 2) = 4.

(5) Let d, and do be metrics as follows:

0 3 7 0 10 9
di=13 0 10 do = 10 0 2
7 10 0 9 2 0
0 3 5 0 3 7
diddeo =1 3 0 2 doWdy =13 0 2
7 2 0 5 2 0
because

5= (dyWda)(x, 2z) # (1 Wda)(z,2) =7,

5 = (diWds)(z,y)+(dywda)(y, ) Z (d1Wds)(z,2) = 7.

(6) Let dy and do be metrics as follows:

0 2 5 0 4 2

di=1] 2 0 3 do=14 0 2

5 3 0 2 20
0 2 2 0 2 2
digde=| 2 0 2 doWdi =] 2 0 2
2 20 2 20

Since dy Wdy = da Wdy = di A da, di W ds is a metric.

Theorem 2.3. Let d € [0, 00]X X be a non-negative func-
tion. We have the following properties.

(1) If d(z,z) = Oforeach z € X, thendw d < d,
d < (drd),d < (d>d®),d < (dad),d < (d°* ad) and
dwd(z,z) =0foreach z € X.

(2) If d is symmetric, then d W d is symmetric, (d >
d)(z,z) =0forallz € X, (d<d)®* =d>d,anddodis
symmetric and d ¢ d(x,z) =0 forall z € X.

(3) d is symmetric iff (d> d)(z,2z) = 0forallz € X
iff (d<d)(z,2) =0forallz € X.

(4 Ifdrd < d, then d < d°Wd. Moreover, if d<d < d,
thend < d° W d.

(5)d(z,z) < d(z,y) + d(y, z) for each z, y, z € X iff
d<dwdiff d®ad < diffd>d® <d

(6) If d(z,z) = 0 and d(z, z) < d(z,y) + d(y, =) for
eachz,y,z € U,thend=dWd=d°<d=d>d°.

(7) d ¥ d° is symmetric.

®)dWd® > dand d(z,z) = 0 foreachz € X, iff d
is is a pseudo-metric on X iff d > d < d and d(z,z) =



(dod)(z,x) = Oforeach z € X iff dad < d and
d{z,x) = (dad)(z,z) = 0foreach z € X.
(9) Let d(z,z) = 0 and d(z,y) = d(y,x) for each
.,y € X. We define
d>(a,y) =

N d"(z.y)

neN

n
Where d" = d@d... o d. Then d* is a pseudo-metric on
X.
(10) d o d* is a pseudo-metric on X

(11) If d is symmetric, then d ¢ d is a pseudo-metric on
X.

Proof. (1)

(dod)(z.z) =V p(dlo,y) —d(y,2)) v 0)

;]( )~ d(z,2) = d(x, 2).

Other cases are similarly proved.
{(2) By Theorem 2.1(2),

(dod)® = (dvd)®Vv (dad)®

=(dad)V({drd)=dod.
(3) It easily proved because

(ded)(z,2) =V o x(da,y) —dly,2)) VO =0
iff dx,y) <d(y,z).

{(4) and (5) follow from:

( c2) < d(x,y) + d{y, z) ’
ff (d(x,2) —d*(z,y)) V0 < d(x.y)
ff (d(z,z) —d*(y,z)) v 0 < d(y, z)

(6) Since d{x,z} = 0,

(ded¥) (2, 2)

Since d(z,y) + d(y,z) < d(x,z), we have d(z,y) <
d(z,z) — d(y, z). Thus
d(z,y) < \/ (d(x, 2) = d*(2.9)) V 0.

zelU

Therefore d = (d > d*).

(7) It is proved from {d & d*)® = d & d*.

(8) (=) Since d(u, z) = 0,d > dwd®. Thusd > dwd®,
By (6), d is symmetric. Since d = d* and d & d = d,
d{z, z) < d(x.y) + dly, ).

(<=) It is easy.

(9) Suppose there exist z, y, z € X such that

d*(x. y) +d>(y, ) # d(x, 2).
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By the definition of d*(x,y), there exists x; € X such
that

d(z.z1)+d(z, x2)+. . Ad(Tn, y) Hd>(y, z) Z d>(x, 2).
By the definition of d> (y, z), there exists y; € X such that
d(z,ay) +d(z,22) + .o+ d(@n, y)

Fly )+ )+ ot d(yns2) E 7 (a,2),

It is a contradiction for the definition of d°°(z, z).
(10)

(dbds)(m TJ} (dod®)(x;, zx)

> (d(x,y) — d*(y. ;) + (d(zg, ) — d°(y. 2)
= (d(zsy) - U’(lgyy) + (dlxy,y) = d*(y. ax))
=d(z;,y) — 4 (y, 2%)

(d<d? )(.;,,.,) (dad®)(wy, o)
> (d*(y.z;) = d(zi. y)) + (d*(y, wp — dl@;, y))
= (d(z; ) —d(zi, y)) + (d°(y, 7)) — d(z4,y))

=d° (y 1;‘) d(z;.y)

(dod')(?? x;)+ (dod®)(x;. rx)

> (d>d* ) ay, 1J)+(dbd‘)7(1, )
(d<1d Wy, x )+(d<d Wy o)
> (d(xi.y) = & (y.2x) V (d(xi,y) = d*(y, 7))

It implies

(dod®Y(xy, ;) + (dod®) (2, xp) = (dod®)(zg, 21).

(11) It follows from (10).

Example 2.4. Let d be a metric as follows:

0 2 3 0 2 3
d=1 2 0o 7 2 05
370 3 50

0 2 3 0 2 3
d=1 2 0 4} 4= 2 0 4
3 40 3 40

0 3 4 0 7 1 0 3 3
70 2 |1 3 00D 7 0 6
1 0 3 4 2 3 1 10
0 3 4 0 7 1 07 1
70 2 )<l 300 30 1
1 0 3 4 2 3 36 0
0 3 4 0 7 1 0 7 3
70 2 el 3 00 70 6
1 0 3 4 2 3 3 60

33
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Definition 2.5. A strictly increasing function s : [0. ] —
[0, 0] is called a metric transformation map if it satisfies
the following conditions:

(1) s(0) =0

@) sz +y) < s(z) + s(y).

Lemma 2.6. Let f : [0,1] — [0,oc] be a strictly de-
creasing continuous function with f(1) = 0 and f~! :
[0, f(0)] — [0, 1]. Then

(1) Define z @y = f1(f(z) + f(y) A £(0)). Then &
is a continuous t-norm and ([0, 1], <, @) is a stsc-quantale.

@z —y=f"(fly) - f(x)) V0.

Proof. (1) It follows from [13] and Remark 1.2(1).
)

oy =Vizlzoz<y}

=V{z| /" (( () FE) A F0) <y}
V{z [ f(z) =2 (f(y) = f(x)) v O}
I~ 1((f(y)— f(@)) v 0).

OJ

Theorem 2.7. Let d be a metric on X and s a metric trans-
formation map. Then

(1) s o d is a metric.

) If f : [0,1] — [0, 0] is a strictly decreasing func-
tion with f(1) = O and f~! : [0, f(0)] — [0,1] with
s(f(0)) < f(0), then T = f~ o so fis an equivalence

relation with respect to x ©y = f~1(f(z) + f{y) A £(0)).
Proof. (1) 1t is easy.
@
T()oT(y) =flosof(x)of losof(y)
= [THAO) A (s(f (@) + s(f(y)
< O A (s(f(@) + F(y)
Toy) = toso Hf 1O A(flx)+ f(y)
= fHs(f(0) As(f(2) + f ()
Since s(£(0)) < £(0)), T(x) & T(y) < Tlw & y).

O

Example 2.8. Let s(x) = 2% and f(z) = 1 — 2. Then
rOy = (r+y—1)v0and T(z) = 5% . Put d as follows:

0 02 03 1 08 07
d=] 02 0 04 |f Y d=1] 08 1 06

03 04 0 0.7 06 1
Then we obtain f 1(sod) = T(f~1(d)):

0 = 13

12

sod = % 1% fH(sod) = £ 1
_63 0 E 6

13 13 14

From the following theorem, non-negative functions on
X x X induce fuzzy relations.

o ol
o
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Theorem 2.9. Let dy,ds € [0,00]¥*X be non-negative

functions. Let f : [0,1] — [0, o0] be a strictly decreasing
continuous function with f(1) = O and f~! : [0, f(0)] —
0. 1). We define £~ 1(d;) € [0, 11 a5 f~1(d,)(z,y) =

S di(e.y)) and z Oy = fH(f(2) + f(y) A F(0)).
We have the following properties.
(1) If d; is a pseudo-metric on X with where f (0) >
Vo (di(z,y)+di(y. z)) foreach i = 1,2, then f~ Yd,)
is an ® equwalence relation on X for each ¢ = 1,2 where

=y = f7Yf(x) + f(y)). Furthermore, di V d is
a pseudo-metric such that f~(dy V d2) = f~'d1) A
71 (d).

(2) If d; is a pseudo-metric on X with where f(0) >
V., (di(z.y) + da(z,y)) for each i = 1,2, then

f~Ydy)® fH(dz) isan @-equivalence relation on X such
that /1 (dy +dg) = f~(d1) © f~*(da).

(3) If f(0) > \/“(/\y(d1($ay) + da(y, 2))), then
JTHd W dy) = [N (dy) o f T H(da).

&) [N dy) = [N (d1) <= [ (d2).

(5) fHdi<dz) = fHdr) = [ (d2).

(6) [~ di ody) = [ (d1) & [T (dz)

Proof. (1) 1t follows from:

fHd) (@ y) © fFHda)(y, 2)

= fHS0) A(dilz,y) + dily, 2)))

= f_l(dl(xay) + dl(yaz))
fHd) (2, 2).

(2) It follows from:

)

fH(dy W da)(m, 2))

= fﬁl((/\er(dl(lyy) + d2(yvz))))

- \/yGX fﬁl(dl(wvy) + d2(y72))

(f Hdi)o f Hd2))(, 2)

= Vyex (fHd)(@,y) © f7Hd2)(y, 2))
= Vyex [ HF(0) A (dilz,y) + da(y, 2)))-
- \/yEX f (dl(xvy) + dQ(yvz))'

4)

0.2) = F1(d) e, y))
= Nyex [ ((di(z,y) — da(y, 2)) v 0).

(5) and (6) are similarly proved as in (4).



Example 2.10. Put d; & dy as follows:

1 3 5 3 2 4 4 3 5
2 0 411wl 1 76 |= 1 4 6
3 2 1 0 4 8 1 57
Let f(x) = 10 — 10z, f~'(z) = (1 — &) A 10 and
F(0) > 7. We obtain =1 (d) Wds) = ~(dy) o [~ (ds)
as
LR A 7 8 6
voLow )\ Ry
0 10 10 0 10
6 7 3
v ¥y
10 10 10
We obtain f~1{dy > da) = f~dy) < f~1(dy) as
1 3 5 3 2 4 5 1 0
20 4 )] 17 6 )]=|400
3 2 1 0 4 8 1 1 0
9 1 5 T8 6
ip 10 10 0 1 1p
8 6 S
ooy %? 0o
10 10 10 10 10
2009
v |
a E R
10 10

From Theorem 2.9, we obtain the following corollary.

Corollary 2.11. Let d, d1,dz, ds € [0, 0c]* *X be a fuzzy
relation. Let f and & be defined as in Theorem 2.9. We
have the following properties.

('1) I 10y = V..(A, (d] (z.9) + daly, 7)),

I~ (((hUd)) [~ (2)‘f H(dy).

(@) f7M((dy > dy)? ) = (ff (di} = f1(d3)) and
fHdr ada)®) = (fH(ds) < fHd})).

G f(0) = \/ AN (il 4/)+dz(l/ N fHdv o
(f'l(dz) e [Hds) < () o SN ()
FHds)).

& I FO) = V(A (dely.2) + ds(z.w)),
I q Hdy) ?’ ( “Hdz) o fTH)) = (fHd) =
f7Hd2)) o £ (dy).

(5) If f( )z VLA Az y) + da(y.2)),
(f~Mdi) :> fHd2)) fHdy) > fHdy) o
(fHd) = [ (ds)).

©) (F7d) = [ (da)) < f~Y(ds) = [ (dy) =
(fﬁl(d'z)@f*( ). ,

OFe (d1> = ([ da) = f1(da) 2 (7 Hdy) =
f7Hd2)) 0 [ (dy).

(8) If f(i) z VoA dilz,y) + da(y. ),
) = (fHd) = [Hds) = (f7Md) o
f7Hd2)) = [ (dy).

O I J0) =V, (A d(y,2) + ds(z UJ))
(f~Hd) 1((’2)) F7Nds) = (f7Hdi) =

< [T
(f7Hdz) o f 7 (d3))).
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