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Abstract

Recently, Carlsson, Fullér and Majlender [1] presented the concept of possibilitic correlation representing an average
degree of interaction between marginal distribution of a joint possibility distribution as compared to their respective
dispersions. They also formulated the weak and strong forms of the possibilistic Cauchy-Schwarz inequality. In this
paper, we define a new probability measure. Then the weak and strong forms of the Cauchy-Schwarz inequality are
immediate consequence of probabilistic Cauchy-Schwarz inequality with respect to the new probability measure.
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1. Introduction

The notion of mean value of the function of random
variables in probability theory plays a fundamental role
in defining the basic measure of a probability distribution.
Fuller and Majlender [4] presented the idea of interaction
between a marginal distribution of a joint possibility dis-
tribution and introduced the notion of covariance between
fuzzy numbers by their joint possibility distribution to mea-
sure the degree to which they interact. Recently, Carlsson,
Fullér and Majlender |1] presented the concept of possi-
bilitic correlation representing an average degree of inter-
action between the marginal distribution of a joint possibil-
ity distribution as compared to their respective dispersions.
They also formulated the weak and strong forms of the
possibilistic Cauchy-Schwarz inequality. In this note, we
define a new probability measure. Then we show that the
weak and strong forms of the possibilistic Cauchy-Schwarz
inequality are immediate consequence of classical proba-
bility theory.

2. Preliminaries

A fuzzy number A is a fuzzy set in R that has a nor-
mal, fuzzy convex and continuous membership function
of bounded support. The family of all fuzzy numbers
will be denoted F. Fuzzy numbers can be considered as
possibility distributions [6-8]. If (' is a fuzzy set in R"
then its y-level set is defined by [C]7 = {(a1,...,z,) €
R™ | Clzy....,2,) > v} for 0 < v < 1, and [C]Y =
c{(z1,...,zy) € R*C(21,...,3y) > v}(the closure of
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the support of C) for v = 0. It is clear that if A € F
is a fuzzy number then [A]" is a compact interval for all
~v € 10,1).

Let A, € F,i=1,...,n, be fuzzy numbers, and let C
be a fuzzy set in R. Then, C is said to be a joint possibility

distribution of A;,i = 1,...,n, if the following relation-
ships hold [4]
Ai(z;))= sup Clzy,...,zn) Y2 €Ri=1,....n.

xR jH0

Furthermore, in this case we will call A; the ith
marginal possibility distribution of C and use the notation
A; = m;(C), where 7; denotes the projection operator in
R"™ onto the sth axis, 2 = 1,....n.

Let C' be a joint possibility distribution in R", let
g : R” — R be an integrable function, and let v & [0, 1].

Then, the central value of g on [C]7 is defined by [4]
Ciepv (9)

1 /
= e g(x)dx
Jiop dx Jier

1

= m/@} g(a:l,....a:n)dml...d:ﬂn.
Jiop doy- - A2 Jiop

Furthermore, if [C]7 is a degenerated set then we com-
pute Cic+ (g) as the limit case of a uniform approximation
of [C]7 with non-degenerated sets [5].

Let C' be a joint possibility distribution in R™, let g :
R™ — R be an integrable function, and let f be a weight-
ing function. The expected value of g on C with respect to
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[ is defined by [4]

1
Ef(9§0):/0 Cie- (9) f(y)dy.

That is, E(g; C) computes the f-weighted average of
the central values of function g on the level sets of C'.

Let us denote the projection functions on R? by 7, and
Ty, 1.e. e (u,v) = wand 7w, (u, v) = v for all u,v € R.

Let C be a joint possibility distribution in R? with
marginal possibility distributions A = 7,(C) and B =
7y(C), and let v € [0,1]. Then, the measure of interac-
tivity between the y-level sets of A and B (with respect to
[C]7) is defined by [4]

Ricp (72, my) = Ciop (e —Ciep (1)) (my = Ciep- (7).

In a possibilistic sense R (7., 7,) computes the
central value of the interactivity function

g = (my — C[C]V(”f))(ﬂ_y - C[C]” (my))

on [C]".

Now let A be a possibility distribution in R, and let
v € [0,1]. Then, the measure of dispersion of [A]” is de-
fined by

Ry (id, id) = Cuaps { (id -~ Crap (id)°)

Let C' be a joint possibility distribution with marginal
possibility distribution A = 7,(C) and B = 7,(C), and
let f be a weighting function. Then, the measure of covari-
ance between A and B (with respect to their joint distribu-
tion C and weighting function f) is defined by [4]

i
Covy(A, B) = E;(g;C) = / Ricp (e ) F(3) .

where g = gj¢» stands for the interactivity function asso-
ciated with [C]?, v € [0,1]. That is, the covariance of A
and B is computed as the expected value of the interactivity
function on the joint distribution C.

Now let A € F be a fuzzy number with [A]? =
[a1(7),az2(v)],v € [0,1], and let f be a weighting func-
tion. The measure of variance of A with respect to f is
defined as [4]

1
Var s (4) = Ey(h; 4) = /O Riap (idid) (1) dr.

where b = a0 = (id ~ Craps (id))2 denotes the disper-
sion function of the level set [A]?, v € [0, 1].

Catlsson, Fullér and Majlender [1] formulated the fol-
lowing weak and strong forms of the possibilistic Cauchy-
Schwarz inequality.

Theorem 2.1. ([1]) Let C be a joint possibility distribution
in R?, and let f be a weighting function. Then

(Ef(9:C))* < Ef(bs; C)Ef(hy; C).
where b, = (TFI_C[C]W(T‘—JE))Q and b, = (ﬂ-y_C[C]“Y (ﬂ-y))z'

Theorem 2.2, ([1]) Let C' be a joint possibility distribu-
tion with marginal possibility distributions A = 7,(C) €
F.B =m,(C) € F, and let f be a weighting function. If
[C]" is convex for all v € [0, 1] then the following inequal-
ity holds:

(Cov (A, B))? < Varp(A)Varp(B).

3. Main results

In this section, we define a new probability measure.
Then we show that the weak and strong forms of the pos-
sibilistic Cauchy-Schwarz inequality are immediate con-
sequence of probabilistic Cauchy-Schwarz inequality with
respect to the new probability measure.

Define a new probability measure ; on R™ such that
for any Borel measurable set A of R™

1
Pr(A) */0 Ciep (1a) f(v)dy,

where I 4 is a indicator function on A.
Lemma 3.1. P; is a probability measure on R".

Proof. We first note that if we define P, (A) = Cicv (14),
then P, is a probability measure with uniform distribution
on [C]Y. Pr(0) = 0 and Py(R™) = 1 are clear. Let A,, be
a sequence of disjoint Borel subsets of R™. Then we have
that

1
PHUS A, = / P02y An) ()

1 oo
- [ X e

n=1

oo 1
-3 / P(Au) ()

Z Pf(Aﬂ)a

n=1

which completes the proof. (|

Lemma 3.2. Let C be a joint possibility distribution in
R”, let g : R™ — R be an integrable function and let f
be a weighting function. Then we have that E¢(g; C) =

[ gdPy .



Proof. Let g be an indicator /g, where B is a Borel subsets
of R™. Then

1

Ej(g: C) = ; Clep(La) f{y)dy = Pr(B) = / 9d Py

so that E¢(g: C) and [ gdPy are equal.
Now let g be a nonnegative simple function, say g(z) =
> i—1 a;Ip, (x), the B; disjoint Borel subsets of R™. Then

1 n
Ey(g:0) = / Clon (Y ayln ) (1)

g 1

- Y, / Clop (In,)f(7)dy
=1 70

= Z%’/IBdef
j=1

- /(ZajfBj)de

Jj=1

- /gde.

Again, both integrals are equal.

If g is a nonnegative Borel measurable function, let
91,92, -, be nonnegative simple functions with g,, T g.
We have just proved that

E;(gn: C) = / gn dP;:

hence by the monotone convergence theorem,

Ey(g;C) = /9 dPs.

and again both integrals are equal.
Finally, if g = g% — ¢~ is an arbitrary Borel measurable
function and we have

Et(g:C) = Ep(g"C)—Ep(g:0)

/g+ dPy —/g’ dPs

/(9+ —g ) dFy

= /gde‘

where the second equality comes from what we have al-
ready proved. 0

fl

The following result is an immediate consequence of
Theorem 5 [1].

Lemma 3.3. Let C be a joint possibility distribution with
marginal possibility distribution A = 7,(C) € F.B =
7, (C) € F,and lety € [0, 1]. If [C]" is convex then

E¢(hy;C) < Varg(A).
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We now consider the following Cauchy-Schwarz in-
equality

IN

<

Covs(A, B) = E4(g;,C)

/ (2 — Chop () (my — Ciepn (my))dPy

W=

( / (7o — Clepn <m>>2dpf>%<_/<wy — e (my)2)dPy)

(E¢(h:C))2(Ep(h,: C))3
(Vary(A)=(Varg(B))z,

where the second inequality comes from Lemma 3 under
the assumption that [C']" is convex for all v € [0, 1], which
proves Theorem 1 and 2.

(1]
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