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Abstract
In this paper, we present some results on weak laws of large numbers for weighted sums of fuzzy random
variables taking values in the space of fuzzy numbers of the real line R. We first give improvements of WLLN
for weighted sums of convex-compactly uniformly integrable fuzzy random variables obtained by Joo and Hyun
(2005). And then,we consider the case that the averages of expectations of fuzzy random variables converges. As
results, WLLN for weighted sums of convexly tight or identically distributed case is obtained.
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1. Introduction

Strong laws of large numbers for sums of independent fuzzy random variables have been studied by
several researchers. Klement et al. (1986) introduced L!-metric d; and uniform metric d., on the space
of fuzzy sets (cf. Section 2) and proved SLLN for i.i.d. fuzzy random variables in the sense of d;. Inoue
(1991) extended their result (Klement er al., 1986) to the case of independent and level-wise tight
fuzzy random variables. Colubi er al. (1999) obtained SLLN for i.i.d. fuzzy random variables with
respect to d., by approximation method. Molchanov (1999) gave a short proof of SLLN for i.i.d. fuzzy
random variables in the sense of d,. This was also proved by Joo and Kim (2001), independently.
Recently, Joo (2002) obtained a SLLN for independent and convexly tight fuzzy random variables
by using the Skorokhod metric d; which was introduced by Joo and Kim (2000). Beside that, there
are many other things such as Uemura (1993), Colubi et al. (2001), Feng (2002), Proske and Puri
(2002), which studied SLLN for Banach space-valued fuzzy random variables. On the other hand,
it is known the results of Taylor er al. (2001), Joo (2004) for weak laws of large numbers for fuzzy
random variables.

It is one of significant problems how we can generalize laws of large numbers for sums of fuzzy
random variables to the case of weighted sums. Related to this problem, Guan and Li (2004) obtained
some results under restrictive condition and Joo and Hyun (2005) gave weak law of large numbers for
weighted sums of convex-compactly uniformly integrable fuzzy random variables. Also, Joo et al.
(2006) established strong convergence for weighted sums of fuzzy random sets.

The purpose of this paper is to obtain improvements of the above weak laws of large numbers for
weighted sums of integrable fuzzy random variables. Section 2 is devoted to describe some prelim-
inary results which will be used in later section. Finally, in Section 3, we establish some results on
weak laws of large numbers for weighted sums of fuzzy random variables.
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2. Preliminaries

In this section, we describe some preliminary results for fuzzy numbers. Let R denote the real line. A
fuzzy number is a fuzzy set i : R — [0, 1] with the following properties;

(1) it is normal, i.e., there exists x € R such that i{(x) = 1.

(2) it is upper semicontinuous.

(3) supp @t = cl{x € R : it(x) > 0} is compact.

(4) it is convex, i.e. i(Ax + (1 — Ay} 2 min(@(x), it(y)) for x,y € Rand 2 € [0, 1].
Let F(R) be the family of all fuzzy numbers. For a fuzzy set #, if we define

- {{x:ﬁ(x)za}, if 0<axl,
Lyt = - .
supp i, if =0,

then, it follows that & is a fuzzy number if and only if L, # ¢ and L,ii is a closed bounded interval
for each « € [0, 1]. The following theorem shows that a fuzzy number # is completely determined by
the closed intervals L,it = [u/,, ul,].

Theorem 1. For ii € F(R), we denote Lyii = [, u’,] and consider u', u" as functions of a. Then the
followings hold;

(1)t is a bounded increasing function on [0, 1].

(2) U is a bounded decreasing function on [0, 1].

(3) u’1 <uy

(4) u! and u” are left continuous on [0, 1] and right continuous at 0.

Furthermore, if v/ and v' satisfy above (1)~(4), then there exists a unique v € F(R) such that L,V =
vl

Proof: See Goetschel and Voxman (1986). O
The above theorem implies that we can identify a fuzzy number # with the family of closed intervals
{[u,,u,] : 0 < @ < 1), where ' and ” satisfy (1)~(4) of Theorem 1. We denote the right-limit of u'

(resp. u") at a by u!,. (resp. u!.).
The linear structure on F(R) is defined as usual;

(@ ®7)(z) = sup min(@(x), ¥(y)),

Z
il=1, if A#£0,
B = o3) s
0z, if 1=0,

where 0 = Ijg; denotes the indicator function of {0}.
Then it is well-known that if

ﬁz{[uf, u’]: OSaSI}

* T
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and
p={phvi]: 0sexi),
then
pov={[u, +v, u,+v;]: 0<a<1)
and

{ ([, 2] 0 <1}, azo,
Aii =

([, ad]: 0 <), a<o.

We can define L'-metric d; and uniform metric ds, on F(R) as follows;

1
d\(@,7) = f max (|ud, — v [, = v}]) der
0

doo(i1,7) = sup max (luf, - vfjl, |ur’y - vgl)
O<a<l

= max( sup ‘ufy - vgl, sup |u; -V,

O<a<1 0<a<l )

The norm of & € F(R) is defined by
] = deo (i,0) = max (Jup], [u5])

It is well known that (F(R), d}) is separable but is not complete, and that (F(R), d«) is complete but
is not separable (For details, see Klement ef al. (1986)). Joo and Kim (2000) introduced the Skorokod
metric d; on F(R) which makes it a separable metric space as follows:

Definition 1. Let T denote the class of strictly increasing, continuous mapping of [0, 1] onto itself.
For i1,V € F(R), we define
dy(ir,v) = inf {e > 0: there existsa t € T such that sup |Ha) — | < € and d(ii, 1(P)) < e},
O0<a<l

where t(V) denotes the composition of ¥ and t.

It follows immediately that d, is a metric on F(R) and d,(@i, V) < do(it, 7). The metric d, will be
called the Skorokhod metric. It is well-known that (F(R), d,) is separable and topologically complete.
Also, d.-convergence implies d,-convergence and d,-convergence implies d;-convergence. But the
converses are not true (For details, see Joo and Kim (2000)).

3. Main Results

Throughout this paper, let (Q, A, P) be a probability space. A fuzzy number valued function

X:Q-FR®, X={x.x]: 0O<a<ly
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is called a fuzzy random variable if for each a € [0, 1], X, and X’, are random variable in the usual
sense. It is well-known that X is a fuzzy random variable if and only if ¥ : Q — (F(R),d,) is
measurable (See Kim, 2002). So we assume that the space F(R) is considered as the metric space
endowed with the metric d, unless otherwise stated.

A fuzzy random variable X is called integrable if E||X|| < . The expectation of integrable fuzzy
random variable X is a fuzzy number defined by

E(%)={[Ex,.EX;]: 0<ax1}.

Let {X,} be a sequence of integrable fuzzy random variable and {1,;} be a double sequence of real
numbers that not necessarily Toeplitz but satisfying

Z Al < C, foreach n,
i=1

where C > 0 is constant not depending on n.
In this section, we establish sufficient conditions for

des (@), 4, Xi, @) 44EX;) > 0 in probability as n — co.

This problem was solved by Joo and Hyun (2005) for the case of convex-compactly uniformly in-
tegrable fuzzy random variables. First, we give a generalization of Joo and Hyun (2005) by assuming
the following condition.

For each € > 0, there exists a partition 0 = ag < @) < -+ < am = 1 of [0, 1] such that for all n,

x . -X

may 0

X . -X

nay nak

)< e 3.1

, E max
1ksm

where X, = {[X.,,X;,]:0<e<1}and X' , (resp. X" . )denotes the right limit of X, (resp. X)
at a. T T

Theorem 2. Let {X,} be a sequence of integrable fuzzy random variables satisfying (3.1). If for each
a€l0,1]and j=1r,

Z Ani (X,Ja - EXl’a) — 0 in probability as n — oo,

i=1

then
dw (@f;lzl,,,-f(,', oL, AE (X,)) — 0 in probability as n — oo.

Proof: We first show that if for each o € [0, 1],
n
Z Ani (Xfa - EXfa) — 0 in probability as n — oo,
=1

then
Api (Xt{,a - E‘Xz{af)

f=]

sup
O<ax<l

— 0 in probability as n — oco.
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Lete > 0and 0 < 6 < 1 be given. By (3.1), there exists a partition 0 = g < a3 <--- <

[0, 1] such that for all n,

E max |X’ -X! 66
1<kem | a5 max 3C'
Then it is trivial that for all s,
& €
I ! Iyl €
max Zam (Eka | —Eka) < Z‘Mm'E max X, - X, | <3
=
We note that
n
I /
sup | A (X}, - EXL,)
O<e<l |7
n
= max  sup Ani (Xl’ EXIIH)
1<k<m Qp— <a<lay =1
n
< max  sup Ai (X? + max Z/lm X’ - EX! )
Isksm o, <aza, | e L<k<m et pat

n

+ max sup
1<k<m @) <<y

i (EX!, - EX},)
i=1
Z A (XL, —EXL,)

anﬂ"" (%L,:, - xL,)

=1

TN (R, R |
:

Therefore, we have
Z /l"’ (Xll al le aA)

+ max
1<k<m

+ max
1<k<m

+ max
1gk<m

€
- by (3.3).
3 y (3.3)

n

P| sup
[05031 Zl“

(1<k<m

= (D) + (ID).

A (X, — EX],) >

Z A (X, - EXL ) >

>— + P| max
1<k<m

Now for (1), by (3.2),

@< E max

n
{ !
1<k<m Z Ani (Xi’”; - X m)

< - Z |, E max
1<k

366
< —-— =4
€3

x! !
¢

Loy 1.

Z Aui (EX,’ o

S

533
a, =1of

(3.2)

(3.3)

-EX' . )

I(YA]
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(z/lm iy —EXIZQ‘) ;]

<8, for sufficiently large n.

For (II), by assumption,

This implies that

"

P(sup >

O<a<l 777

A (X, - EXL,)

[N

> e) < 26, for sufficiently large n,

which completes the proof.
It can be proved by similar arguments that if for each @ € [0, 1],
n
Z Ani (X, o EX’ ) — 0 in probability as n — oo,
i=1
then

sup
0<a<1

— 0 in probability as n — co.

Zam 1o~ EX[,)

Therefore, the desired result follows from the fact that

Pldu (@), AuXi, &, AiEX;) > €}

i 1
< P{Oigg! Z/z (x!, - Ex.,)

n

>ey+ P<{ sy
} {OS(YIS)I ;

i=1

i (XL, - EXL,)| >

O
Corollary 1. Let (X, } be a sequence of integrable fuzzy random variables satisfying (3.1). If for each
j=1Lr,
Cov (Xga,X,’;,‘a) =0, foreachk + mandeacha €(0,1], 34
and
“ . -1
3 var(x},) = ((max 2) ) for each @ € [0,1], (3.5)
P & 1<i<n
then

de (69};1/1,,,,')2}, o, /l,,,iEf(,-) — 0 in probability as n — oo,

Proof: Foreach j=/randa€[0,1], {X,{,a} is a sequence of uncorrelated random variables by (3.4).

Thus, foreach € > 0,
e} < —-Var(z Ani m] ZAZ Var X’

{ O (X, ~ EX) >
(max A ) Z Var m -0 by (3.9).

1<ign
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O

We recall that the space F(R) of fuzzy numbers can be embedded into a proper Banach space.
Thus we can define the concept of convexity in F(R). That is, K < F(R) is said to be convex if
An® (1 — A)v € K whenever i1,V € K and A € [0, 1].

With adopting this concept of convexity in F(R), we can introduce the notions of convex tightness
and convex-compactly uniform integrability of fuzzy random variables.

Definition 2. Let {X,} be a sequence of fuzzy random variables.
(1) {X,,) is said to be tight if for each € > 0, there exists a compact subset K of (F(R), d,) such that
P(f(n ¢ K) <€, forall n
If we can choose K to be convex and compact, then {X,} is said to be convexly tight.

(2) {X,,} is said to be compactly uniformly integrable if for each € > 0 there exists a compact subset K
of (F(R),dy) such that

f “Xn“ dP <€, forall n.
{X.¢K}

If we can choose K to be convex and compact, then {X,} is said to be convex-compactly uniformly
integrable.

Corollary 2. Let {X,} be a sequence of convex-compactly uniformly integrable fuzzy random vari-
ables. If foreacha € [0,1]and j =L 1,

n
Z Ani (X,-{Q - EXl]a) — 0 in probability as n — 0,
i=1
then
de (GB,'-':l/l,,,X,-, oL, /lm-Ef(,-) — 0 in probability as n — oo.

Proof: It suffices to prove that (3.1) is satisfied. Let € > 0 be given. By convex-compact uniform
integrability of {X,,}, we can choose a compact convex subset K of (F(R), d;) such that

E(I{X,,QK} ||X””) < 2

Now by Theorem 3.11 of Kim (2004), there exists a finite partition 0 = @y < @) < --- < @, = 1 of
[0, 1], such that

€
! ! r r
supmax | max ju' , —u max ju, —u, )< <.
gg]g (Isksm @ W <him %) a}" ) 2
Thus, we have for j = [, r and for all n,
. . . . j
E{max |X! . -X/ =E|I; max X/ , X! ||+ E|I; max | X’ X )
I<kem ! M@ % {X”GK} I<kem | e, "k {X”(ﬂ(} 1<k<m | M9 Qi

< % + ZEI{)?,,QK} HX”H <€,
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which completes the proof. O
Corollary 3. Let (X,} be a sequence of convexly tight fuzzy random sets such that

sup||X,||” = M < o0,  for some p > 1.
Ifforeacha € [0,11and j =1L,
Z Api (lea - Elea) — 0 in probability as n — oo,
i=1

then
dy (EB;’:I/I,,X,-, e, /l,,,-EX',-) — 0 in probability as n — .

Remark 1. We note that the results of this section have no restrictions on weights A,; except that
Z |4l < C, foreach n.
i=1

So the above results include weak laws of large numbers for sum of fuzzy random variables.

Unfortunately, the next example shows that (3.1) need not be satisfied for a single fuzzy random
variable,

Example 1. For A € [0, 1], let &1, be a fuzzy number defined by
a, if 0<x<1,
i(x)=4 1, if x=1,
0, elsewhere.

Then it follows that for-each a € [0, 1], uy,=1and

] 0, if <A,
W, = .
A 1, if > A

Now let X be a fuzzy random variable with
P(XRe(: <A< h))=h-A.
Then it is obvious that E||X|| = 1 and that since P(X\, =0) =1 -, P(X., = 1) = a,
E(X)={e1]:0<a<1}.

But for any partition 0 = @y < @y < --+ < a, = 1 of [0, 1], we have that for all except a finite number
of points,

X . -X..|=L

max |X, . =X, ,,

I<k<m
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Therefore, £ max<i<n X! . — X} ,,| = 1 and so (3.1) can not be satistied for X.

nay_
This example shows that Theorem 2 cannot be valid for a sequence o_f identically distributed fuzzy
random variables. But if we replace (3.1) by assumption that {&  A,;EX} is convergent, we can also
obtain WLLN. The next theorem is a generalization of SLLN of Guan and Li (2004) which is obtained

for weighted sums of independent fuzzy random variables by assuming that {1/n &]_, co(EX;)} is
convergent with respect to d,.

Theorem 3. Ler {X,} be a sequence of integrable fuzzy random variables such that for some it €
F(R),

lim d, (7., A EX:, i) = 0.

Ifforeacha €[0,1]and j=1v,
Z Ani (X,]Q - EXZJG) — 0 in probability as n — o
i1

and
n . .
Z Ani (X,-]ﬂ+ - EX,’M) — 0 in probability as n — oo,
i=1
then

des (O1 4K, ©F, AiE (%)) > 0 in probability as n — co.
Proof: Let € > 0. By assumption, there exists a t € T such that for large n,
- €
doo (B | AEX;, t(i)) < —.
(69171 (I/l)) 18

By applying Lemma 3.3 of Joo and Kim (2001) to ¥ = #(&), we can find a partition 0 = a¢ < a <
--- < @y = 1 be a partition of [0, 1] such that

! ! r
v”/ll Vay v“;q Xk

max

T 1<k<m

max ( max
1<k<m

Then we have that for j = [, r, and for large n,

> Ao (EX{W - EX/ . ) <
’ S
i=1

+

n
Yl
AEXL, -V,

=1

n
vyl _4/
‘Zl /lmEXi*“Z—I Va i
i=

Nl m

We note that for a;_; < @ < ay,
n . .
> ui(x], - EX])

i=1
13 . .
J J
Zl o (¥ - 2,
=

ZI: /lm' (Xi{flk N EXI{GA)

i

Z Ani (Xi].a[_] - EXi],ak)

i=1

< +

n

Zam(x.f C_EX )
bl b

i=1

n

D (EX,.jm ~EX )
R k-1

i=1

< + +2

bl
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and so,
- n n
akAISESSQk ~ /lm (X - EX} ) ; /1:?1( i EXJ ) ;’lm (lea g - EXf ) _
Then
n . n
oo [ 2~ L) = o s |3 2, - X7,

+ max
i<k<m

7 J
Z Aa(X) - EXI.) Z Aui(XL,. - EXL, )+

1<k<m

Therefore, by assumption we have
n

P} su
(Oﬁagl Z]:

i (X, - EX] )| > €
_ }
< #lg S0, -,

<3 [znm
k=1

- 0 as n—o oo

Z/l,,, —EX ’ )>EJ
1ak 3
s> £
3

This completes the proof. O

€
— |+ P] max
3 1<k<m

>§]+Zm: (i/{m(”}“ EXIJ%I)
=1

i=1

Corollary 4. Let {X,} be a sequence of identically distributed fuzzy random variables with E X0 <
o0, and {A,;} be a double sequence of real numbers satisfying

n

lim A=A, forsomed€R.

=00

i=1

Ifforeacha € [0,1]1and j = 1,r,
n s .
z Ani (X,j‘1 - EX{Q) — O in probability as n — oo
and
Z (ijw EX{,G,) - 0 in probability as n — o,

then

de (63" 1/1,,£X,, AE (Xl)) -+ O in probability as n — oo
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Proof: We note that

doo (O AEX;, AEX)) = | ) Ay = 4] |[EXi[| = 0

as n — oo, which implies

lim d, (@1, AwEX:, AEX)) = 0.

Since

o (O, AniXis AE (%)) < doo (O, 4K, Oy AuER:) + dos (S X, AE (K1)
the desired result follows immediately from Theorem 3. ad
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