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Abstract

In this paper, we introduce several concepts of tightness for a sequence of random variables taking values in the space
of normal and upper-semicontinuous fuzzy sets with compact support in Rp and give some characterizations of their
concepts. Also, counter-examples for the relationships between the concepts of tightness are given.
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1. Introduction

The theory of fuzzy sets introduced by Zadeh has been
extensively studied and applied in statistics and probabil-
ity areas in recent years because of its usefulness in several
applied fields. The central concept of them is a fuzzy ran-
dom variable, which was introduced in order to give a way
of handling random experiments whose outcomes are not
numbers but are expressed in ambiguous linguistic terms
due to the subjectivity and imprecision of human knowl-
edge. (See Klement et al. [16], Li et al. [17], Puri and
Ralescu [20])

The notion of tightness of probability measures plays
an important role both in the theory of weak convergence
and in its applications. Prokhorov [19] gave the theory
of weak convergence of probability measures on complete
separable metric spaces. As one knows, his work made
a great contribution to developments of modern probabil-
ity theory. The relationships between weak convergence
and tightness of probability measures can be also found in
Billingsley [1].

The concept of tightness for fuzzy random variables
was firstly introduced by Inoue [9] in order to obtain strong
law of large numbers for fuzzy random variables. Re-
cently, Joo and Kim [11], Joo et al.[12, 13] introduced a
new concept of tightness for fuzzy random variables in or-
der to study convergence in distribution of fuzzy random
variables. By the way, it is possible to define several con-
cepts of tightness for fuzzy random variables since there
are many useful metrics defined on the space of fuzzy sets.

The purpose of this paper is to introduce several con-
cepts of tightness for fuzzy random variables and give some
characterizations of their concepts. Also, counter-examples

for the relationships between the concepts of tightness are
given.

2. Preliminaries

Let K (Rp) denote the family of non-empty compact
subsets of the Euclidean space Rp. Then the space K (Rp)
is metrizable by the Hausdorff metric h defined by

h(A,B) = max{sup
a∈A

inf
b∈B

|a−b|,sup
b∈B

inf
a∈A

|a−b|}.

A norm of A ∈ K (Rp) is defined by

‖A‖ = h(A,{0}) = sup
a∈A

|a|.

It is well-known that K (Rp) is complete and separable
with respect to the Hausdorff metric h (see Debreu [3]).

Lemma 2.1. ( Diamond and Kloeden [5]). Let A be a sub-
set of (K (Rp),h). Then A is relatively compact if and only
if supA∈A ‖A‖ < ∞.

Let F (Rp) denote the family of all fuzzy sets u : Rp →
[0,1] with the following properties;

(i) u is normal, i.e., there exists x ∈ Rp such that u(x) =
1;

(ii) u is upper semicontinuous;

(iii) suppu = cl{x ∈ Rp : u(x) > 0} is compact, where cl
denotes the closure.
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For a fuzzy subset u of Rp, the α-level set of u is defined
by

Lαu =
{ {x : u(x) ≥ α} if 0 < α ≤ 1,

supp u if α = 0.

Then it follows immediately that u∈ F (Rp) if and only
if Lα ∈ K (Rp) for each α ∈ [0,1].

Theorem 2.2. For each u ∈ F (Rp), we define

fu : [0,1] → (K (Rp),h), fu(α) = Lαu.

Then the followings are satisfied;

1. fu is non-increasing w.r.t. set inclusion.

2. fu is left-continuous in (0,1] and fu is right-
continuous at 0.

3. fu has right-limit at each α ∈ (0,1].

Conversely, if g : [0,1] → (K (Rp),h) is a function sat-
isfying (1)−(3), then there exists a unique u∈F (Rp) such
that g(α) = Lαu for all α.

u is called level-continuous if fu is continuous. If the
right limit of fu at α is denoted by Lα+u, then

Lα+u = cl{x ∈ Rp : u(x) > α}.

For details, see Joo and Kim [10].

Now we define the uniform metric d∞ on F (Rp) as
usual;

d∞(u,v) = sup
0≤α≤1

h(Lαu,Lαv).

Also, the norm of u is defined as

‖u‖ = d∞(u, 0̃) = ‖L0u‖ = sup
x∈L0u

|x|,

where 0̃ denotes the indicator function of {0}.
It is well-known that (F (Rp),d∞) is complete but is not

separable (see Klement et al. [16]).
Another metrics on F (Rp) can be defined as follows;

dr(u,v) = (
∫ 1

0
h(Lαu,Lαv)r dα)1/r, 1 ≤ r < ∞

D(u,v) = h(send(u),send(v)),

where send(u) = {(x,α) ∈ Rp × [0,1] : x ∈ L0u and u(x) ≥
α} is the sendograph of u.

The metrics dr and D are called the Lr-metric and
sendograph metric, respectively. Relations for convergence
of fuzzy sets w.r.t. these metrics can be found in Diamond
and Kloeden [5]. Another useful metric was introduced by
Joo and Kim [10] as follows.

Definition 2.3. Let T denote the class of strictly increasing,
continuous mapping of [0,1] onto itself. For u,v ∈ F (Rp),
we define

ds(u,v) = inf{ε > 0 : there exists a t ∈ T such that

sup
0≤α≤1

|t(α)−α| ≤ ε andd∞(u, t(v)) ≤ ε},

where t(v) denotes the composition of v and t.

The metric ds will be called the Haudorff-Skorokhod
metric. It is well-known that (F (Rp),ds) is separable and
topologically complete.

3. Main Results

Throughout this paper, let (Ω,B,P ) be a probability
space. A set-valued function X : Ω→K (Rp) is called mea-
surable if for each closed subset B of Rp,

X−w(B) = {ω : X(ω)∩B �= /0} ∈ B.

It is well-known that the measurablility of X is equivalent to
the measurability of X considered as a map from Ω into the
metric space K (Rp) endowed with the Hausdorff metric h.
A set valued function X : Ω → K (Rp) is called a random
set if it is measurable.

A fuzzy set valued function X̃ : Ω → F (Rp) is called
measurable if for each α∈ [0,1],LαX̃ is measurable set val-
ued function.

A fuzzy set valued function is called a fuzzy random
variable(or fuzzy random set) if it is measurable.

It is well-known that X̃ is a fuzzy random variable if
and only if X̃ : Ω → (F (Rp),ds) is measurable (For details,
see Colubi et al. [2], Kim [15]).

Definition 3.1. Let {X̃n,n = 1,2, . . .} be a sequence of fuzzy
random variables.

(1). {X̃n} is said to be uniformly level-wise tight (ULT)
if for each ε > 0, there exists a compact subset A of
(K (Rp),h) such that

P(LαX̃n /∈ A) < ε for all nand all α ∈ [0,1].

(2). {X̃n} is said to be tight (T) if for each ε > 0, there
exists a compact subset U of (F (Rp),ds) such that

P(X̃n /∈ U) < ε for all n.

If we can choose U to be compact with respect to the met-
ric d∞,dr or the sendograph metric D, then {X̃n} will be
called strongly tight (ST), Lr-tight (LrT) or graphically
tight (GT), respectively.
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Note that the concept of tightness introduced by In-
oue [9] is uniformly level-wise tight in our sense. Char-
acterizations of compact subsets of (F (Rp),ds) and tight-
ness of fuzzy random variables were obtained in [11, 12].
To review the main results, we need some notations. For
u ∈ F (Rp) and 0 < δ < 1, we define

φs(u,δ) = inf
{αi}

max
1≤i≤r

h(Lα+
i−1

u,Lαiu)

where the infimum is taken over all partitions 0 = α0 <
α1 < · · ·< αr = 1 of [0,1] satisfying min1≤i≤r(αi−αi−1) >
δ.

Theorem 3.2. (Joo and Kim [11]). {X̃n} is tight if and only
if

(3.1) For each ε > 0, there exists a λ > 0 such that

P{ω : ‖X̃n(ω)‖ > λ} < ε for all n.

(3.2) For each ε > 0 and η > 0, there exists a δ ∈ (0,1)
such that

P{ω : φs(X̃n(ω),δ) ≥ η} < ε for all n.

Note that the above condition (3.1) is equivalent to that
{‖X̃n‖} is tight in the sense of real valued random variables.
In fact, this is equivalent to ULT of {X̃n}.

Theorem 3.3. Let {X̃n} be a sequence of fuzzy random
variables. Then the following statements are equivalent.

1. {X̃n} is uniformly level-wise tight.

2. The sequence {L0X̃n} of random sets is tight.

3. The sequence {‖X̃n‖} of real valued random vari-
ables is tight.

Proof. (1) ⇒ (2): It is trivial from Definition 3.1.
(2) ⇒ (3): Let {L0X̃n} be tight. Then for each ε > 0,

there exists a compact subset A of (K (Rp),h) such that

P(L0X̃n /∈ A) < ε for all n.

By Lemma 2.1, there exists a λ > 0 such that

‖A‖ ≤ λ for all A ∈ A .

Since ‖X̃n‖ = ‖L0X̃n‖, we have that for all n,

P{‖X̃n‖ > λ} ≤ P(L0X̃n /∈ A) < ε.

This implies that {‖X̃n‖} is tight.
(3)⇒ (1) : Suppose that {‖X̃n‖} is tight. Then for each

ε > 0, there exists M > 0 such that for all n,

P{‖X̃n‖ > M} < ε.

Let A be the closure of {A ∈ K (Rp) : ‖A‖ ≤ M}. By
Lemma 2.1, A is a compact subset of (K (Rp),h). Since
‖LαX̃n‖ ≤ ‖L0X̃n‖ = ‖X̃n‖, we have that for all n and all
α ∈ [0,1],

P(LαX̃n /∈ A) ≤ P(‖LαX̃n‖ > M)
≤ P{‖X̃n‖ > M} < ε.

Now we intend to characterize graphical tightness for
fuzzy random variables. To do this, we need characteri-
zations of compact subsets of F (Rp) with respect to the
sendograph metric D. This was obtained by Fan [6] in the
case of p = 1 and by Greco [7] in the general case. To give
an explanation of their result, we denote

φD(u,δ) = h(L0u,Lδu)

for u ∈ F (Rp) and 0 < δ ≤ 1.

Theorem 3.4 (Greco [7]). Let U be a subset of (F (Rp),D).
Then U is relatively compact if and only if

(3.3) supu∈U ‖u‖ < ∞.

(3.4) limδ→0 supu∈U φD(u,δ) = 0.

By using this result, we can obtain the following.

Theorem 3.5. Let {X̃n} be a sequence of fuzzy random
variables. Then {X̃n} is graphically tight if and only if

(3.5) For each ε > 0, there exists a λ > 0 such that for all
n,

P{‖X̃n‖ > λ} < ε.

(3.6) For each ε > 0 and η > 0, there exists a δ ∈ (0,1)
such that for all n,

P(φD(X̃n,δ) ≥ η) ≤ ε.

Proof. The proof will be proceeded by similar argu-
ments as in Joo and Kim [11] and Joo et al. [13].

Suppose that {X̃n} is graphically tight. For given ε > 0,
there exists a compact subset U of (F (Rp),D) such that

P(X̃n /∈ U) < ε for alln.

By (3.3) of Theorem 3.4, we have that

U ⊂ {u : ‖u‖ ≤ λ} for large enoughλ,
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which proves (3.5). Now for (3.6), let η > 0 be given. Then
by (3.4) of Theorem 3.4, there exists a δ > 0 such that

U ⊂ {u : φD(u,δ) < η}.
Therefore (3.6) follows immediately.

To prove the converse, suppose that (3.5) and (3.6) are
valid. For given ε > 0, we choose λ > 0 so that for all n,

P(‖X̃n‖ > λ} < ε/2.

And then for each positive integer k, we choose δk > 0 so
that for all n,

P(φD(X̃n,δk) ≥ 1/k) ≤ ε/2k+1.

Let us denote
U0 = {u : ‖u‖ ≤ λ}

and for k ≥ 1,

Uk = {u : φD)u,δk) < 1/k}.
If U is the closure of K = ∩∞

k=0Uk, then U is compact sub-
set of (F (Rp),D) since K satisfies (3.3) and (3.4) of Theo-
rem 3.4. And then for all n,

P(X̃n /∈ U) ≤
∞

∑
k=0

P(X̃n /∈ Uk) < ε.

This implies that {X̃n} is graphically tight.

Turning our concern to characterize strong tightness for
fuzzy random variables, we need to characterize compact
subsets of (F (Rp),d∞). This was obtained by Diamond and
Kloeden [4,5] in the case of

F(Rp) = {u ∈ F (Rp) : u is convex, i.e.,

u(λx+(1−λ)y) ≥ min(u(x),u(y))
for x,y ∈ Rp and λ ∈ [0,1]}.

Joo et al. [13] established characterizations of compact
subsets of (FC(Rp),d∞), where

FC(Rp) = {u ∈ F (Rp) : u is level-continuous},
in order to study convergence in distribution for level-
continuous fuzzy random variables. The result of [13] is
that a subset U of (FC(Rp),d∞) is relatively compact if and
only if

(3.7) supu∈U ‖u‖ < ∞.

(3.8) limδ→0 supu∈U φ∞(u,δ) = 0,

where φ∞(u,δ) = sup|α−β|≤δ h(Lαu,Lβu).

But in the space (F (Rp),d∞), (3.8) may not be satisfied
even though U is a singleton subset. For example,

u(x) =

⎧⎨
⎩

1, if x = 0
1/2, if 0 < |x| ≤ 1
0, elsewhere.

Then

Lαu =
{ {x : |x| ≤ 1}, if 0 ≤ α ≤ 1/2,

{0}, if 1/2 < α ≤ 1

and so φ∞(u,δ) = 1 for 0 < δ < 1.

This example shows that φ∞(u,δ) must be modified in
the case of F (Rp). This problem was solved by Greco and
Moschen [8]. To explain the result, we adopt the following
notations;

φα(u,δ) = h(Lαu,Lα−δu),

φα+
(u,δ) = h(Lα+u,Lα++δu).

Theorem 3.6 (Greco and Moschen [8]). A subset U of
(F (Rp),d∞) is relatively compact if and only if

(3.9) supu∈U ‖u‖ < ∞.

(3.10) For each α ∈ (0,1], limδ→0 supu∈U φα(u,δ) = 0.

(3.11) For each α ∈ [0,1), limδ→0 supu∈U φα+
(u,δ) = 0.

By using Theorem 3.6 and similar arguments as in the
proof of Theorem 3.5, we can obtain the following result.

Theorem 3.7. Let {X̃n} be a sequence of fuzzy random
variables. Then {X̃n} is strongly tight if and only if

1. {‖X̃n‖} is tight.

2. For each α ∈ (0,1], ε > 0 and η > 0, there exists a
δ ∈ (0,1) such that for all n,

P(φα(X̃n,δ) ≥ η) ≤ ε.

3. For each α ∈ [0,1), ε > 0 and η > 0, there exists a
δ ∈ (0,1) such that for all n,

P(φα+
(X̃n,δ) ≥ η) ≤ ε.

The following theorem gives an useful sufficient condi-
tion for compactness in (F (Rp),d∞).

Theorem 3.8. Let U be a subset of (F (Rp),d∞). Then U
is relatively compact if

(3.12) supu∈U ‖u‖ < ∞.

(3.13) limδ→0 supu∈U φ∞(u,δ) = 0
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Proof. Suppose that (3.12) and (3.13) are valid. We
show that U is sequentially compact, i.e., every sequence
in U has a convergent subsequence.

Let {un} be a sequence in U. Then (3.12) implies that
for each α ∈ [0,1],{Lαun} is relatively compact subset of
(K (Rp),h) by Lemma 2.1. By a standard diagonal process,
we can find a subsequence {unk} of {un} such that {Lαunk}
converges in (K (Rp),h) for each rational α ∈ [0,1].

Now it suffices to show that {unk} = {vk} is a Cauchy
sequence in (F (Rp),d∞). For a given ε > 0, by (3.13) we
can choose a δ > 0 such that

φ∞(u,δ) < ε for all u ∈ U.

And then, we take a partition 0 = α0 < α1 < · · ·< αr =
1 of [0,1] satisfying αi −αi−1 < δ for all i and each αi is
rational.

Next we choose k0 so that m,k ≥ k0 implies

h(Lαi vm,Lαi vk) < ε for all i = 0,1, . . . ,r.

Now let α ∈ [0,1] and α /∈ {α0,α1, . . . ,αr}. Then there
is an αi so that αi −δ < α < αi and so

h(Lαvk,Lαi vk) < ε for all k.

Therefore, we obtain that for m,k ≥ k0,

h(Lαvm,Lαvk)
≤ h(Lαvm,Lαi v) +h(Lαi vm,Lαi vk)+h(Lαi vk,Lαvk)
< 3ε

which implies d∞(vm,vk) < 3ε. This completes the
proof.

Corollary 3.9. Let {X̃n} be a sequence of fuzzy random
variables. Then {X̃n} is strongly tight if

1. {‖X̃n‖} is tight.

2. For each ε > 0 and η > 0, there exists a δ ∈ (0,1)
such that for all n,

P(φ∞(X̃n,δ) ≥ η) ≤ ε.

Finally, we wish to establish Lr-tightness of fuzzy ran-
dom variables. To this end, we need a characterization of
compact subsets of (F (Rp),dr). This was firstly given by
Diamond and Kloeden [4] in the space F(Rp) of fuzzy con-
vex subsets. Later on, Ming [18] modified the characteri-
zation of compact sets in [4]. Recently, Wu and Zhao [21]
gave an counter-example which shows that the modified
characterization in [18] is incorrect, and obtained correct
characterization of compact sets in (F(Rp),dr). The tech-
niques used in [21] is also available in (F (Rp),dr).

For u ∈ F (Rp) and for 0 < δ < 1, let us denote

φr(u,δ) =
∫ 1

δ
h(Lαu,Lα−δu)r dα.

Theorem 3.10. Let U be a subset of (F (Rp),dr). Then U
is relatively compact if

(3.14) supu∈U ‖u‖ < ∞.

(3.15) limδ→0 supu∈U φr(u,δ) = 0.

Proof. We show that every sequence in U has a con-
vergent subsequence.

Let {un} be a sequence in U . Then (3.14) implies that
for each α ∈ [0,1],{Lαun} is relatively compact subset of
(K (Rp),h) by Lemma 2.1. By a standard diagonal process,
we can find a subsequence {unk} of {un} such that {Lαunk}
converges in (K (Rp),h) for each α ∈ Q, where Q is the set
of all rational points in [0,1]. Let

Aα =
{

limk→∞ Lαunk if α ∈ Q,
infβ∈Q,β<α Aβ if α /∈ Q.

Then there exists an u ∈ F (Rp) such that Aα = Lαu for all
α ∈ [0,1]. Now, (3.15) and the inequality

(
∫ 1

δ
h(Lαunk ,Lαu)r dα)1/r

≤ (
∫ 1

δ
h(Lαunk ,Lα−δunk)

r dα)1/r

+(
∫ 1

δ
h(Lα−δunk ,Lα−δu)r dα)1/r

+(
∫ 1

δ
h(Lα−δu,Lαu)r dα)1/r

implies that dr(unk ,u) → 0. This completes the proof.

Theorem 3.11. Let U be a subset of (F (Rp),dr). Then U
is relatively compact if and only if

(3,16) supu∈U
∫ 1

0 ‖Lαu‖r dα < ∞.

(3.17) limδ→0 supu∈U φr(u,δ) = 0.

(3.18) Let {αi} be a decreasing sequence in (0,1] converg-

ing to 0. For a sequence {un} in U, if {u(αi)
n } con-

verges to uαi ∈ F (Rp) in dr, then there exists a u0 ∈
F (Rp) such that Lαu0 = Lαuαi for all αi < α ≤ 1,

where u(αi) = uILαi u
, i.e.,

u(αi)(x) =
{

u(x) if u(x) ≥ αi,
0 if u(x) < αi.
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Proof. The proof is similar to that of Theorem 3.2 in
Wu and Zhao [21].

The above Theorems 3.10 and 3.11 yield the follow-
ings.

Theorem 3.12. Let {X̃n} be a sequence of fuzzy random
variables. Then {X̃n} is Lr-tight if

1. {‖X̃n‖} is tight,

2. For each ε > 0 and η > 0, there exists a δ ∈ (0,1)
such that for all n,

P(φr(X̃n,δ) ≥ ε) ≤ η.

Theorem 3.13. Let {X̃n} be a sequence of fuzzy random
variables. If {X̃n} is Lr-tight, then

1. {∫ 1
0 ‖LαX̃n‖r dα} is tight,

2. For each ε > 0 and η > 0, there exists a δ ∈ (0,1)
such that for all n,

P(φr(X̃n,δ) ≥ ε) ≤ η

4. Counter-examples.

From relations between several metrics on F (Rp) and
Theorems 3.3 and 3.5, we can obtain the relationships be-
tween the concepts of tightness as follows;

ST −−−−→ T −−−−→ LrT⏐⏐	
GT −−−−→ ULT

We give counter-examples which show that the inverse
implications are not true.

Example 4.1. Let {un} be a sequence in F (Rp) such
that {un} converges w.r.t. d1 but any subsequence of {un}
does not converge w.r.t. ds. Such a sequence exists(see Joo
ad Kim [9]). Then U = {un : n = 1,2, . . .} is compact
in (F (Rp),d1) , but not in (F (Rp),ds). Thus if we take
P(X̃n = un) = 1, then {X̃n} is L1-tight but not tight.

Similarly, if we choose a sequence {un} in F (Rp) such
that {un} converges w.r.t. D but any subsequence of {un}
does not converge w.r.t. ds, (for such a sequence, see Ex-
ample 3.1 of Kim and Kim [14]), we can give an counter-
example that GT does not imply T. The next example shows

that a single fuzzy random variable may not be strong tight.

Example 4.2. For 0 < λ < 1, let

uλ(x) =

⎧⎨
⎩

1, if x = 0
λ, if 0 < |x| ≤ 1
0, elsewhere.

Then

Lαuλ =
{ {0}, if λ < α ≤ 1

{x : |x| ≤ 1}, if 0 ≤ α ≤ λ,

and so d∞(uλ,uδ) = 1 for λ �= δ.
Now we let Ω = (0,1), A = the Lebesque σ-field and P

be the Lebesgue measure. and define

X̃ : Ω → F (Rp), X̃(λ) = ũλ.

Then X̃ is a fuzzy random variable. Suppose that 0 < ε < 1
and that there is a compact subset U of (F (Rp),d∞) such
that

P(X̃ /∈ U) < ε.

Then U necessarily contains a set of the form

UJ = {uλ : λ ∈ J},

where P(J) > 1−ε. But this is impossible because UJ con-
tains a sequence {uλn : λn ∈ J} which does not have any
convergent subsequence.

We recall that a single fuzzy random variable is tight
because (F (Rp),ds) is separable and topologically com-
plete. Thus, the above example also shows that tightness
does not imply strong tightness.

Example 4.3. Let us define

un =

⎧⎨
⎩

1 if x = 0,
1
n3 (n−|x|) if 0 < |x| ≤ n,

0 if |x| > n

Then

Lαun =
{ {0} if 1

n2 < α ≤ 1,

{x : |x| ≤ n−n3α} if 0 ≤ α ≤ 1
n2

And then

d1(un, 0̃) =
1
2n

→ 0,

and so U = {un : n = 1,2, . . .} is relatively compact subset
of (F (Rp),d1). Thus if P(X̃n = un) = 1, then {X̃n} is L1-
tight. But {X̃n} is not uniformly level-wise tight because
P(‖X̃n‖ = n) = 1.
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Example 4.4. Let us define

un =

⎧⎨
⎩

1 if x = 0,
1−|x|

n if 0 < |x| ≤ 1,
0 if |x| > 1

Then

Lαun =
{ {0} if 1

n < α ≤ 1,
{x : |x| ≤ 1−nα} if 0 ≤ α ≤ 1

n

And so

h(L0un,Lαun) =
{

1 if 1
n < α ≤ 1,

nα if 0 ≤ α ≤ 1
n

Hence supn φD(un,δ) = 1 for all δ > 0. This implies
that U = {un : n = 1,2, . . .} is not relatively compact in
(F (Rp),D) i.e., any subsequence of {un} does not con-
verge. If we take P(X̃n = un) = 1, then {X̃n} is not GT.
But {X̃n} is ULT because ‖X̃n‖ = 1 for all n.

References

[1] P. Billingsley, Convergence of probability measures,
Second Edition, Wiley, New York, 1999.

[2] A. Colubi, J. S. Domingeuz-Menchero, M. Lopez-
Diaz and D. Ralescu, ”A DE [0,1] representation
of random upper semicontinuous functions”, Proc.
Amer. Math. Soc. vol. 130, pp. 3237-3242, 2002.

[3] G. Debreu, ”Integration of correspondences”, Proc.
5th Berkeley Symp. Math. Statist. Prob. vol. 2, pp.
351-372, 1966.

[4] P. Diamond and P. Kloeden, ”Metric space of fuzzy
sets”, Fuzzy Sets and Systems vol. 35, pp. 241-249,
1990.

[5] P. Diamond and P. Kloeden, Metric spaces of fuzzy
sets: Theory and Applications, World Scientific, Sin-
gapore, 1994.

[6] T. Fan, ”On the compactness of fuzzy numbers with
sendograph metric”, Fuzzy Sets and Systems vol. 143,
pp. 471-477, 2004.

[7] G. H. Greco, ”Sendograph metric and relatively com-
pact sets of fuzzy sets”, Fuzzy Sets and Systems vol.
157, pp. 286-291, 2006.

[8] G. H. Greco and M. P. Moschen, ”Supremum metric
and relatively compact sets of fuzzy sets”, Nonlinear
Anal. vol. 64, pp. 1325-1335, 2006.

[9] H. Inoue, ”A strong law of large numbers for fuzzy
random sets”, Fuzzy Sets and Systems vol. 41, pp.
285-291, 1991.

[10] S. Y. Joo and Y. K. Kim, ”Topological properties on
the space of fuzzy sets”, J. Math. Anal. Appl. vol. 246,
pp. 576-590, 2000.

[11] S. Y. Joo and Y. K. Kim, ”Weak convergence and
tightness for fuzzy random variables”, Indian J. Pure
Appl. Math. vol. 35, pp. 793-809, 2004.

[12] S. Y. Joo, G. S. Choi, J. S. Kwon and Y. K. Kim,
”Some results on convergence in distribution for
fuzzy random sets”, J. Korean Math. Soc. vol. 42, pp.
171-189, 2005.

[13] S. Y. Joo, Y. K. Kim, J. S. Kwon and G. S. Choi,
”Convergence in distribution for level-continuous
fuzzy random sets”, Fuzzy Sets and Systems vol. 157,
pp. 243-255, 2006.

[14] D.S. Kim and Y. K. Kim, ”Some properties of a new
metric on the space of fuzzy numbers”, Fuzzy Sets
and Systems vol. 145, pp. 395-410, 2004.

[15] Y. K. Kim, ”Measurability for fuzzy valued func-
tions”, Fuzzy Sets and Systems vol. 129, pp. 105-109,
2002.

[16] E. P. Klement, M. L. Puri and D. A. Ralescu, ”Limit
theorems for fuzzy random variables”, Proc. Roy.
Soc. Lond. Ser. A vol.407, pp. 171-182, 1986.

[17] S. Li, Y. Ogura and V. Kreinovich, Limit Theo-
rems and Applications of Set-valued and Fuzzy Set-
valued Random Variables, Kluwer Academic Pub-
lishers, Dordrecht, 2002.

[18] M. Ming, ”Some notes on the characterization of
compact sets in (En,dp)”, Fuzzy Sets and Systems vol.
56, pp. 297-301, 1993.

[19] Yu. V. Prokhorov, ”Convergence of random processes
and limit theorems in probability theory”, Theory
Probab. Appl. vol. 1, pp. 157-214, 1956.

[20] M. L. Puri and D. A. Ralescu, ”Fuzzy random vari-
ables”, J. Math. Anal. Appl. vol. 114, pp. 402-422,
1986.

[21] C.Wu and Z. Zhao, ”Some notes on the character-
ization of compact sets of fuzzy sets with Lp met-
ric”, Fuzzy Sets and Systems vol. 159, pp. 2104-2115,
2008.

Yun Kyong Kim
Professor of Dongshin University
Research Area: Fuzzy Probability Theory, Fuzzy Analysis
and Related Fields
E-mail : ykkim@dsu.ac.kr

153

The Concepts of Tightness for Fuzzy Set Valued Random Variables



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


