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Abstract

In this paper, we introduce several concepts of tightness for a sequence of random variables taking values in the space
of normal and upper-semicontinuous fuzzy sets with compact support in RP and give some characterizations of their
concepts. Also, counter-examples for the rel ationships between the concepts of tightness are given.
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1. Introduction

The theory of fuzzy setsintroduced by Zadeh has been
extensively studied and applied in statistics and probabil -
ity areasin recent years because of its usefulnessin several
applied fields. The central concept of them is afuzzy ran-
dom variable, which was introduced in order to give away
of handling random experiments whose outcomes are not
numbers but are expressed in ambiguous linguistic terms
due to the subjectivity and imprecision of human knowl-
edge. (See Klement et al. [16], Li et a. [17], Puri and
Ralescu [20])

The notion of tightness of probability measures plays
an important role both in the theory of weak convergence
and in its applications. Prokhorov [19] gave the theory
of weak convergence of probability measures on complete
separable metric spaces. As one knows, his work made
a great contribution to developments of modern probabil-
ity theory. The relationships between weak convergence
and tightness of probability measures can be also found in
Billingsley [1].

The concept of tightness for fuzzy random variables
wasfirstly introduced by Inoue[9] in order to obtain strong
law of large numbers for fuzzy random variables. Re-
cently, Joo and Kim [11], Joo et al.[12, 13] introduced a
new concept of tightness for fuzzy random variablesin or-
der to study convergence in distribution of fuzzy random
variables. By the way, it is possible to define severa con-
cepts of tightness for fuzzy random variables since there
are many useful metrics defined on the space of fuzzy sets.

The purpose of this paper is to introduce several con-
ceptsof tightnessfor fuzzy random variables and give some
characterizations of their concepts. Also, counter-examples
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for the relationships between the concepts of tightness are
given.

2. Preliminaries

Let % (RP) denote the family of non-empty compact
subsets of the Euclidean space RP. Then the space X (RP)
is metrizable by the Hausdorff metric h defined by

h(AB) = inf |a—b|, supinf [a—b]}.
(A,B) = max{sup inf |a—bl, supinf |a—bl}

A norm of A € X (RP) is defined by

IAll = h(A,{0}) = gelglaL

It iswell-known that & (RP) is complete and separable
with respect to the Hausdorff metric h (see Debreu [3]).

Lemma 2.1. ( Diamond and Kloeden [5]). Let 4 be a sub-
set of (X (RP),h). Then 4 isrelatively compact if and only
if sUppc g [|A]| < .

Let F(RP) denote the family of al fuzzy setsu: RP —
[0, 1] with the following properties;

(i) uisnormal, i.e., there exists x € RP such that u(x) =
1

(ii) uisupper semicontinuous,

(iii) suppu=cl{xe RP:u(x) > 0} is compact, where cl
denotes the closure.
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For afuzzy subset u of RP, the a-level set of uisdefined

by
Lou= {

Thenit followsimmediately that u € 7 (RP) if and only
if Lo € K(RP) for exch o € [0, 1].

O<a<l,
o=0.

{x:u(x) >a} if
supp u if

Theorem 2.2. For eachu € 7 (RP), we define
fu:[0,1] — (K (RP),h), fu(at) = Lgu.
Then the followings are satisfied;
1. fyisnon-increasing w.r.t. set inclusion.

2. fy is left-continuous in (0,1] and fy, is right-
continuous at 0.

3. fy hasright-limit at each o € (0, 1].

Conversely, if g: [0,1] — (X (RP),h) isa function sat-
isfying (1) — (3), thenthere existsa unique u € ¥ (RP) such
that g(o) = Ly u for all a.

u is called level-continuous if f, is continuous. If the
right limit of f, at o isdenoted by L+ u, then

Leru=cl{xe RP:u(x) > a}.
For details, see Joo and Kim [10].

Now we define the uniform metric d.. on ¥ (RP) as
usual;
Joo(U,v) = sup h(Lqu,LgV).

0<o<1

Also, the norm of uisdefined as

lull = dwo(u,0) = |ILoul| = sup Ix,

xelou

where 0 denotes the indicator function of {0}.
Itiswell-known that (¥ (RP), d..) iscomplete but is not
separable (see Klement et al. [16]).
Another metrics on F (RP) can be defined as follows;

dr(uv) =
D(u,v) =

(/Olh(Lau, Lov) do)Y", 1<r < oo
h(send(u),send(v)),

where send(u) = {(x,a) € R’ x [0,1] : x € Louand u(x) >
o} isthe sendograph of u.

The metrics d, and D are called the L;-metric and
sendograph metric, respectively. Relationsfor convergence
of fuzzy setsw.r.t. these metrics can be found in Diamond
and Kloeden [5]. Another useful metric was introduced by
Joo and Kim [10] asfollows.
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Definition 2.3. Let T denotethe class of strictly increasing,
continuous mapping of [0, 1] onto itself. For u,v e F(RP),
we define

ds(u,v) = inf{e >0: thereexistsat € T such that

sup [t(o) — o <e andd.(u,t(v)) < e},
0<o<l

wheret(v) denotes the composition of v and t.

The metric dg will be caled the Haudorff-Skorokhod
metric. It is well-known that (F (RP),ds) is separable and
topologically complete.

3. Main Results

Throughout this paper, let (Q,B,P) be a probability
space. A set-valued function X : Q — % (RP) iscalled mea-
surableif for each closed subset B of RP,

X"(B) = {0: X(w) B0} € B.

Itiswell-known that the measurablility of X isequivalent to
the measurability of X considered asamap from Q into the
metric space X (RP) endowed with the Hausdorff metric h.
A set valued function X : Q — K (RP) is called a random
set if itis measurable.

A fuzzy set valued function X : Q — #(RP) is called
measurableif for each o € [0, 1], L, X is measurable set val-
ued function.

A fuzzy set valued function is called a fuzzy random
variable(or fuzzy random set) if it is measurable.

It is well-known that X is a fuzzy random variable if
andonly if X : Q — (7 (RP),ds) is measurable (For details,
see Colubi et a. [2], Kim[15]).

Definition 3.1. Let {X,,n=1,2,...} beasequenceof fuzzy
random variables.

(1). {X,} issaid to be uniformly level-wisetight (ULT)
if for each € > 0, there exists a compact subset 4 of
(% (RP),h) such that

P(LoXn ¢ 4) < e forallnand all o€ [0,1].

(2). {X,} issaid to betight (T) if for each & > 0, there
exists a compact subset U of (F (RP),ds) such that

P(X, ¢ U) < eforall n.

If we can choose U to be compact with respect to the met-
ric d..,d. or the sendograph metric D, then {)?n} will be
called strongly tight (ST), L,-tight (L, T) or graphically
tight (GT), respectively.
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Note that the concept of tightness introduced by In-
oue [9] is uniformly level-wise tight in our sense. Char-
acterizations of compact subsets of (¢ (RP),ds) and tight-
ness of fuzzy random variables were obtained in [11, 12].
To review the main results, we need some notations. For
ue F(RP)and 0 < 3 < 1, we define

ds(u,8) = inf max h(Laflu, Lo u)

{o} 1<i<r -

where the infimum is taken over al partitions 0 = o <
oy <--- <oy =1of [0,1] satisfyingming<j<r (o4 —ati—1) >
4.

Theorem 3.2. (Joo and Kim [11]). {X,} istight if and only
if
(3.1) For eache > 0, thereexistsa A > 0 such that

P{o: [|X:(0)|| > A} <& forall n.

(3.2) For eache > 0andm > 0, there existsa 6 € (0,1)
such that

P{w: 0s(Xn(®),8) >n} <& for all n.

_Note that the above condition (3.1) is equivalent to that
{I[%al|} istight in the sense of real valued random variables.
In fact, thisis equivalent to ULT of {X,}.

Theorem 3.3. Let {X,} be a sequence of fuzzy random
variables. Then the following statements are equivalent.

1. {%} isuniformly level-wise tight.
2. The sequence {LoX,} of random setsis tight.

3. The sequence {||X,||} of real valued random vari-
ablesistight.

Proof. (1) = (2): Itistrivial from Definition 3.1.
(2) = (3): Let {LoXn} betight. Then for each € > 0,
there exists a compact subset 4 of (% (RP),h) such that

P(LoXn ¢ 4) < e foralln.
By Lemma2.1, there existsa A > 0 such that
|All < Aforal Ae 4.
Since || X|| = ||LoXa||, we have that for all n,
P{||Xa]l > A} < P(Lo¥ ¢ 4) <.
Thisimpliesthat {||X,||} istight.
(3) = (1) : Supposethat {||Xn|| } istight. Then for each

€ > 0, thereexists M > 0 such that for all n,

P{||Xn|| > M} <e.

Let 4 be the closure of {A € X(RP) : ||A|l| < M}. By
Lemma 2.1, 4 is a compact subset of (X (RP),h). Since
[LoaXall < [ILoXall = |[Xall, we have that for al n and all
o €[0,1],

P(|LaSll > M)
P{||Xn]| > M} <.

P(LoXn ¢ 4)

IAIA

O

Now we intend to characterize graphical tightness for
fuzzy random variables. To do this, we need characteri-
zations of compact subsets of ¥ (RP) with respect to the
sendograph metric D. This was obtained by Fan [6] in the
case of p=1andby Greco [7] inthe general case. To give
an explanation of their result, we denote

op(u,8) = h(Lou, Lsu)

forue F(RP)and0<d< 1.

Theorem 3.4 (Greco[7]). Let U beasubset of (F (RP),D).
Then U isrelatively compact if and only if

(3:3) supyeq[[ul] < oo

(3.4) 1ims_o SUPyc; 9D (U, 8) = 0.

By using this result, we can obtain the following.

Theorem 35. Let {X,} be a sequence of fuzzy random
variables. Then {X,} isgraphically tight if and only if

(3.5) For eache > 0, there existsa A > 0 such that for all
n,
P{||I%]| > A} <e.

(3.6) For eache >0andn > O, there existsa § € (0,1)
such that for all n,

P(0p(%n,8) > 1) <e.

Proof. The proof will be proceeded by similar argu-
ments asin Joo and Kim [11] and Joo et al. [13].
Supposethat {X,} isgraphically tight. For givene > 0,
there exists a compact subset U of (#(RP),D) such that
P(Xn ¢ U) < ¢ foraln.
By (3.3) of Theorem 3.4, we have that

U C {u:|ju|| < A}for large enoughA.,
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which proves (3.5). Now for (3.6), let} > 0 be given. Then Then
by (3.4) of Theorem 3.4, there exists ad > 0 such that

UC{u:op(u,d) <m}.

Therefore (3.6) follows immediately.
To prove the converse, suppose that (3.5) and (3.6) are
valid. For given e > 0, we choose A > 0 so that for all n, This example shows that ¢..(u,8) must be modified in
o the case of F (RP). This problem was solved by Greco and
P(PXall > 2} <e/2. Moschen [8]. To explain the result, we adopt the following
And then for each positive integer k, we choose 8¢ > 0so  notations;

Lue {x:|x] <1}, if 0<a<1/2
“7 {0}, if 1/2<a<1

and S0 0..(U,8) =1for0<d < 1.

that for all n, ¢%(u,8) = h(Lqu,Lg_gu),
X > < g/,
P00 (X0, 8) = 1/k) < &/2 0" (U,8) = (LU, Lyt 4 5U).
Let us denote
Up = {u: [lu]] <A}
and for k> 1 Theorem 3.6 (Greco and Moschen [8]). A subset U of

(F(RP),d..) isrelatively compact if and only if
U= {u:dp)u,dk) < 1/k}.

If Uistheclosureof K =Ny Uy, then U iscompact sub-

set of ((RP),D) sinceK satisfies (3.3) and (3.4) of Theo- (3.10) For each o € (0,1], limg_oSupy ¢ 9*(u,d) = 0.
rem 3.4. And then for all n,

(3~9) SUPye ¢ ||u|| < oo,

) o (3.11) For eacho € [0,1), lims_oSUp,cq 0% (u,8) = 0.
P(Xn & U) < X P(Xn & ) <.
k=0
Thisimpliesthat {X,} is graphically tight. O By using Theorem 3.6 and similar arguments as in the

proof of Theorem 3.5, we can obtain the following result.

Turning our concern to characterize strong tightnessfor

fuzzy random variables, we need to characterize compact

subsetsof (F (RP), d..). Thiswas obtained by Diamond and
Kloeden [4,5] in the case of

Theorem 3.7. Let {%n} be a sequence of fuzzy random
variables. Then {X,} isstrongly tight if and only if

F(R) = {ue F(RP):u isconvex, i.e, L {[I%all} istight.
U(AX+ (1—A)y) > min(u(x), u(y)) 2. For each o € (0,1], e > 0 and > 0, there exists a
for x,ye R? and\ € [0,1]}. 8 € (0,1) such that for all n,

Joo et al. [13] established characterizations of compact

subsets of (Fc(RP),d..), where P(0%(Xn,8) 2 m) <e.

Fc(RP) = {uec F(RP) : uislevel-continuous}, 3. For each o€ [0,1), € > 0 and 1 > 0, there exists a

in order to study convergence in distribution for level- 8 € (0,1) such that for all n,

continuous fuzzy random variables. The result of [13] is ot o
that asubset 71 of (7 (RP),d..) isrelatively compact if and P(0” (%n,8) =m) <e.
only if
(3.7) supyeq [l < ee. . . _ )
) Thefollowing theorem gives an useful sufficient condi-
(3:8) lims_.oSUPyc¢; 9 (U,8) =0, tion for compactnessin (¥ (RP), d..).
where ¢..(U,8) = sup|,_p|<5 h(LaU, Lgu).
But inthe space (7 (RP), d..), (3.8) may not be satisfied Theorem 3.8. Let U be a subset of (F (RP),d..). Then U

even though U is asingleton subset. For example, isrelatively compact if
1, if x=0 (3.12) supycq llul] < ee.
ux)=+< 1/2, if O<|x <1 .
0, elsewhere. (3.13) limg_.oSUP e 9= (U,8) =0
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Proof. Suppose that (3.12) and (3.13) are valid. We
show that I is sequentially compact, i.e., every sequence
in U has a convergent subsegquence.

Let {un} beasequencein U. Then (3.12) implies that
for each o € [0,1],{Lqun} is relatively compact subset of
(K (RP),h) by Lemma2.1. By astandard diagonal process,
we can find asubsequence {un, } of {un} suchthat {Lyun, }
convergesin (% (RP), h) for each rational o € [0,1].

Now it suffices to show that {un, } = {v} isa Cauchy
sequence in (¥ (RP),d..). For agiven € > 0O, by (3.13) we
can choose a6 > 0 such that

O (u,0) < eforalue U.

And then, wetakeapartition0=op < og < --- < 0y =
1 of [0,1] satisfying o — i1 < o for all i and each o is
rational.

Next we choose kg so that m, k > kg implies

h(Le; Vi, Lo Vk) < eforali=0,1,...,r

Now let o € [0,1] and o ¢ {0, 011, . ..
isan o sothat o — 6 < ow < o and so

,or }. Then there

h(LoVk, Lo; Vi) < € for al k.
Therefore, we obtain that for m,k > ko,

h(L(vav L(ka)
< h(LaVm, Loy V) + (Lo Vim, Lo Vi) + (Lo Vi, Lok )
< 3

which implies dw(Vm,W) < 3e. This completes the
proof. O

Corollary 3.9. Let {X,} be a sequence of fuzzy random
variables. Then {X,} isstrongly tight if

1. {|I%]|} istight.

2. For each e > 0andn > 0, there existsa & € (0,1)
such that for all n,

P(0oo(%n,8) > 1) <

Finally, we wish to establish L;-tightness of fuzzy ran-
dom variables. To this end, we need a characterization of
compact subsets of (¥ (RP),d;). This was firstly given by
Diamond and Kloeden [4] in the space F (RP) of fuzzy con-
vex subsets. Later on, Ming [18] modified the characteri-
zation of compact setsin [4]. Recently, Wu and Zhao [21]
gave an counter-example which shows that the modified
characterization in [18] is incorrect, and obtained correct
characterization of compact setsin (F(RP),d;). The tech-
niques used in [21] isaso availablein (¥ (RP),d;).

Forue F(RP) andfor 0 < & < 1, let usdenote

1
o (U,8) = /8 h(Lou, Lo._5U)" do.

Theorem 3.10. Let U be a subset of (7 (RP),d;). Then U
isrelatively compact if

(3~l4) SUPye s ||U|| <oo.

(3.15) 1ims o SUp,cq,0r(u,3) = O

Proof. We show that every sequence in U has a con-
vergent subsequence.

Let {un} beasequencein U . Then (3.14) implies that
for each o € [0,1], {LquUn} is relatively compact subset of
(% (RP),h) by LemmaZ2.1. By astandard diagonal process,
we can find asubsequence {up, } of {un} suchthat {Lgun, }
convergesin (X (RP), h) for each o. € Q, where Q isthe set
of al rational pointsin [0,1]. Let

limg o loln, if oeQ,

Ao = { infoeopaAs if g Q

Then there existsan u € ¥ (RP) such that A, = Lo u for all
o € [0,1]. Now, (3.15) and the inequality

(/Slh(Launk,Luu)rda)l/r

(/al N(LaUngs Lo gn,)" dor)Y/"

+(/'1h(La—5Unk7|-a_5u)' do) Y
/ h(L

impliesthat d; (up, ,u) — 0. This completesthe proof. [

a_sU, Leu)" doo)Y/"

Theorem 3.11. Let U be a subset of (7 (RP),d;). Then U
isrelatively compact if and only if

(3.16) Supycqi Jo |Laull” dor < oo.
(3.17) lims_oSUp,cq 0 (U,8) =0

(3.18) Let {0} beadecreasing sequencein (0, 1] converg-
ing to 0. For a sequence {un} in U, if {uﬁf’“)} con-
vergesto Uy, € ¥ (RP) indy, then thereexistsa up €
F (RP) such that Lyug = Lo U for all oy < o <1,
where u(®) = Ul 1€,

u(oq)(x){ g(x) :;

u(x) > aj,
u(x) < .
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Proof. The proof is similar to that of Theorem 3.2 in
Wu and Zhao [21].

The above Theorems 3.10 and 3.11 yield the follow-
ings.

Theorem 3.12. Let {X,} be a sequence of fuzzy random
variables. Then {Xn} isL;-tight if

1. {||%||} istight,

2. For eache > 0andn > O, there existsa 6 € (0,1)
such that for all n,

P(0r (Xn,8) > €) <m.

Theorem 3.13. Let {X»} be a sequence of fuzzy random
variables. If {X,} isL-tight, then

1 {J3||ILeXa|" do} istight,

2. For eache > 0andn > 0, thereexistsa d € (0,1)
such that for all n,

P(0r(%n,8) > &) <m

4. Counter-examples.

From relations between several metrics on ¥ (RP) and
Theorems 3.3 and 3.5, we can abtain the relationships be-
tween the concepts of tightness as follows;

ST T LT

GT —— ULT

We give counter-examples which show that the inverse
implications are not true.

Example 4.1. Let {uy} be a sequencein ¥ (RP) such
that {un} convergesw.r.t. d; but any subsequence of {un}
does not converge w.r.t. ds. Such a sequence exists(see Joo
ad Kim [9]). Then U4 ={u,:n=1,2,...} is compact
in (F(RP),dy1) , but not in (F(RP),ds). Thus if we take
P(Xn = Un) = 1, then {X,,} is Ly-tight but not tight.

Similarly, if we choose a sequence {un} in F (RP) such
that {un} converges w.r.t. D but any subsequence of {un}
does not converge w.r.t. ds, (for such a sequence, see Ex-
ample 3.1 of Kim and Kim [14]), we can give an counter-
examplethat GT doesnot imply T. The next example shows
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that asingle fuzzy random variable may not be strong tight.

Example4.2. ForO< A < 1, let

1 if x=0
w(x)=< A, if O<|x<1
0, elsawhere.
Then
Lo — {0}, if A<a<l
CAT {x: X <1}, if 0<a<A,

and so d..(uy,us) = 1 for A £ 8.
Now welet Q = (0,1), A4 = the Lebesque o-field and P
be the L ebesgue measure. and define

X:Q— F(RP), X(\) = Gy

Then X isafuzzy random variable. Supposethat 0 < e < 1
and that there is a compact subset U of (F (RP),d..) such
that

P(X ¢ U) <e.
Then €I necessarily contains a set of the form
Uy={w :Aed},

where P(J) > 1—e. But thisisimpossible because U; con-
tains a sequence {uy,, : Ay € J} which does not have any
convergent subsequence.

We recall that a single fuzzy random variable is tight
because (¥ (RP),ds) is separable and topologically com-
plete. Thus, the above example also shows that tightness
does not imply strong tightness.

Example 4.3. Let us define

1 if  x=0,
Uh=¢ Z(n—x|) if 0<|x<n,
0 if x| >n
Then
Lo {0 if $<a<i,
T XX <n—nfa} if O0<a<
And then 1
d]_(Un,O) = % — 07

andso U= {un:n=12,...}isrelatively compact subset
of (F(RP),dp). Thusif P(Xq = un) = 1, then {Xy} isLs-
tight. But {X,} is not uniformly level-wise tight because
P([ Xl = n) = 1.
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Example 4.4. Let us define

Then

1 if x=0,

=14 = if o<|x<1,

0 if x| >1
Lu-J {0 if l<a<i,
T XX <1-no} if O0<a<ti

And so

1 if l<a<i
h(Lot, Lotin) = { no if O0<a<?

that

Hence sup,¢p(un,d) = 1 for al & > 0. This implies
U={up:n=12,...} isnot relatively compact in

(F(RP),D) i.e, any subsequence of {un} does not con-
verge. If we take P(X, = uy) = 1, then {X,} is not GT.

But

[1]

(2]

(3]

[4]

(5]

6]

(7]

8]

(9]

{Xa} is ULT because | X, = 1 for al n.
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