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Abstract

In this paper, we introduce the concept of IVF weakly m*-continuous mappings on between IVF minimal spaces and
investigate some characterizations for such mappings. Also we study the relationships IVF weakly m™*-continuous map-

pings and IVF M -compactness.
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1. Introduction

Zadeh [5] introduced the concept of fuzzy set and in-
vestigated basic properties. Gorzalczany [1] introduced
the concept of interval-valued fuzzy set which is a gen-
eralization of fuzzy sets. In [2], the author introduced
and studied IVF minimal structures and IVF minimal
spaces as a generalization of interval-valued fuzzy topol-
ogy introduced by Mondal and Samanta [4]. The author
[2] introduced the concepts of interval-valued fuzzy m-
continuity and interval-valued fuzzy m-open mappings de-
fined on between IVF minimal spaces. And we studied
some characterizations and basic properties of such map-
pings. In this paper, we introduce the concept of IVF
weakly m*-continuous mappings and study some char-
acterizations. Also we investigate the relationships IVF
weakly m*-continuous mappings and several types of IVF
M -compactness.

2. Preliminaries

Let D0, 1] be the set of all closed subintervals of the in-
terval [0, 1]. The elements of D[0, 1] are generally denoted
by capital letters M, N, - - - and note that M = [M%, MY],
where M and MY are the lower and the upper end points
respectively. Especially, we denote 0 = [0,0],1 = [1,1],
and a = [a, a] for a € (0,1). We also note that

(1) For all M, N € DI[0,1],
=NY.

M =N < M =NE MY
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IVF minimal space, IVF weakly m*-continuous, IVF M -compact, almost IVF M-compact, nearly IVF

(2) Forall M, N € D[0,1],
M<Ne ME<NE MY <NV,

Forevery M € D[0, 1], the complement of M, denoted
by M¢,is definedby M¢ =1— M = [1 — MY 1 - M?"].

Let X be a nonempty set. A mapping A : X — D[0, 1]
is called an interval-valued fuzzy set (simply, IVF set) in
X. Foreach z € X, A(x) is a closed interval whose lower
and upper end points are denoted by A(x)L and A(x)Y,
respectively. For any [a,b] € D|0, 1], the IVF set whose

value is the interval [a, b] for all z € X is denoted by [a, b].
In particular, for any a € [a,b], the IVF set whose value
isa = [a,a] for all x X is denoted by simply @. For a
point p € X and for [a,b] € D[0,1] with b > 0, the IVF
set which takes the value [a, b] at p and 0 elsewhere in X
is called an interval-valued fuzzy point (simply, IVF point)
and is denoted by [a, b],. In particular, if b = a, then it is
also denoted by a,. Denoted by IV F(X) the set of all IVF
sets in X.

For every A, B € IVF(X), we define

A= B<:>(VCUEX)(A()L [B(z)]L and
[A(2)]Y = [B(x)]Y),
AC B (Vo€ X)([A(2)]" C [B(x)]" and

[A@)]Y € [B()]Y).
The complement A€ of A is defined by, for all z € X,
[A° ()] [A(2)]” and [A%(2)]” =1 — [A(2)]".

For a family of IVF sets {A; : ¢ € J} where J is an
index set, the union G = U;cjA; and F = Ny A; are
defined by

=1-

133



International Journal of Fuzzy Logic and Intelligent Systems, vol. 9, no. 2, June 2009

D]E = sup,,[A (@),
[G(@)]V = sup,e ,[Ai(2)]V),

)b = infie s [Ay()] L,
[F(2)]Y = infics[Ai(2)]Y), respec-
tively.

Let f : X — Y be a mapping and let A be an IVF set

in X. Then the image of A under f, denoted by f(A), is
defined by

su _MA@)]E, if !
e = { fPrem @R B0 20

su _[A@)Y, if f!
F? = { Pt T 20

forally € Y.

Let B be an IVF set in Y. Then the inverse image of B
under f, denoted by f~1(B), is defined by

([F1B) @) = [B(f())" [[H(B)@)Y =
[B(f(x))]Y) forall x € X.

Definition 2.1 ([2]). A family M of interval-valued fuzzy
sets in X is called an interval-valued fuzzy minimal struc-
ture on X if

0,1 M.

In this case, (X, M) is called an interval-valued fuzzy min-
imal space (simply, IVF minimal space). Every member of
M is called an IVF m-open set. An IVF set A is called an
IVF m-closed set if the complement of A (simply, A€) is
an IVF m-open set.

Let (X, M) be an IVF minimal space and A in IVF(X).
The IVF minimal-closure of A [2], denoted by mCI(A), is
defined as

mCl(A) =nN{B € IVF(X): B°€ Mand A C B};

the IVF minimal-interior of A [2], denoted by
mlInt(A), is defined as

mInt(A) =U{Be€IVF(X): B Mand B C A}.

Theorem 2.2 ([2]). Let (X, M) be an IVF minimal space
and A, B in IVE(X).

(1) mInt(A) C A and if A is an IVF m-open set, then
mlInt(A) = A.

(2) A C mClI(A) and if A is an IVF m-closed set, then
mCl(A) = A.

(3)If A C B, then mInt(A) C mInt(B) and

mCl(A) C mCI(B).

(@) mInt(A) NmInt(B) 2 mint(AN B) and

mCl(A) UmCl(B) CmCI(AU B).

(5) mInt(mInt(A)) = mInt(A) and

mCl(mCIl(A)) = mCI(A).

6)1—mCIl(A) = mInt(l1—A)and 1 —miInt(A) =
mCl(1— A).

Definition 2.3 ([2]). Let (X, Mx) be an IVF minimal
space and let (Y, My') be an IVF topological space. Then
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f + X — Y is said to be interval-valued fuzzy m-
continuous (simply, IVF m-continuous) if for every A €
My, f71(A)isin Mx.

Definition 2.4 ([2]). Let (X, Mx) and (Y, My) be two
IVF minimal spaces. Then f : X — Y is called interval-
valued fuzzy minimal open (simply, IVF m-open) map if
forevery A € Mx, f(A)isin My.

Theorem 2.5 ([2]). Let f : X — Y be a function on two
IVF minimal spaces (X, M x) and (Y, My).
(1) f is IVF m-open.
(2) f(mInt(A)) C mInt(f(A)) for A € IVF(X).
By mInt(f~Y(B)) C f~1(mInt(B))
for Be IVF(Y)
Then (1) = (2) < (3).

3. IVF Weakly m*-Continuous Mappings

Definition 3.1. Let f : X — Y be a mapping between
IVF minimal spaces (X, Mx) and (Y, My). Then f is
said to be IVF weakly m*-continuous if for IVF point
M, in X and each TVF m-open set V containing f(M,),
there is an IVF m-open set U containing M, such that

f(U) €mCUV).

Remark 3.2. Let f : X — Y be a mapping between
IVF minimal spaces (X, Mx) and (Y, My ). Then every
IVF m-continuous mapping f is clearly IVF weakly m*-
continuous but the converse is not always true as shown in
the next example.

Example 3.3. Let X = {a,b}. Let A, B and C be IVF
sets defined as follows.

A(a) = [0.7,0.9], A(b) = [0.3,0.7],
B(a) = [0.6,0.8], B(b) = [0.5,0.6],
C(a) = [0.7,0.9], C(b) = [0.5,0.7].

Note C' = A U B. Consider an IVF m-structure
My = {0, A, B,1} and an IVF topological space My =
{0,A,B,C,1}. Let f : (X, M) — (X, M3) be a func-
tion defined by f(x) = z for each z € X. Then f is IVF
weakly m™*-continuous, but it is not IVF m-continuous be-
cause C'is not in M.

Theorem 3.4. Let f : X — Y be a mapping between IVF
minimal spaces (X, M x) and (Y, My ). Then the follow-
ing statements are equivalent:

(1) f is IVF weakly m*-continuous.

Q) f~YV) S mInt(f~1(mCI(V))) for each IVF m-
opensetVinY.

3y mCIU(f~ ! (mInt(B))) C f
closedset BinY.

@ mCI(f~H(V)) € f~
opensetVinY.

~1(B) for each IVF m-

Y(mCI1(V)) for each IVF m-
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Proof. (1) = (2) Let V be an IVF m-open set in
Y and IVF point M, € f=1(V). There exists an
IVF m-open set U containing M, such that f(U) C
mCl(V). From M, € U C f~Y{mCl(V)) it fol-
lows M, € mInt(f~'(mCl(V))). Hence f~1(V) C
miInt(f~1(mCIl(V))).

(2) = (3) Let B be an IVF m-~closed set in Y. Then
by (2) and Theorem 2.2,

F A B) CmInt(f~ (mCI(1 - B))
=mlInt(f~*(1 — mInt(B)))
=mlInt(1 — f~Y(mInt(B)))
=1-mCIl(f~Y(mInt(B))).

Thus mCI(f~1(mInt(B))) C f~1(B). Similarly, we
can prove that (3) = (2).

(3) = (4) Let V be IVF m-open Y. Suppose M, ¢
f~Y(mCU(V)). Then f(M,) ¢ mCI(V) and so there
exists an IVF m-open set U containing f(M,) such that
UNV = 0. It follows mCI({U) NV = 0. By (2),
M, € f~1(U) € mInt(f~Y(mCl(U))). Hence there
exists an IVF m-open set G containing M, such that
M, € G C f~Y(mCIl(U)). From mCl(U)NV =
and f(G) € mCI(U), it follows G N f~1(V) = (). Hence
M, ¢ mCI(f (V).

(4) = (1) Let M, be an IVF point in X and V an
IVF m-open set in Y containing f(M,). Since V =
mInt(V) C mInt(mCIl(V)), by (4) and Theorem 2.2,

M, e f7Y(V) < fH(mInt(mClU(V)))
1— Y (mCIl(1 — mCL(V)))
C 1-mCI(f~'(1 —mClV)))

mInt(f~(mCl(V))).

It implies that there exists an IVF m-open U containing
M, such that U C f~1(mCI(V)). Hence f is IVF weakly
m*-continuous. O

Definition 3.5 ([3]). Let M x be an IVF minimal structure
on X. Then M x said to have property (B) if the union of
any family of IVF sets belong to M x belongs to M x.

Lemma 3.6 ([3]). Let M x be an IVF minimal structure
on X. Then the following are equivalent.

(1) M x has property (B).

(2) If mInt(B) = B, then B € Mx.

B IUmCI(F)=F,thenl— F € Mx.

From Lemma 3.6, we get the following:

Corollary 3.7. Let f : X — Y be a mapping between

IVF minimal spaces (X, M x) and (Y, My ). If M x have

property (B), then the following statements are equivalent:
(1) f is IVF weakly m*-continuous.

) mCI(f~*(mInt(F))) C f~(F) for each IVF m-
closed set F'inY.

(3) mCl(f~Y(mInt(mCI(B)))) < f~1(mCIl(B))
foreach B € IVF(Y).

@) f~Y(mInt(B)) C mInt(f~1(mCl(mInt(B))))
foreach B € IVF(Y).

5) mCl(f~1(V)) C f~1(mCl(V)) for an IVF m-
openset VinY,

Theorem 3.8. Let f X — Y be a mapping
between IVF minimal spaces (X, Mx) and (Y, My).
If f is IVF weakly m*-continuous, then f~1(A4) C
mInt(f~1(mCI(A))) for A=mlInt(A)inY.

Proof. Let A be an IVF set in Y such that A = mInt(A)
and M, € f~1(A). Since f(M,) € mInt(A), there ex-
ists an IVF me-open set V' containing f(M,). From def-
inition of IVF weakly m*-continuity, there exists an IVF
m-open set U containing M, such that f(U) C mCIl(V),
that is, U C f~*(mCI(V)). So that we have M, €
mInt(f~1(mCIl(V))) € mInt(f~*(mCI(A))). Hence
we have f~1(A) C mInt(f~1(mCI(A))). O

From Lemma 3.6 and Corollary 3.7, the following
corollary is obtained:

Corollary 3.9. Let f : X — Y be a mapping between
IVF minimal spaces (X, Mx) and (Y, My) and Mx
have property (B). Then f is IVF weakly m*-continuous
if and only if f~1(A) C mInt(f~1(mCI(A))) for A =
mInt(A)inY.

Definition 3.10. Let (X, M x) be an IVF minimal space.
A family of C is said to be an IVF cover of X if 1 =
UaecA. An IVF cover C of X is called an IVF M-cover
of X if foreach A € C, A = mInt(A).

An IVF set A in X is said to be IVF M-compact if ev-
ery IVF M-cover A = {4; : i € J} of A has a finite
subcover. And an IVF set A in X is said to be almost
IVF M-compact (resp., nearly IVF M-compact ) if for ev-
ery IVF M-cover A = {A; : i € J} of A, there exists
Jo = {1,2,---,n} C Jsuch that A C U;c;,mCI(4;)
(resp., A C Ujeg,mInt(mCI(4;))).

Remark 3.11. In (X, Mx) be an IVF minimal space, we
have the following implications but the converses are not
always true as in the next example.

IVF M-compact = nearly IVF M-compact = almost
IVF M-compact

Example 3.12. Let X = I. Consider each IVF fuzzy set
forO0<n <1,

f [Ea, g+ 3, if0<z<n
0”(33)_{ [*éﬁ—sz_lﬂﬁ%}, ifn<z<l,
o) [ 00 if0<z<
[, ifx=1,
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(L1, ifo<z<l
ﬁ("”){ 0,0], if z=1.

Consider an IVF minimal structure
M;={0,1,a}U{o,:0<n<1}
and an IVF fuzzy set § defined as follows.

Ny, ifo<e<1
6(z) = { [0,0], if 2=0,1,
Let C = {0, : 0 < n < 1} be an IVF M-cover of
6. Then since ( is an IVF m-closed set and o,, C [ for
0 < n < 1, the IVF fuzzy set d is almost IVF M -compact
but not nearly IVF M -compact.

Consider an IVF minimal structure
Mo ={0,1,a,6}U{op,:0<n<1}.

Then the IVF fuzzy set 3 is nearly IVF M -compact but not
IVF M -compact.

Theorem 3.13. Let f : X — Y be an IVF weakly
m™*-continuous mapping between IVF minimal spaces
(X, Mx) and (X, My). If A is an IVF M-compact set,
then f(A) is an almost IVF compact set.

Proof. Let {B; € IVF(Y) : i € J} be an IVF M-
open cover of f(A) in Y. Then by Theorem 3.4 (4), we
have f~1(B;) € mInt(f~1(mCIl(B;))) for each i € J.
Thus {mInt(f~*(mCI(B;))) : @ € J} is an IVF M-
cover of A in X. By definition of IVF M-compactness,
there exists Jo = {1,2,---,n} C J such that A C
UiegomInt(f~1(mCIl(B;))) € f~Y(mCI(B;)). Hence

Lemma 3.14. Let f : X — Y be an IVF weakly
m™*-continuous mapping between IVF minimal spaces
(X, Mx) and (X, My). Then for B = mCI(B)inY,
mCIl(f~Y(mInt(B))) C f~1(B).

Proof. From Theorem 2.2 and Theorem 3.8, it is easily ob-
tained. U

Theorem 3.15. Let f : X — Y be an IVF weakly m*-
continuous and IVF m-open mapping between an IVF min-
imal space (X, M) and an IVF topological space (Y, 7). If
A is an almost IVF M -compact set, then f(A) is an almost
IVF compact set.

Proof. Let {B; € IVF(Y) i € J} be an IVF
open cover of f(A) in Y. Then by Theorem 3.4 (4),
{mInt(f~Y(mCI(B;))) : i € J} is an IVF M-
cover of A in X. By definition of almost IVF M-
compactness, there exists Jo = {1,2,---,n} C J such
that A C UiesomCl(mInt(f~1(mCl(B;)))). Since
mCl(mCIl(B;)) = mCIl(B;), from Theorem 2.5 and
Lemma 3.14, it follows
UieJomCl(mfnt(f_ (mCl(B;))))
C UiegumCIL(f~Y(mInt(mCI(B;))))
C Uienn~ (mCI(B).
Hence f(A) C Uiej,mCIU(B;). O
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Theorem 3.16. Let f : X — Y be an IVF weakly m*-
continuous and IVF m-open mapping between an IVF min-
imal space (X, M) and an IVF topological space (Y, 7). If
A is a nearly IVF M -compact set, then f(A) is a nearly
IVF compact set.

Proof. Let{B; € IVF(Y) : i € J} be an IVF open cover
of f(A)inY. Then {mInt(f~*(mCI(B;))) : i € J}isan
IVFE M-cover of A in X. By definition of nearly IVF M-
compactness, there exists Jo = {1,2,---,n} C J such
that A C  UejomInt(mCl(mInt(f~*(mCI(B;))))).
Since mCl(mCl(B;)) = mCl(B;), from Theorem 2.5
and Lemma 3.14, it follows for i € Jy,

mInt(mCl(mInt(f~1(mCI(B;)))))

- m[nt(mCl(f_ (mInt(mCIl(B;)))))

- mInt( YmCI(By)))

C f~Y(mInt(mCIl(By))).

Hence f(A) C U;cjomInt(mCIl(B;)). O
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