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Abstract

In the present paper we introduce and study L-pre-Ty-, L-pre-Ti-, L-pre-T5 (L-pre-Hausdorff)-, L-pre-T3 (L-pre-
regularity)-, L-pre-Ty (L-pre-normality)-, L-pre-strong-T3-, L-pre-strong-Ty-, L-pre-Ry-, L-pre-R;-separation axioms
in (2, L)-topologies where L is a complete residuated lattice. Sometimes we need more conditions on L such as the com-
pletely distributive law or that the ” A” is distributive over arbitrary joins or the double negation law as we illustrate through
this paper. As applications of our work the corresponding results (see [1, 2]) are generalized and new consequences are

obtained.
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1. Introduction

In[4,5,9, 13, 17] the concept of (M, L)-fuzzy topol-
ogy was appeared as a function 7 : MX — L where X
is an ordinary set; and M and L are some types of lattices.
We prefer to use the symbol (M, L)-topology instead of
(M, L)-fuzzy topology.

The concept of (2, L)-topology (L-fuzzifying topol-
ogy) appeared in [4] by Hohle under the name " L-fuzzy
topology” (cf. Definition 4.6, Proposition 4.11 in [4]).
In the case of L. = I where [ is the closed unit interval
[0, 1] the terminology " L-fuzzifying topology” traces back
to Ying (cf. Definition 2.1 in [14]).

In (2, I)-topology (fuzzifying topology) separation ax-
ioms were introduced and studied in [2, 8, 12, 14]. Re-
cently the concepts of L-Ty-, L-T}-, L-T5 (L-Hausdorff)-,
L-T3 (L-regularity)-, L-Ty (L-normality)-, L-Ry-, L-R1-
separation axioms in (2, L)-topology (L-fuzzifying topol-
ogy) where L is a complete residuated lattice were intro-
duced and studied in [19].

In the present paper we introduce and study the con-
cept of (2, L)-pre-open sets and the concepts of L-pre-Tp-,
L-pre-T;-, L-pre-Ty (L-pre-Hausdorff)-, L-pre-T3 (L-pre-
regularity)-, L-pre-T, (L-pre-normality)-, L-pre-strong-
T5-, L-pre-strong-Ty-, L-pre-Ro-, L-pre- R, -separation ax-
ioms in (2, L)-topologies where L is a complete residuated
lattice. Sometimes we need more conditions on L such as
the completely distributive law or that the ” A ” is distribu-
tive over arbitrary joins or the double negation law as we
illustrate through this paper.

Since the complete residuated lattice 7 = [0, 1] as de-
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fined in [14, 15] satisfies all the conditions in our work,
then our results are generalizations of the corresponding
results in [1, 2]. However we illustrate this in conclusion.

In [20], it was proved that the concept of complete
residuated lattice and the concept of strictly two-sided com-
mutative quantale are equivalent.

The contents are arranged as follows: In Section 2, we
recall basic definitions and results in complete residuated
lattice and in (2, L)-topology. In Section 3, we introduce
and study (2, L)-pre-open sets, (2, L)-pre-neighborhoods
in (2, L)-topologies. In Section 4, we introduce and study
(2, L)-pre-derived, (2, L)-pre-closure, operators in (2, L)-
topologies. Section 5 is devoted to introduce and study the
basic properties of L-pre-Ty-, L-pre-T;-, L-pre-T5 (L-pre-
Hausdorff)-, L-pre-T5 (L-pre-regular)-, L-pre-T, (L-pre-
normal)-, L-pre-strong-15-, L-pre-strong-7;-, L-pre-Ry-,
L-pre- Ry -separation axioms in (2, L)-topologies and study
the relation of it with L-separation axioms. In Section 6, re-
lations among these separation axioms are considered. Fi-
nally in Section 7 a conclusion is given.

2. Preliminaries

First, we introduce the definition of complete residu-
ated lattice.

Definition 2.1 [10, 16, 20]. A structure (L,V,A,x, —
, L, T) is called a complete residuated lattice iff

(1) (L, Vv, A, L, T)isacomplete lattice whose greatest
and least element are T, L respectively,
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(2) (L, *, T) is acommutative monoid, i.e.,
(a) * is a commutative and associative binary oper-
ation on L, and
(b) Foreverya € Lya* T = a,
(3) — is couple with x as: a x b < ¢ if and only if
a<b—c Va,b,ce L.

Definition 2.2 [5, 11]. A structure (L,V, A, *, —, L, T)
is called a strictly two-sided commutative quantale iff

(1) (L,V, A, L, T)isacomplete lattice whose greatest
and least element are T, L respectively,

(2) (L, *, T) is a commutative monoid,

(3) (@) = is distributive over arbitrary joins, i.e., a *
\/ b=\ (axb;j)Vac L, V{bjljcJ}CL,
jeJ jed

(b) — is a binary operation on L defined by:
\V A Va,be L.

Axa<b
Theorem 2.3 [20]. A structure (L,V,A,*,—, L, T)is
called a complete residuated lattice iff it is a strictly two-
sided commutative quantale.

a— b=

Corollary 2.4[20]. A structure (L, V, A, *,—, L, T)isa

complete MV-algebra iff (L,V, A, *,—, L, T) isacom-

plete residuated lattice satisfies the additional property
(MV) (a — b) — b=a Vb Va,be L.

We recall now the laws of completely distributive and
double negation for L.

Definition 2.5[3]. L is called completely distributive if the
following law is satisfied: V{A;|j € J} C 2%, where 2% is
the power subset of L we have

AVA =V (AFG)

JjeJ fell A; jeJ
JjeJ

Definition 2.6 [6]. The double negation law in L is given
as follows: (a — 1) — 1L =a Va € L.

Lemma 2.7 [21]. For every a € L we have a < (a —
l) — 1.

Now we recall the definitions of L-equality and L-
inclusion.

Definition 2.8 [6]. Let f, g € LX. Then the L-equality be-
tween f and g is denoted by [[f, ¢]] and defined as follows:

(£l = A ((f(@) — g(@) A (g(2) — f(2))).

reX

Definition 2.9 [19]. Let f,g € LX. Then the L-inclusion
of f in g is denoted by [[f,g[[ and defined as follows:

[(f.9ll= A (f(z) — g(2)).
X

fAS

In the following we recall the concept of (M, L)-
topology and illustrate that the L-fuzzifying topology is in
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fact the (2, L)-topology.

Definition 2.10 (Hohle [4], Hohle and Sostak [6], Kubiak
[9], Sostak [13], [17]). An (M, L)-fuzzy topology (we pre-
fer to say an (M, L)-topology) is a mapping 7 : MX —
L such that

() r(lx) =7(1p) =T,

@) 7(AAB) > 7(A) AT(B) VA, B € M*X,

@) 7(V 4j) = A\ 7(A;) V{4l € T} € M¥.

jeJ jeJ

The pair (MX,7) is called an (M, L)-fuzzy topological
space (we prefer to say an (M, L)-topological space).

When M = {0, 1}, Definition 2.10 will reduce to that
of (2, L)-topology (L-fuzzifying topology).

Some basic concepts and results in (2, L)-topology (L-
fuzzifying topology) which are useful in the present paper
are given as follows:

Definition 2.11 [19]. Let (X,7) be a (2, L)-topological
space. The family of all (2, L)-closed sets will be de-
noted by F, € L"), and defined as follows: F,(A) =
7(X — A) where X — A is the complement of A.

Definition 2.12 [5]. Let x € X. The (2, L)-neighborhood
system of x is denoted by ¢, € L") and defined as fol-
lows: ¢, (A)= \/ 7(B).

z€EBCA
Remark 2.13. Hohle proved in Proposition 3.13 [5] that
if L satisfies the completely distributive law, then 7(A) =

A @z(A).
r€A
Proposition 2.14 [19]. Let (X, 7) be a (2, L)-topological
space and let A, B € 2X. ThenVz € X,
(D) pe(X) =T, 0:(0) = L,
(2) AC B = p,(A) < ¢a(B),
() z(AN B) < ¢a(A) A pa(B),
(4) If A is distributive over arbitrary joins, then ¢, (AN
B) > @x(A) A ‘p:c(B)v
B) pa(4) <V
yeX—B
Definition 2.15 [19]. The (2, L)-closure operator is

denoted by Cl, € (L¥)¥", and defined as follows:
Cly(A)(z) = g (X — A) — L.

(py(A) V o(B)) VB € 2.

Proposition 2.16 [19]. Let (X, 7) be a (2, L)-topological
space, then:

(1) If L satisfies the double negation law, then ¢, (A) =
Cly(X —A)(z) — LVA€2X VxeX,

(2) CL.(0) = 1y where 15 € LX and defined as fol-
lows: 1y(z) = L Vz € X,

(3) A< Cl,(A) VA € 2%,

M IfA Bec2X AC B, thenCl,(A) < Cl,(B),
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(5) If Ais distributive over arbitrary joins, then Cl, (AU
B) < Cl.(A) vV Cl.(B) VA, B € 2%.

Lemma 2.17 [19]. For every a,b € L we have
a<b— a.

Lemma 2.18 [21]. For every a,b € L we have A (a; —
j€d
b) = (V a;) —b.
jed
Definition 2.19 [21]. Let A, B € 2X. The binary crisp
predicat D : 2% x 2X — {1 T}, called crisp jointness,
is given as follows:

[T, if ANB#0
D(A’B){L, if ANB=0.

For the definitions of L-Ty-, L-T1 -, L-T5 (L-Hausdorff)-
, L-Ts (L-regularity)-, L-Ty (L-normality)-, L-Ry-, L-
R;-separation axioms in (2, L)-topology and the notations
of K(x,y),H(z,y), M(z,y),V(z,A), W(A, B), where
z,y € X, A, B € 2% we refer to [19].

3. Fundamental concepts (a):

(2 pre-open sets,
(2, L)-pre-neighborhoodsin (2

. L)-
(2, L)-topology

Definition 3.1. Let (X, 7) be a (2, L)-topological space.
And let f € LX. Then the extended (2, L)-closure opera-
tor is denoted by CI, € (LX) and defined as follows:

CL(W) = V (A Cl(fa))), where fo =
{z e X]| f(z) = a}.

Definition 3.2. Let (X, 7) be a (2, L)-topological space.
Then the extended (2, L)-interior operator is denoted by
Int, € (L*)E™ and defined as follows:

Int,(f)(z) = Cl,(f — L1)(z) — L Vf e L.

Definition 3.3. Let (X, 7) be a (2, L)-topological space.
The family of all (2, L)-pre-open setsis/denoted by mp €
L") and defined as 7p(A) = [[A, Int, (CL.(A))[[.

Definition 3.4. Let (X, 7) be a (2, L)-topological space.
The family of all (2, L)-pre-closed sets will be denoted by

Fp € L) and defined as follows:
Fp(A) =7p(X — A) where X — A is the complement of
A.

Lemma3.5. Forany A € 2%, f, g € LX we have
(l)|ff§g,thenf—>L>g—>L7
) Iff<g,then[[ A9)[[=T,
(3) Iff<g,then[[ t Int (9)[][=
(@) [nt-(A), Int, «?l(xﬂ)[[='T.

Proof. (1) Since f < g, then we have

f—1=\/ x>\ rx=g— L
A f< L Axg< L

(2) Since f < g, then f, C g, and from Proposition
2.16 (4) we have

CL(N) =\ (@ACL(f)®))

a€l

<\ (@A Cl(g0)(v))

a€EL

(3) From Proposition 2.16 (4) and (1), (2) above we
have
Int,(f)(@) = ClL(f — L)(z) — L < CL(g
L)(z) — L = Int, (9)(z).
N(4) From Propositignvz.lfs (3) and (3) above we have
Int (Cl(A))(z) > Int.(A)(x) = Int,(A)(z). O

= Cl,(9)(y).

—

Theorem 36. Let (X,7) be a (2,L)-topological
space.Then
Q) 7mp(X) =T, 7p(0) =T,
2) Fp(X)=T,Fp(0) =T,
(3) For every {A;|j € J} C 2%, 7p(UJA;) >
J€J
A Tp(4;),
jed
(4) For every {4, € J} C 2% Fp((N4,) >
jeJ
N\ Fr(4;).
=

Proof. The proof of (1) and (2) are straightforward.
(3) From Proposition 2.16 (4) and Lemma 3.5 (4) we
have

[[Int(Cl(A))), Int(CL, (U A;))[[ = T. Therefore,
jeJ

from Lemma 2.18 we have

(U4 = [[JA4 Int-(CL(|JA4)[[

= jed jeJ

reX jeJ jed
— /\ /\ ( —>Int (Cl( UA

jeJzeX jeJ
ZAAQM@AEﬂ%@Mm

jeJxzeX

/\ [[A;, Int,( (Aj))[[:/\TP(Aj).

jeJ jeJ
(4) Follows from (3) above. O

Definition 3.7. Let © € X. The (2, L)-pre-neighborhood

system of x is denoted by o” € L") and defined as fol-
lows: pf(A)= \ 7p(B).
rz€BCA
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Proposition 3.8. Let (X, 7) be a (2, L)-topological space
and let A, B € 2¥X. Then Vz € X, we have
1) @ ¢z (X) =T, (0) ¢y (0) = L,
(2) If A C B, then o (A) < o (B),
Q) wr (ANB) < ¢ (A) Al (B),
@er(A) < V(¢ (A)Ver(B)).
yeX—-B

Proof. (1) (@) ¢2(X) = \V 7p(B) = T because
r€BCX
TP(X)ZT.
O ® e 0=V 7p(H) =1
zeHC)
@ (A = V 7pH) <V 71p(H) =
r€HCA z€HCB
¢r (B).

(3) Follows from (2) above.
(4) Let « be a fixed point in X and let A, B, GG be sub-
sets of X suchthatz € G C A. Now,

(a) for every B € 2X such that G N (X — B) #

0, V ¢ (A) = 7p(G) (Indeed, since G N (X —
yeX—B
B) # (), then there exists y, € G N (X — B).
Now, ¢} (A) = \V 7p(H) > 7p(G). Hence
ZloeHgA
V. oP(A) > ¢F (4) > 7p(G).) and
yeX—-B

(b) for every B € 2% such that G N (X — B) = 0,
ey (B)= \V  7p(M)=>1p(G).

zeMCB

Vo (ey(A) Ve (B) =
yeX—B
¢y (4). O

Hence, p(G) =

r€GCA

Theorem 3.9. Let (X,7) be a (2, L)-topological space.
Then we have

Q) [[77 TP [[ =T, and

@) [[F- Fp|[=T.

Proof. (1) One can verify that 7(A) < [[A, Int,(A)[].
Then applying LemmaN3.5 (4) we have 7(4) <
[[A, Int.(A)[[ < [[A, Int, (CL.(A)[[ = mp(A).

(2) The proof is obtained from (1) above . O

Theorem 3.10. Let (X, 7) be a (2, L)-topological space.
Then we have

DA< AV

z€A zeBCA

(2) If L satisfies the completely distributive law, then

(A)= AV 7p(B)
z€A z€BCA

Proof. (1) Obvious.

(2) Let n, = {B|xr € B C A}. Then for every

f € II n. wehave |J f(z) = A and so from Theorem
z€A T€EA

3.6 (3) we have 7p(A) = 7p( U f(2)) = A 7p(f()).

T€A z€A

7p(B), and
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Hence,

P(4) =V

AN7e(fx)= AV 7p(B). O
J“'EQEI;IAWm z€A z€A z€BCA

Corollary 3.11. Let (X, 7) be a (2, L)-topological space.
If L satisfies the completely distributive law, then 7p(A) =

N ¢7 (A).

z€A

4. Fundamental concepts (b): (2, L)-pre-derived,

(2,

L)-pre-closure operatorsin (2, L)-topology

Definition 4.1. Let (X, 7) be a (2, L)-topological space.
The (2, L)-pre-derived operator is denoted by dp €
(LX)2", and defined as follows:

dp(A)(z) = ¢ (X — A)u{z}) — L.

Theorem 4.2. Let (X, 7) be a (2, L)-topological space.
Then we have
(1) Fp(A) < [[dp(A4), A[], and

@)

If L satisfies the double negation law and the com-

pletely distributive law, then Fp(A) = [[dp(A), A[].

Proof. (1) From Lemma 2.7 we have
[ldp(a). A[[

N\ (dp(A) (@) — Al@))

zeX

(A W)@ — 1) A (A e @ — )
reX—A €A

(A @)@ —n)AT

rzeX—A

A (@F (X =Au{a}) — L) — 1)
zeX—A

N ei(x=Aufzh) = A ¢l(X-4)
zeX—A zeX—A
V

A mp(B) > 7p(X — A) = Fp(A).
r€EX—A z€BCX—-A

(2) The inequalities in proof of (1) above become equal-
ities from the double negation law and from Theorem 3.10
(since L satisfies the completely distributive law) respec-
tively so that the result hold. O

Definition 4.3. Let (X, 7) be a (2, L)-topological space.
The (2,L)-pre-closure operator is denoted by Clp €
(LX)2", and defined as follows:

Clp(A)(z) = P (X — A) — L.

Proposition 4.4. Let (X, 7) be a (2, L)-topological space.
Then for any z, A, B, we have

1)

If L satisfies the double negation law, then

pr (A) = Clp(X — A)(x) — L,
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(2) Clp(B) = 1y, where 1y € L is defined as follow:  pose x ¢ A. Then we have
1 =1, VrelX,
o) = L v (AUdp(4)@) = A@) V dp(4)(a)

@) [[4,Cle(A)[[=T, = dp(A)(2)
(4) If A C B, then [[Clp(A),Clp(B)[[=T, =oP(X-Au{z})) — L
G Clo(A)@) = A (¢7(B) — D(4.B)). =@ (X =4) — 1L

®6) [[Clp(A),AUdp(A)]] =T, = Clp(A)(x).

(7) Fp(A) < [[A, Clp(A)]],
(8) If L satisfies the double negation law and the com-

(7) From (3) above and Lemma 2.7 we have
[[A,Cle()])] = [[A,Clo(A)[[ A [[Clr(4), A[|

pletely distributive law, then Fp(A) = [[A, Clp(A)]], =T A[[Clp(A), A[]
©) Clp(A)(z) = A (Fp(B) — 1). = N\ (Clp(A)(z) — A(z))
zgdBDA z€X
Proof. (1) Since Clp(X — A)(z) = 9L (A) — L, then = ( /\ (Clp(A)(z) — l)) A
o (A) = (1 (4) — L) — L =Clp(X - A)(z) — rex—A
L (A Cle()@ — 1)
@ Clp()(z) = ¢,/(X) — L =T — L = ved
1 Vz e X. Then Clp(D) = 1. - ( /\ (Clp(A)(z) — J_)) AT
B)Ifz € A thenClp(A)(z) =l (X —A) — L = reX-A
1L — 1L =T=A(x). = N (pfx-4)—1)— 1)
Ifz & A then A(z) = L < Clp(A)(x). ceX—A
(4) If A C B. Then from Proposition 3.8 (2) we have > /\ wf(X —A)
Clp(A)(z) = ¢,/ (X = A) — L < ¢ (X = B) — sEX—A
(5) From the double negation law and Lemma 2.18 we 2EX—A zeBCX—A
have >71p(X — A) = Fp(A).
P (8) The inequalities in proof of (7) above become equal-
/\ (2 (B) — D(4, B)) ities from the double negation law and from Corollary 3.11
Be 2% (since L satisfies the completely distributive law) respec-
- A (9P (B) — D(A, B)) A tively so that the result hold.
Be2X, ANB=0 (9) From Lemma 2.18 we have
N\ (@I (B)— D(A, B)) Clp(A)(x) =pf(X —A) — L
Be 2X, ANB#0 = \/ (X —B) — L
= N\ @B —HA N\ @B —T) 2EX-BCX—A
ANB=0 ANB#0 = \/ Fp(B)— 1L
= N\ @B — AT =y
ANB=0 = A (Fp(B)—1). O
= /\ (WE(B)*)J—) *@BDA
ANB=0 From Proposition 4.4 (3), (7) and (8) we have the fol-
= N (¥B) —1) lowing result.
BCX—-A
_ \/ oP(B) — 1L Corollary 4.5. Let (X,7) be a (2, L)-topological space.
BCX-A i Then we have

(1) Fp(A) < [[Clp(A), A[[, and
(2) If L satisfies the double negation law and the com-
pletely distributive law, then Fp(A) = [[Clp(A), A[[.

=P (X —A) — L =Clp(A)(x).

6) If x € A, then from (3) above we have
(Audp(A))(z) = A(z) = T = Clp(A)(x). Now sup-
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5. L-pre-separation axiomsin (2, L)-topologies

First, in the framework of (2, 2)-topology (general
topology) [7] the concepts of separation axioms were con-
sidered as crisp concepts ({_L, T }-concepts), for example
in the framework of (2,2)-topology the space (X, ) is
Ty (resp. is not 7y) if and only if T1(X,7) = T (resp.
Tl (X, T) = l)

Second, in the framework of (2, I')-topology (fuzzify-
ing topology) [1, 8, 12, 14] the concepts of separation ax-
ioms were considered as fuzzy concepts ([0, 1]-concepts),
for example in the framework of (2, I')-topology any topo-
logical space (X, ) is 7} with a degree in [0, 1].

Third, in the framework of (2, L)-topology (L-
fuzzifying topology) [19] the authors were considered the
concepts of separation axioms as L-concepts.

In the following, in the framework of (2, L)-topology
(L-fuzzifying topology) we consider the concepts of pre-
separation axioms as L-concepts, for example in the frame-
work of (2, L)-topology any topological space (X, 1) is
pre-T7 with a degree in L.

Remark 5.1. For simplicity we put the following notations:

() K*(z,y) = ( \/ el (A)) v ( :Z/Awi(A)),

@) HP () = (v AN AV £ B),

(3) MP(z,y) = Am\é_w (02 (A) A ey (B)),

@) VF(z,0) = V (eF(A) ATp(B)),

ANB=0, CCB

() WP(4,B) = (rp(C) A

ACC, BCD, CND=0
TP(D))a

where 2,y € X, A, B,C, D € 2X and 7p is the family of
all (2, L)-pre-open sets in a (2, L)-topology 7 on X.

Definition 5.2. Let 2 be the class of all (2, L)-topological
spaces. The unary L-predicates L-pre-T; € L are de-
noted by TF,i = 0,1,2,3,4, L-pre-strong-7; € L are
denoted by 77’ i = 3,4 and L-pre-R; € L% are denoted
by RY i =0,1 and defined as follows:

W) T3 (X, 1) = /\ KP(z,y),

QT (X, 1) = /; HP (2,y),

@) I (X,7) = é\ MF (z,y),

&) T3 (X, 1) = é\c( F(C) — VP(z,0)),

6) TY(X,7) = A ((F-(A) A F(B) —
ANB=(

WF(A,B)),

6) TY5(X, 1) = é\c (Fp(C) — VP(z,0C)),

7 75X, 1) = A ((Fp(A) A Fp(B)) —
ANB=0
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WP(A,B)),
(8) Ry (X, 7) = ée\ (K" (2,y) — H(2,y)),
(9) R{D(X’ T) = éﬁ\ (KP(x’y) — Mp(xvy))'

Lemma5.3. Let (X,7) € Q. Then forany z,y € X, we
have

1) K(z,y) < K" (z,y),
(2 H(z,y) < HF (z,y),
() M (z,y) < MP(x,y),
@) V(z,C) <VP(x,0),

(5) W(A,B) < WFP(A, B).

Proof. From Theorem 3.9 one can deduce that ¢, (A) <
©P(A) VA € 2%, hence the proof is immediate. O

Theorem 5.4. Let (X, 7) € Q. Then we have
Q) T;(X,7) <TFP(X,7),i=1,2,3,4,and
() TFS(X,r) <TF(X,7),i=3,4.

Proof. (1) It is obtained from Lemma 5.3.
(2) It follows from Theorem 3.9 (2). O

Lemmab.5. Let (X,7) € Q. Then forany z,y € X, we
have
(1) M (a,
2 H"(z,

y) < H”(z,y), and
y) < KP(z,y).

Proof. (1) Let S; = {(A4,B) € 2X x2X| AnB = 0}
and let Sy = {(A4,B) € 2% x 2¥X| y ¢ A,z ¢ B}. Then
S1 € S,. Hence,

= ((V er )l

yZA

=V Vil

YA gB
=V @) Are)(B)
yEAaEB

> \/ (DA Al (B)
ANB=0

((\ #F(A

yZA

< (V ¢ (4)

ygA

< ((V er () v(

ygA

H (x,y)

\ ©(B))

¢ B
) Al (B))

= Mp(xvy)'

) AV @y (B)

z¢B

A

From Lemma 5.5 (1), (2) we have the following result.

Corollary 5.6. Let (X, 7) € Q. Then forany z,y € X, we
have M (x,y) < KP(z,y).

V el (A) = K (z,y). O
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Theorem 5.7. Forany (X, 7) € , we have RY(X,7) <
RE(X, 7).

Proof. From Lemma 5.5 (1) we have

RY(X,7) = N\(K"(2,y) — M"(x,y))
TFY

S /\(Kp(xay) —)Hp(xvy))
TEY

=R (X,7). O

Theorem 5.8. For any (X, 7) € 2, we have
O TF(X,7) < RP(X,7),and
QT (X, 7) < TP (X, 7).
Proof. (1) From Lemma 2.17 we have H' (x,y) <
KP(z,y) — HP(z,y)sothat T (X,7) < RO( ,T).
(2) The proof follows from Lemma 5.5 (2).

From Theorem 5.8 (1), (2) we have the following result.

Corollary 59. Let (X,7) € €. Then we have
TP (X,7) < RE(X, 7)) NTE (X, 7).

Theorem 5.10. Let (X,7) € Q. If TF(X,7) = T, then
we have TP (X, 7) = RE (X, 7) AT (X, 7).

Proof. Since TX (X, 7) = T, then for every x, y € X such
that x # y we have K7 (z,y) = T. Now, since T — o =
aVaeL(Indeed T—a= \/ A=V A=a)we

AT <« A<a
have
R§ (X, 7) ATy (X, 7)
=(N\ (K (x,y) — H (@, ) AT
Ty
= N\ H (z,y) =T (X,7). O
Ty

Theorem 5.11. For any (X, 7) € 2, we have
(1) T3 (X,7) < R{ (X, ), and
@ T (X, 7) < T (X, 7).

Proof. The proof is similar to the proof of Theorem 5.8. O

From Theorem 5.11 (1), (2) we have the following re-
sult.
Corollary 512. Let (X,7) € €. Then we have
TY(X,7) < RP(X,7) NTE(X, 7).

Theorem 5.13. Let (X,7) € Q. If T (X,7) = T, then
we have TY (X, 7) = RY (X, 7) NTE (X, 7).

Pr oof.
5.10. O

Theorem 5.14. Let (X, 7) € 2. Then we have
(1) 137 (X, 7) < T (X, 7),
(2) T3 (X, 7) < R{ (X, 7),
Q) RY(X,7) VT (X,7) < RE(X,7).

The proof is similar to the proof of Theorem

Proof. (1) The proof follows from Theorem 5.8 (2) and
Theorem 5.11 (2).

(2) The proof follows from Theorem 5.7 and Theorem
5.11 (1).

(3) The proof follows from Theorem 5.7 and Theorem
58(1). O

From Theorem 5.14 (1), (2) we have the following re-
sult.

Corollary 5.15. For any (X,7)
TP (X,7) < RE(X,7) NTP (X, 7).

e Q, we have

Theorem 5.16. If L satisfies the completely distributive
law, then for any (X,7) € Q, we have T7(X,7) =
A Fp({z}).

reX

Proof. Let 1,292 € X such that x; # x5. Then from
Corollary 3.11 we have

A Fr({z}) = N\ 7p(X —{a})

zeX reX

=ACA

z€X yeX—{z}

< /\ 905(X —{z2})

yeX—{x2}
<o (X —{mh) =\ ¢l (4
EQQA

oy (X —{a}))

Similarly, we have A Fp({z}) < V 2L (B). Hence,
rzeX z1¢B

A Fp({z}) (1, (A) Ao, (B))

zeX

<AV

1175»82 1€ B, 22 A
= TP (X,1).
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On the other hand,

TP (X,7)
x1, T2€X, 1F#r2 xT2EA

= N\ (o8 (X~ {e2}) Al (X — {21)))

T1#£T2

< N en (X —{a2})

T1F£T2

=N A

2€X zi1€X—{w2}

= N\ 7p(X —{z2})

((V e (AN e (W)

.’E1€B

o (X —{z2})

roEX
= N\ (X —{z}) = A Fp({z}). O
reX reX
Theorem 517. Let (X,7) € Q. If L satisfies

the double negation law, then we have T (X,7) =

A (Cle({y})(z) — L)V (Clp({z})(y) — 1))

TFy

Proof. From Proposition 4.4 (1) we have

17X = NV er () vV e (4)

zF#y ygA zgA

= A (f2(X = g vl (X = {2D)
TFY

= A (Clr({yh(@) — 1)V
TFY

(Clp({z})(y) — L1)). O

Definition 5.18. Let (X,7) € Q and let x € X. Then
Br e L2" is called a local base for 7p at z € X iff the
following conditions are satisfied:
@ [[7. 2 [[=T.
@L<V BIB).
z€BCA

(3) If A C B, then 8P (A) < 8P(B) Vz € X.

Lemma 5.19. Let (X,7) € Q and let 8 be a local
base for 7p at x € X. Then for any A € 2%, we have
er(A)= "V B(B).
zeBCA
Proof. From condition (1) in Definition 5.18 and Propo-
sition 3.8 (2) we have o (A) > ©l(B) > pL(B) for
every B € 2% suchthat + € B C A. So, ¢ (A) >
V. BL(B).

z€BCA

On the other hand from condition (2) in Definition 5.18
we have ¢'(4) < /. B7(B). Hence, o7/ (A) =

z€BCA
V. BL(B). O
z€BCA

122

Theorem 5.20. Let (X,7) € Qand let z € X, and let
B2 be a local base for 7p at z € X. If L satisfies the com-
pletely distributive law, then we have

TP, )< NV BI(A).

oty YEX—A

Proof. Let B € 2% suchthatz € B C X — {y}. Then
y & Bsothat \/ §F(A) > pE(B)sothat \/ 5F(A) >
ygZA yZA
\V BE(B) = ¢f(X — {y}) so that from Corol-
z€BCX—{y}
lary 3.11 we have

ACV BEA) = N\ el (X —{y})

z#Y YEA Ty

=N\ N X -{
yeX zeX—{y}

= /\ (X —{y})
yeX

= N\ Fey}) =T (X,7). O
yeX

Theorem 521. Let (X,7) € €, and let 3F be a

local base for 7p at x. Then we have T (X,7) >
AC NV BIA).

z#y yeX—A

Proof. From condition (1) in Definition 5.18 we have

(V @)\ 87®)

yeEX—A zeEX—B
<(V @AV efB)=H"(xy).
yEX—A r€X—B
Then A( V 67(4) < AHP(zy) =
Ay yeX—A Ty
TF(X,7). O

From Theorems 5.20 and 5.21 one can have the follow-
ing theorem.

Theorem 5.22. Let (X,7) € Qand let z € X, and let
B2 be a local base for 7p at z € X. If L satisfies the com-
pletely distributive law, then we have

TP(X, )= NV B(4).

yeX—A

Theorem 5.23. Let (X,7) € Q, letx € X, and let 37
be a local base for 7p at x. If the meet is distributive over
arbitrary joins, then we have

TEX, 1) = A V(B4 Al (X - 4).

x#£y Ae2X
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Proof. From Lemma 5.19 we have

AV (Bf(A)Asoﬁ(XfA))

z#y Ae2X
=NV (B Vo sm)
£y Ae2X yeBCX—-A

=AV

x£y Ac2X yeBCX—A

-A V.V (Bonsm)

z#y ANB=( z€CCA yeDCB

=NV (<P5(A)A¢5(B)> =TF(X,7). O
z#y ANB=0

CHENVAE)

Theorem 5.24. Let (X, 7) € Q, letz € X, and let 3L be a
local base for 7p at x. If the meet is distributive over arbi-
trary joins, and L satisfies the double negation law, then we

have Tf (X.7) = AV (B2(4) A (Clo(A)y) —

z#y Ac2X
1)

Proof. It follows from Theorem 5.23 and Proposition 4.4
1. o

Definition 5.25. The unary L-predicates PT?fi), PSTéi) €
L, where i = 1,2 are defined as follows:

@ PTV(X 1) = A (Fe(D) — V_(£F(4)A
zZD Ae2X

(A (Clp(A)y) — 1)),

yeD
@ PP (X,7) = A (7(4) — V_(#E(B) A

lcmmal)). E

® PsEV(x,r) = A (Fe(D)  —
zEZD
VAN A ClrA) ) — 1)),
@ PSTP(X,r) = A () —

z€A

V(£ (B) A [[Cle(B).A[]))-

Be2X

Theorem 5.26. If L satisfies the completely distributive
law and the double negation law, then for each (X, 1) € Q,

we have T.X(X,7) = PT\V (X, 7).

Proof. Now, from proposition 4.4 (1) we have

PV (X, 1)
=N\ (F(0)— V (£F(A)A

gD Ae2X
(A (Clr(a)y) — 1))
yeD
= A\ (fx=D)— \/ (F ) A (N oF(x - a))
xgD Ae2X yeD
and
X = N\ (fX-D)— ) (FAnme(B)).
zgD ANB=0,DCB
So, the result holds if we prove that
V (@Z (AN ¢y (X—-4))) = Voo (e (AN
Ae2X yED ANB=0, DCB
p(B)). (%)

In the left side of (x) if AN D # (), 3y € D such that
y & X — Asothat
A vy (X —A4)= L.
yeD
Second,

PEA) A (A $E(X — ) =
ANB=p, Ac2X yeD

Vo (eP@AAC Y
ANB=0, Ae2X yeD yeBCX—A
we prove that

AV

yeD yeBCX—A

TP(B)))). Now

7B = \/

ANB=0), DCB

TP(B).

Lety € D. Assume S = {H € 2X| HNA=0,D C H}
and p, = {M €2X|ye M C X — A}.ThenS C g, s0
that \/ 7p(B) > \ 7p(B)sothat

Begpy BeS

/\ \/ Tp(B) > \/

yeD yeBCX—A ANB=0, DCB

TP(B).

Let o) = {7p(M)| M € p,}. Then

A Veoy=N V »®B=

yeD yED BeEgp,

VoA fw.

fe Il o veD
yeD

Thenforeach f € [] o), 3K st K =U{f(y)| f(y) €
yeD
oy, y € D}suchthat DC K C X —Aand A f(y) <
yeD

p(U{fW)| f(y) € 9y, y € D}) = 7p(K) s0 that

A fw) <)<\

yeD ANB=0, DCB

7p(B)
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so that

Tp(B) =
yeD yeBCX—A

VA fw

fe Il o yeD
yeD

<V

ANB=0, DCB

TP(B). O

Theorem 5.27. If L satisfies the completely distributive
law and the double negation law, then for any (X, 7) € Q,

we have T (X,7) = PT\? (X, 7).

Proof. From Theorem 5.26 we have

9 (X, 1)
= A\ (FD) — \/ (£F(a)a
zZD Ae2X
(A (Clr(a)y) — 1))
yeD
- A (F&-B— \ (X
¢ X —B Ae2X
(N (Cle(A)y) — 1))
yeX—-B
=N\ (7B — V (#F)a
rEB Ae2X
(N (Cle(A)y) — By))))
yeX

= N\ (7B — \ (¥ @) A [[Cle(4),B]]))

zeB
=PT{(X,7). O

Ae2X

Theorem 5.28. If L satisfies the completely distributive
law and the double negation law, then for any (X, 7) € Q,

we have TS (X, 7) = PSTS)(X, 1), i = 1,2.

Proof. The proof similar to the proof of Theorems 5.26 and
5.27 respectively. O

6. Relations among L-separ ation axioms and
L-pre-separation axiomsin (2, L)-topologies

Lemma 6.1. For every a,b € L we have

a— Abj= A(a—bj).
jedJ jeJ

124

Pr oof.

(Z—>/\bj = \/

jes Axa< A by

A= \/ A

Vi€ Ara<b;
JjeJ

=V =V 2

VjeJ A<a—b; A< A (a—b;)
j €

= N\(@—1bj). O

jeJ

Theorem 6.2. If L satisfies the completely distributive law,
then forany (X,7) € Q, we have T (X, 7) * Ty (X, 1) <
T (X, 7).

Proof. From Lemma 6.1 we have

AFEx-th—

Ty ANB=0, yeB yE€B

<A (N 7x-{wh) —
z#y yeX
V(A A B))

ANB=0, yeB yE€B

= /\ (7&@X7T)44% \/

Ay ANB=0, ye¢B yeB

=n(X,7)— A\ (A @A) rel(B)

z#y ANB=0 yeB
<Ti(X,71)— N\ (V (©FA) el (B))
£y ANB=0
=T(X,7) — T (X, 7).

Since,
T (X, 7)
=N\ (E=-D— /@A nammB))
zgD ANB=0,DCB
=N\ (fx=-D)— \/  (AF@)Am(B)
gD ANB=0,DCB yeB
< A (-t —  V  (AE@rem))

zZ{y}

A(Fx=-@wh— V

Ty ANB=0, yeB yeB

ANB=0, yeB y€B

then from above, 7Y (X, 7) < Th(X,7) — T (X, 7)
so that 77 (X, 7) * Th(X,7) < TS (X, 7). O

Theorem 6.3. If L satisfies the completely distributive
law, then for any (X,7) € Q, we have TY5(X,7)
TE(X,7) < TF (X, 7).

Proof. The proof similar to the proof of Theorem 6.2. O

(A @EA) Al (B))

(A @A) Aol (B)

(A @EA) AeEB))),
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From Theorems 6.2 and 6.3 we have the following re-
sult.

Corollary 6.4. If L satisfies the completely distributive
law, then for any (X,7) € Q, we have (74°(X,7) *
T1P(X,7')) Vv (T?f)(X,T) *Tl(X,T)) < TP (X, 7).

Lemma 6.5. For every a,b € L we have

(Aaj)xb< A (a;*Db).
jeJ

jeJ

Proof. Forevery a,b € L weobtaina; xb < a; xbVj e J

implies ( A a;) b <a;+xb Vj € Jhence (A a;)*xb <
jeJ jeJ
A (a; *b). O

jeJ

Theorem 6.6. If L satisfies the completely distributive law,
then for any (X, 7) € Q, we have T (X, 1)« T1(X, 1) <
TP (X, 7).

Proof.

Vo ) ATe(B)

ECA, DCB, ANB=0

< A (@ a}) A Fo(D) —

Vo A aTe(B)

z€A, DCB, ANB=0

= A\ ((F-(ah) A Fr(D) —

Vo (V) are(B))

DCB, ANB=) z€A

< A () A Fr (D) —

zED

VooV ) Ae(B)

DCB, AnB=0 z€KCA

= A\ ((F-(a}) A Fr(D) —

zED

V@R are(B))

DCB, ANB=0

< A ((A Beh AR (D) —

z¢D  zEX

V@l are(B))

DCB, ANB=0

= A\ (X, 1) A Fr(D) —

zZD

Vo @EA) Are(B))
DCB, AnNB=0
< A (( (TlXT ) ¥ Fr(D)) —
¢ D
V@l Are(B))
DCB, ANB=0
<Ti(X,7) — N (FT(D) —
zZ D
V@) are(B))
DCB, ANB=0
=T (X,7) — T (X,71),

so that 77 (X, 7) * T1 (X, 1) < T3 (X, 1
T(X,7) = «, j = (x,D), =
X, D € 2%, & ¢ D}, Bap) = F( ),

Vo (e (A) ATp(B)) and A; = {A Aia <
DCB, ANB=0

A ((ax Bj) — Mj)
JjeJ J€J Ax(axB;)<M;

AV

je€J (Axa)*B;j<M;

- \/ A

j€J Axa<(B;— Mj)

=V A

fell A; jeJ
jedJ

Now, V f € [] A,, there exists Ky = A f(j) such that

jeJ jeJ
Kpxa= (A fG)xa< A(f(G)xa) < A (B —
JjE€J jeJ jeJ
M;). Then
AllaxBy) — M) < \/ K,
et fell 4;
JjEJ
< V A
Axa< A\ (B;j—Mj;)
jeJd
=a— N\(B; — M).). O
jed
Theorem 6.7. If L satisfies the completely distributive

law, then for any (X,7) € Q, we have T/5(X,7) *
TP (X, 7) T35 (X, 7).

Proof. The proof similar to the proof of Theorem 6.6. O
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7. Conclusion

(1) Let L = [0,1] and let * € [0, 1](01x[0:1]) jg
defined as follows:
a*x B = max(0,a + 8 — 1), then the structure
(L, V, A, x,—,0, 1) is a completely distributive complete
MYV -algebra so that "Theorem 3.1 (1) [1], Theorem 3.2
(1) [1]” (resp. "Theorem 3.3 (1) (a), (2) (a) [1]”, Theorem
4.1 [1], Theorem 4.2 [1], Theorem 5.1 (1) [1], Theorem
3.1 [2], Theorem 3.3 [2] Theorem 3.4 [2], Theorem 3.5
[2], Theorem 3.7 [2], Theorem 3.13 [2], Theorem 3.14 [2],
Theorem 3.15 (1), (2) [2], Theorem 4.1 [2], Theorem 4.2
[2], Theorem 4.3 [2], Theorem 4.4 [2]) is obtained as a
special case of Theorem 3.6 (resp. Theorem 3.9, Theorem
3.10, Proposition 3.8, Proposition 4.4, Theorem 5.4, The-
orem 5.17, Theorem 5.16, Theorem 5.23, "Theorems 5.8,
5.10”, Theorem 5.26, Theorem 5.27, Theorem 5.28, Theo-
rem 6.2, Theorem 6.6, Theorem 6.3, Theorem 6.7) above.

(2) Let L = [0,1] and let x € [0, 1]{%1x[0.1]) js de-
fined as follows: «a x 8 = «f. Then (L,V, A, x,—,0,1)
is a completely distributive complete residuated lattice.
Note that the double negation law is not satisfied since
(¢ —0) —0=0-—0=1#aifa e (0,1).
Hence, Propositions 3.8, 4.4 (2)—(7), (9), Theorems 3.6,
3.9,3.10,4.2(1),5.4,5.7,5.8,5.10, 5.11, 5.13, 5.14, 5.16,
5.20, 5.21, 5.22, 5.23, 6.2, 6.3, 6.6, 6.7 are satisfied as
corollaries from our results.

(3) If (L,V,A,x,—, 1, T) is a complete MV-
algebra, then Propositions 3.8, 4.4 (2)—(7), (9), Theorems
3.6, 3.9, 42 (1), 5.4, 5.7, 5.8, 5.10, 5.11, 5.13, 5.14,
5.17 are satisfied as corollaries from our results because
from Corollary (1) [20], any complete MV -algebra, is a
complete residuated lattice. Furthermore any complete
MV —algebra satisfies the double negation law.

4) If (L,V,A,x,—, 1, T) is a complete MV-
algebra, such that the ” A 7 is distributive over arbitrary
joins, then Propositions 3.8, 4.4 (2)—(7), (9), Theorems 3.6,
3.9,42(),54,5.7,58,5.10,5.11, 5.13,5.14, 5.17, 5.21,
5.23, 5.24 are satisfied as corollaries from our results.

(5) If (L,V,A,x,—, L, T) is a completely distribu-
tive complete MV —algebra, then all results in Section 3,
4, 5 and 6 are satisfied as corollaries from our results.
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