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Abstract

In this paper we consider voting analysis in the political science in connection with B,,(or M., {0, 1}), the semigroup of
the binary relations on X with n elements. We also consider it in connection with M, (F') (or B,,(F)), the semigroup of
al fuzzy binary relations on X . Also we establish a possibility theorem and an impossibility theorem in voting analysis

based on preferencesin B,, and M, (F).
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1. Introduction

K. J. Arrow[1] introduced the socia choice function
based on the rational relations. Here the rational relation
R isarelation satisfying the following conditions:

1. Risconnected (< foral x,y € P, xRy or yRx),

2. Ristransitive (< foral x,y,z € P, xRy and yRz
imply zRz).

Also he studied the possibility theorem and impossibility
theorem for socia welfare functions.

J. B. Kim[5] investigated the fuzzy rational choice
functions, and C. B. Kim[4] studied B,,(or M, {0, 1}), the
semigroup of the binary relations on X with n elements.

Recently in journals there are papers concerning
possibility-theorem and impossibility-theorem (See [3, 6,
7, 8]).

In particular, S. Zahariev[8] considered the correction
between the impossibility theorem of Arrow and group
choice with fuzzy preference relations.

In this paper, we consider voting analysis in the politi-
cal science in connection with rational relations and also
we establish a possibility-theorem and an impossibility-
theorem in voting analysis based on preferencesin B,, and
M, {0,1} (or M,(F)), the semigroup of the binary rela-
tionson X with n elements. (A preferencein M, (F') will
be called afuzzy preference.)
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2. Preliminaries

In this section, we consider several definitions and the-
orems.

Definition 2-1. Let X be a set of n distinct elements. Let
R beasubset of X x X, andif (a,b) € R, then we often
write a Rb. We denote the set of all such R by B,,.

Definition 2-2. If R € B,, then we can have a matrix
representation M (R) of R : If X is afinite set, X =
{z1,29,...,2,}, then we define M(R) = A = (a;;) &S
follows: Q5 = 1,if (xi,xj) € Rand Qai; = 0,if (a:i,arj) Q
R. We call B,, the semigroup of all binary relations R on
X. Define M, {0,1} = {M(R) = A = (ai;) : R € By}

Theorem 2-3. B,, isisomorphic to M,,{0, 1}.
Proof. Itiseasy. O

Definition 2-4. M,,{0,1} of Theorem 2-3 is called the
Boolean matrix semigroup of order n over 0 and 1.

Definition 2-5 ([4]). Let R be an element of B,,, the semi-
group of al binary relations on X with n elements. Let
[0,1] be the unit interval of the real line. If there exists
afunction fr : X x X — [0,1] such that fr(z,y) =
t € (0,1]if (z,y) € Rand fr(z,y) = 0if (z,y) € R,
then we say that (R, fr) is a a fuzzy relation on X. We
denote the set of al fuzzy relationson X by B, (F). Let
(R, fr) € By(F). Then we have a matrix representation
of (R, fR) by ; Let ]\4(R7 fR) =A= (aij). Then Qijj = t,
if fR(Z‘i, l‘j) =te [0, 1].



Note. Let F = [0,1]. If a,b € F, wedefinea +b =
max{a, b} and ab = min{a, b}.

Definition 2-6 ([4]). Let M,,([0,1]) = {M (R, fr) = A =
(ai;) : (R, fr) € B,(F)} and define AB = C' = (ci;)
asc;; = EZ:l aikbkj, for A = (aij) and B = (bu) in
M, ([0,1)).

Theorem 2-7. M,,(F') forms a semigroup under the prod-
uct operation given in Definition 2-6.

Proof. It isobvious. O

We call M,,(F) the semigroup of full fuzzy matrices
over [0,1]. Andwecall B, (F') the semigroup of all fuzzy
relations on X with n elements.

Suppose there is a city (say, MOON-CITY) with the
population N(> 1) at atime ¢(= April 3, 2009). The
MOON-CITY is going to have new Mayor election on a
day (July 5, 2009) to choose new Mayor from m candi-
datesp; € P = {p1,p2,...,bm} by voting. Every onei
of the city residents has the right to vote with preference
R; asasubset P x P, and we consider R; as a member
of B,,, the semigroup of the binary relationson P. If ¢
will vote for p; = « on the election day, then we write
Rl(.ﬁ) = Ri(pj) =X.

Wedefine R(z) = {i : 1 < i < NandR;(z) = «}.
If there exists xp € P suchthat |R(y)| < |R(zo)| fordly
in P and at least one yo € P such that |R(yo)| < |R(0)],
then we say that =y will be elected as new Mayor on the
election day. We summarize this as the following theorem.

Theorem 2-8. z( € P iselected if and only if |R(x¢)| >
|R(y)| for @l y in P and if there exists yo in P such that
|R(yo)| < [R(z0)l.

We define therelation R on P asfollows: xRy if and
only if |R(y)| < |R(x)|. Then we have the following theo-
rem.

Theorem 2-9. Therelation R satisfies the above conditions
land 2, i.e, therelation R isrational.

Proof. Clearly, always either |R(y)| < |R(z)| or |R(z)| <
|R(y)|, sothat for all x andy, xRy or yRx. Thus R iscon-
nect. To show transitivity, suppose xRy and yRz. Then
[R(y)| < [R(z)| and |R(z)| < [R(y)|. Thus[R(z)| <
|R(z)| and thus z Rz. Hence R istransitive. Therefore the
relation R isrational. O
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3. Main Results

In this section we consider voting analysis by fuzzy re-
lations.

Example 3-1 ([4]). The MOON-CITY has five persons
(denoted by R = {z,y, z, u, v}) and two mayor candidates
P = {z,y}. Fort € R, we denote the preference by a
2 x 2 fuzzy matrix,

lir tli2
B = <t21 t22) ’

We define R, (x) < Ri(y) if and only if ¢1; < t99 and
say that ¢ will votefor y instead of =. Define R(z) = {t €
R : R(y) < Re(x)} and R(y) = {t € R : Ry(z) <
R:i(y)}. « is winner by Number if |R(y)| < |R(z)|.
Also we define ||R(J})|| = Z11 + Y11 + 211 + U111 +
V11 and ||R(y)|| = ZteRtQQ. We shall Say that = is
winner by Quality if andonly if | R(x)| > ||R(y)]|. Let

1 0 0 0 0.6 0.3
r=(5 o) m=(0 ) m=(00 03):
0.1 0.2 0.6 0.6
B = (0.1 o.s) and R, = (0.4 0.5) ‘
Then we see that |R(z)| = 3, |R(y)| = 2, |R(z)|| =

2.3,||R(y)|| = 2.8 and we can say that x is the winner by
Number but y is the winner by Quality. Let

Ri(x) = R.R.R,
(1 0\ /06 03\ /06 0.6
~ \0 0/\06 05/)\04 05
(06 0.6
o 0 0
as party preference of three members z, z, and v. Simi-

0.0 0.0
lerly let Ro(y) = RyR, = 01 08
is the winner by two parties vote because Ry (y) has0.8

at (2,2) entry and Ry («) has0.6 at (1,1) entry.

and we say that y

Definition 3-2. Let = be acandidate in the P. z is said to
be the perfect winner if |R(y)| < |R(x)| fory # = and if
IR < IR()].

We have a possibility theorem as follows:

Theorem 3-3. Let P = {x, y, ....} bethe set of candidates
for the Mayor election of the MOON-CITY whose popula-
tionis N(> 2). Thenitispossiblefor z in P to win asthe
perfect winner in the Mayor election.

Proof. It is possible for = to have |R(y)| <
[R(z)| and | R(y)|| < [[R(x)]], if N> 2.0

Definition 3-4. A candidatle x |in P is said to be
. e || R(x .

the pur:ely perfect. winner, if % =1, where N isthe

population of the city.
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Theorem 3-5 (AN IMPOSSIBILITY THEOREM). Any
candidate = can not be the purely perfect winner in the
Mayor election. (We assume that the number of candidates
isgreater than 1).

Proof. If there are candidates more than one, then any can-
didate 2 has an opposite candidate y(+# ). Thus the fuzzy
preference R, hasy11 = 0, which shows that MN”)” <1,
where N isthe population. This completes the proof. [J
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