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Abstract

Polar Code was proposed by Turkish professor Erdal Arikan in 2006 as an idea that splitted input channel is increasing
the cutoff rate. The channel polarization consisted of code sequences with symmetric high rate capacity in a given
B-DMC(Binary-input Discrete Memoryless Channel) W. The symmetric capacity is the highest rate achievable subject to
using the input letters of the channel with equal probability. The channel polarization is said to a set of given N
independent outputs of B-DMC W. In other word, N increases when N is a set of binary-input channels
(W :1<i <N}, in HWNG)) as the fraction of indices is near to 1, which is approaching to I(W), and it is near to 0,
then to 1-I(W), where I(W) presents high rates in reliable wireless communication channel as inputs of W with equal
frequences. After all, {WN(@)} is shown to be a state of channel coding. On the based on this Polar codes, this paper
analyzes Polar coding and decoding of Arikan and propose Radix4 Polar coding newly.
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VV(y3\1L3+u4:0) . VV(y4|u4:1)

=0.0064 +0.0064 + 0.0004 +0.1024 + 0.0064 + 0.0064
+0.0064 +0.0064 = 0.1442

(27)

2) u; = 10|11 wy,uyu, 2f0| HEE Of,

W41(y14‘u1:1):%W(y1|u1+u2+u3+u4:1) .
Wyohuy +uy =0) o Wlyglug+u, =0) « Wylu, =0)
+%VV(yllu]+u2+u3+u4:0) o Myyhuy+u, =1) »
Wyglug +uy, =1) « Wylu, =1)
+%W(yl|u1+u2+u3+u410) o Wy,luy+u, =0) »
Wyslug +u, =1) « Wy,lu, =0)
+%VV(Q1|”1+U2+“3+“4:1) o Myglug+u,=1) «
Wlyglug +u, =0) « Wlylu, =1)

+i Wy luy +uy +uy+uy =0) o
Wyoluy +u, =1) VV(?/:;'“:;"‘%:O) « WMy,lu, =0)
+iVV(y1|u1+u2+u3+u4:1) o Wyohuy+u, =1) »
Wyshuy +u, =1) « WMy,lu, =0)
+iW(yl|u1+u2+u3+u4:1) o My,luy+u, =0) »
Wyglug +uy =1) « Wy,lu, =1)
+iW(y1|ul+u2+u3+u4:O) o Wyoluy+u, =0) »
Wysluy +u, =0) » Mylu, =1)

= 0.0016 +0.0256 +0.0016 +0.0256 +0.0256 + 0.0016
+0.0016 +0.0256 = 0.1088

(28)
AelA  AME @ES 24 diYgEiEd
Ly (yu'™") =1 olgh= 218 & Stk o] #s 7]
woz AHRAN 1% 2+ Ak
[VV41(Z~/1 |u1_0) > VV41(y14|u1:1)] = ﬁlZO. (29)
Laks Fokom= o g2 AN 42 #H= 0
or 1% DAAT 85wy G vl A
sk
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3) u; =0,u, =00]1 uyu, Z0| HFE of,
I/V42(y14|u2=0)=%W(y1|ul+u2+u3+u4=0) .
VV(Z/2‘U2+U4:0) * W(y3‘u3+u4:0) . W(y4\u4:0)
+%VV(y1\u1+u2+u3+u4:1) o Wyolug+u, =1) o
Wyslug +uy, =1) « Wlylu, =1)
+%VV(yl\u1+u2+u3+u4:1) .
Wygluy +uy =1) « Wly,lu, =0)
+%I/V(y1\u1+u2+u3+u4:(]) .

W(y2|u2 tuy = 0) -

W(yslug +uy, =1) e

I/V(y3\u3 +uy =0) . W(y4\u4 = 1)
= 0.0064 + 0.0064 +0.0004 +0.1024 = 0.1156 (30)
4) Uy :Osu2 =10[2 U3 Uy 20| Hi2 [LH,

1
WNZ(yﬂuz:l)ZZVV(yl\u1+u2+u3+u4=1) .
W(Z/Q‘Uz"'%:l) * VV(Z/S‘“;;"'%:O) . W(y4\u4:O)

1
+Z VV(?J1‘U1+U2+U3+U4:0) * I/V(y2|u2+u4:0) *
W(yg\u3+u4 =1) » VV(ZU4‘U4 =1)

1
+Z Wy hey +uy +ug+uy, =0) o Wyglug +uy=1) «
VV(yg‘U;}+U4 :1) . W(y4\u4 :0)

1
+Z VV(yl\u1+u2+u3+u4:1) . VV(y2|u2+u4:0) .

I/V(Zl3‘“3 +uy =0) » VV(?J4‘U4 =1)
= 0.0064 +0.0064 +0.0064 + 0.0064 (31)
=0.0256

Ao AXE FES Q) digsiEd
LiGha) =1 ol A & & A, o] e 7]
wro R JEFAA agts e T Ak

(W2 (g, luy =0) > W32 (g, luy, =1)] = (2=0. (32)

its Forn=E o] gk Al ut A FAT
I 3% %= 0 or 12 AZAZIY 181 Uy e wt
o] Akgtet

5) uy = 0,u, :0,u3 =00|1, Uy 40| HHE o,

1
%3(y14|u3=0)=ZVV(y1|u1+u2+u3+u4=0)
° VV(?/Q‘UZJFU'AL:O) * VV(?/3|U3+U4:0)

1
« My,lu, =0) +t7 Wyl +uy +uy+u, =1)
o Myslug+u, =1) o Wyslug +u, =1)
* W(y;‘uq = 1)

(991)

==X A 46 # TC ® X 10 & 23
= 0.0064 4 0.0064 = 0.0128 (33)
6) Uy :O,'LLQ:O,U?):lOlJ_’_, Uy @o] HHE of,
1
VV43(y14\u3=1)=ZVV(y1|ul+u2+u3+u4=1)
o Wlyyluy +u, =0) « Wlyghuy +u, =1)
1
. VV(y4\u4=0)+Z VV(y1|u1+u2+u3+u4=0)
. VV(yQ\u2+u4=1) . W(y3|u3+u4=0)
s Wlyfu,=1)
= 0.0016+0.1024 = 0.104, (34)
el AXE FES ) giYsird
Ly (yVu'™') =1 o] ol ‘Otherwise'gh= A& &
AL, o] FE 7IWe R JHEHFAA ks S T 4
=3
(W2 (g, Hluy =0) < W, (y, *luy =1)] =f3=1 (35)

LRe Rgomz, o &g

DAY, 2L w, S

AAANTIAL Gyt B

HRRe] A Ak,

7) u; =0,u, =0,u;, =10|11 =0¢ o,

) ) 1
W, (y, luy, =0) = 7 Wyl +uy +uy +u, =1)

o Wlyguy +u, =0) o Wyghug +u, =1)

° W(y4\u4=0)

= 0.0004, (36)

8) u;, =0,u, =0,u; =10|1 19 o,

4 1

W44(7J14‘U4:1):ZW(yl|u1+ug+u3+u4=0)

o« Wlygug +u, =1) o Wlyghug +u, =0)

¢ W(yJ%:l)

=0.1024, (37)

el A RES @ oiYsum
Ly (yVw'™!) = 10] obd ‘Otherwise'gte= A& &
glol, o] @< 7ute R e A apte 2L F k.

(W (g, My =0) < W3y, luy=1)] ==1 (38)

Axgtdor JEFAA alw,3,ue 99 ol o
oz 98 g2 Ads A & ot
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(2) Mol Error7t Exe 22
q4e AT u, =0, u, =0, ug =1, u, =1 o] A
guo] Jnta 7Rtk celal 8 p=0.20]ekal FaL
PHFAAE e
of 7)ol A 948w, =0, u, =0% Frozen bito]iL
u; =1, u, = 1% Information bite]t}. 18] wjx|2}
Aol M Error7k E48ke] &8 ol {0,100 Z=
that 7Hgsha 4 gs st
0 /// 1 W 1
0
: % v 0
1 1 w 0
a2 16, Eror 7t EX & Zeo fHn
Fig. 16. Qutput obtains error bit.
Wy, lu; +uy +us +u, =0)=0.8
Wy, lu, +uy +ug +u, =1)=0.2
Wy, luy +u, =0)=0.2
Wy, luy +u, =1)=0.8
Wy, lus +u, =0)=0.8
My, luy +u, =1)=0.2
WMy, lu, =0)=0.8
My, lu, =1)=0.2 (39)

WA uy,uy= Frozen bit O|EE uj,u, =0 &2 31
A7

Axkgk

i1, Information bit ¢ ugu, @ A Bpo]

=

1) 240[ =i o,

ug =00]1 u,
) 1
I/V43(y]4|u3=0)=ZVV(yJu]Jrufrunguj‘=0)
. VV(yQ\u2+u4=O) . VV(yg\u3+u4=0)
1
. VV(y4\u4=0)+ZVV(yl\ul+u2+u3+u4=1)

. VV(yg\u2 +u, = 1) » VV(yg\u3 +u, = 1)
. W(Z/J“zx =1)

= 0.0256+0.0016 = 0.0272. (40)

Radix 4 Polar code® 3

(992)

al
=

==

2) uy =10/7 u, 20| HE 1,
W43(y14\u3=1)=

o Myluy+u, =0) o

1
T Wyl +uy +uy +u, =1)
W yshuy +u, =1)

1

o Wly,luy, =0)+ 1 Wy, huy + 1y + 1y +u, =0)

. VV(yQ\u2+u4:1) ° W(y3|u3+u4:0)

o My, =1)

= 0.0016 +0.0256 = 0.0272 (41)

uy =0,uy =19 w) 2& A ghol Yo ol
g4 0 or 12 F4o] 7Fssitt o7]A 63=12 1L
AAZ13 o EFAA UE e F drh

w3k uy,uy= Frozen bit o|BR2 wu,u, =0 22

713, AENE Q] ugo] fellAeh o] Fajxlorn

2 ouggA TR RGN AF S 5 vy s vHre] ARt
gt
3) u, =0 ¢ mf,

W' (y, *luy =0)
. VV(Z/Q‘“Q"‘% =0) »

1
=7 Wyl +uy +uy +u, =1)
T/V(yg|ug-§-u4 =1)

M VV(y4‘U4:0)

= 0.0016 (42)

4) uy=1 < mf,

) y 1

W14(y14‘u4:1):ZW(;U1|U1+U2+U3+U4:0)

. I/V(yQ\u2+u4=1) . VV(y3|u3+u4=O)

M W(y4‘u4:1)

= 0.0256 (43)

u, =0,uy, =149 4% u, =17} vy, =01} ghol
A Yot d=19s & 4 Aok

Ao =R Frozen bite] A # 03 2/FE 7K
=8 S FEE T o= Y Fdc HAHHEES
Zroldl 4= it}

V. Mokt Radix 42| Polar code

1) Radix 49 16%x16 Polar code
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sk}
[Blis=[R]1s([T]12Q[B]s) (45)
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= = A=
o]24 Polar code 16x16 &S T 4= gt}
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[Glis = [Blisx[F]2 (46)

[Glis =
1 o a 0 o a o a o 0 a o a o a 1]
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Table 3. Compare with Radix 2 and Radix 4 polar code.

Arikan[1] A<k
Radix? RadixA
NlogoN NlogsN
Ak x) N=
o B N6 16log,16 = 32
16l0g:16 = 64 @ =)
u; v,
SN b
Ax .
?jac Uy YZ u hA
u, v,
F, = F, =
s 1 1100
EA V] 1010
1111
g 12" n=123 4" n=123"

VI.

Y
rhu

=72 Arikano] A|QFst Polar code®] H-3.3}e}
E33te] g4 nddS dEy FEZ FA5t] Y
EfY o 24, Polar code®] F-w3}o} 5538l 39} A
AE Aoz FA3ch

aga AZAH o ®  Arikano] A|<Hs Rad-

ix29} B =FolA Aoke Radix4s WasjE Az}
Radix47} Radix2®.t} d4kE=n] 7} 2u) whelx] =
o g ok o ® olof figk /W T8 T A7t
O 273 glvh

bl

i
Ho
rak

[1] Erdal Arikan, “Channel Polarization : A
Method for Constructing Capacity—Achieving
codes for Symmetric Binary-Input
Memoryless Channel”, IEEE Transactions on
Information Theory, Vol .55, No.7, July 2009.

[2] Ryuhei Mori &  Toshiyuki  Tanaka
“Performance and Construction of Polar codes
on Symmetric Binary-Input Memoryless
Channels”, IEEE ISIT 2009, Seoul, Korea,
June 28-July 3, 20009.

[3] Ridiger Urbanke, Satish Babu Korada, Eren
Sasoglu, “Polar Codes : Characterization of



2009E 10%€ MASSt3|

Exponent, Bounds and Constructions”, IEEE
ISIT 2009, Seoul, Korea, June 28-July 3, 2009.
Erdal Arikan, “On the rate of channel
polarization”, IEEE ISIT 2009, Seoul, Korea,
June 28-July 3, 2009.

Satish Babu Korada, Eren Sasoglu,
of Transformations that Polarize Binary-Input
Memoryless Channels”, IEEE ISIT 2009,
Seoul, Korea, June 28-July 3, 2009.
Erdal Arikan, 2009, 7, 25, private e-mail.
Erdal Arikan, “Channel Combining
Splitting for Cutoff Rate Improvement” IEEE
Transactions on Information Theory, VOL.52,
NO.2, FEB 2006.

SRR Arikan 15 “Polar Jaket code” &
SAm Y, Turkey Bilkent University, August
20, 2009.

[4]

(5] “A Class

(6]
(7]

and

(8]

FEH ug
<FHAEoF 0 MIMO, OFDM, OFDMA, Polar
Codes, VIEYA H<t FX%EA Cryptography,
ArolE gAY FAal>

z 2 X(HAy34)
20094 7 & o ot

Arbgeta 4shd A st

N A W

==X A 46 # TC ® X 10 & 27
XX SEAA3Y)
19881 A Aol &L
w453 AL
1995 A Ao g
AR E A AL
2007 9¥ ~& A A&
AR K5 g3t}
L S !
<FHAFoF Cryptography, = Embedded

System, Polar Codes, R A]2Hl AW H A

Hol&E>

a4}

o
19913 3¢ ~20061 3 2¢
Ao st A g et u

ERs
20079 39 ~@A AAHSG AU REFA
shah g

<F Aok ¢ MIMO, OFDM, OFDMA, Polar
Codes, A&, drolE, HAYE 4>



