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Elastic Stability of Thin-Walled Arches subjected to Uniform Bending
- Linear Bending Normal Strain Distribution -

Ryu, Hyo-Jin* - Lim, Nam-Hyoung** - Lee, Chin-Ok***

Abstract

This paper is concerned with the elastic buckling of thin-walled arches that are subjected to uniform bending. Nonlinear strain-
displacement relations with the initial curvature are substituted into the second variation of the total potential energy to obtain the
energy equation including initial curvature effects. The approximation for initial curvature effects that the bending normal strain
distribution is linear across the cross section is applied consistently in the derivation process. The closed form solution is obtained
for flexural-torsional buckling of arches under uniform bending and, it is compared with the previous theoretical results.
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1. Introduction

This study investigates the stability of arches in the elastic
range. The elastic buckling of thin-walled arches that are sub-
jected to uniform bending has been studied by a number of
researchers. Vlasov (1961) presented closed form solutions for
arches subjected to uniform bending by substituting the curva-
ture terms of the curved beam in the straight beam equilibrium
equations. Yoo (1982) formulated stability equations by substi-
tuting the curvature terms of the curved beam in the potential of
the straight beam equilibrium equations. Yang and Kuo (1986)
used the principle of virtual displacements to obtain differential
equilibrium equations and closed form solutions for the buckling
of arches with doubly symmetric cross section in uniform bend-
ing. Papangelis and Trahair (1987) presented buckling equations
by substituting the nonlinear strain-displacement relations in the
second variation of the total potential. Kang and Yoo (1994) pre-
sented equilibrium equations and closed form solutions for the
buckling of doubly symmetric arches using the principle of min-
imum total potential energy. Pi et al. (1995) presented energy
equations and closed form solutions including the effect of the
prebuckling in-plane deformation for the buckling of arches in

uniform bending by substituting the nonlinear strain-displace-
ment relations obtained by the position vector in the second
variation of the total potential. Lim and Kang (2004) used the
principle of minimum total potential energy to obtain governing
differential equations using the condition that the bending nor-
mal strain distribution is nonlinear. The terms of curvature effects
in governing differential equation were approximated by using
the binomial series and closed form solutions were obtained for
monosymmetric arches subjected to uniform bending.

In this paper, in order to obtain the energy equation including
curvature effects for the elastic buckling of arches, the linear
bending normal strain distribution is assumed across the cross
section and, this approximation for curvature effects is applied
consistently in the derivation process. The closed form solution
is obtained for flexural-torsional buckling of arches under uni-
form bending.

2. Strains and Displacements

The basic assumptions made in this study are as follows:
(a) The cross sections retain their original shape.
(b) The shear strains due to change of normal stresses, such as
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bending and warping normal stresses, are negligibly small.

(c) The length of the beam is much larger than any other

dimensions of the cross section.

(d) The shear strains along the middle surface of the thin-

walled cross section are negligibly small.

(e) The normal strain due to bending is linearly distributed in

a cross section.

Fig. 1 shows the curvilinear coordinate system of a thin-
walled arch. The longitudinal normal strain ¢ in the coordinate
system (X, y, z) shown in Fig. 1 can be written as follows (Usami
and Koh, 1980; Kang and Yoo, 1994a):

o= (&P G (@)
M

where u, v, and w are the components of the displacement in the
X, y, and z directions, respectively. Note that the normal strain e
varies nonlinearly with y as a result of the (R/R —y) term. For
the case of a curved beam subjected to bending, the normal strain
distribution is shown in Fig. 2.

In the curved beam formula proposed by Oden (1967), the non-
linearity of the strain is due to the quantity (R/R —y). However,
if the value of A4/R is small in comparison with unity, the strain
distribution is essentially a linear function of y (Oden, 1967). Uti-
lizing the result by Oden and the real structure condition where
the value of /R is very small, the variation of & with y is assumed
to be linear with ignoring the (R/R —y) term. With this assump-
tion, the normal strain in Eq. 1 can be approximated as

o= 2 A2 (5 (2] @

The shear strain due to bending and warping of the thin-
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Fig 2. Normal Strain Distribution in a Cross-Section of Curved
Beam
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walled section are neglected. The shear strain due to uniform
torsion is approximated by

y = 2nk 3)

where 7 is the distance from the mid-thickness surface and £ is
the twist.

The displacement components are functions of the coordinates,
X, ¥, and z. Using the approaches of Usami and Koh (1980), the
displacement at any point can be written in terms of shear center as

u= ug—(y—yo)e—%xﬁz (42)

y = v0+x9—(y—yo)%92 (4b)
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where u, and v, are a displacement of the shear center in the
principal centroidal coordinate system (x, y); @ is a rotation of
the cross section about the z-axis; w, is the longitudinal dis-
placement of a cross section, which is same on a cross section,
and referred to the average longitudinal displacement; y, is coor-
dinate of the shear center; @ is the normalized warping function
according to the principal sectorial coordinate system.

Substituting the displacements given in Eq. 4 into Eq. 2 and
3, the nonlinear longitudinal normal strain and shear strain at a
point on the cross section are obtained as follows:
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3. Energy Equations

The critical state of equilibrium is that the second variation
& 17 of the total potential energy /7 is equal to zero, which indi-
cates a possible transition from a stable state to an unstable state.
This energetic criterion of buckling state can be written as
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where oand 7 denote the longitudinal normal stress and shear stress,
respectively; ¥ and L denote the volume of the arch and the devel-
oped length of the arch, respectively; M, denotes external moment.

By considering v, =w, =0 during the flexural-torsional buck-
ling and substituting Eq. 5 and Eq. 6 into Eq. 8, the energy
equation then becomes

2 2
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in which £ is the Young’s modulus of elasticity; G is the shear mod-
ulus of elasticity; /, is the second moment of inertia of the cross-sec-
tion about the minor axis oy; 1, is the warping constant of the cross-
section; K7 is the Saint-Venant torsional constant of the cross-section.
The stress resultants given in Eq. 9 is defined as

(10a, b)

X

F, = Lo-dA, M. = LaydA

Ky= Lcrxsz, K, = Lawza’A, K., = Laxa)dA,

W= j ofx” + (v —y,)?]d4, (10c, d, e, f)
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where W is the Wagner coefficient.

4. Arches in Uniform Bending

Fig. 3 shows a simply supported circular arch of radius R sub-
jected to uniform bending M,, and its axial force and horizontal
reactions are equal to zero.

Substituting F., =0 and o= M,y / I, into Eq. 9, the differential
equilibrium equations for out-of-plane behavior of an arch under
uniform bending can be obtained as
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(a) Positive Bending

(b) Negative Bending

Fig 3. Arches in Uniform Bending

for torsion about the shear axis oz.

in which
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where S, denotes the monosymmetry parameter.
The buckling displacements for the laterally simply supported
arch may take the form of

du, = asindz, 60 = bsinlz (13a, b)

in which g and b are the maximum values of u, and 6, respec-
tively; A=nz/L; and n is the number of buckled half waves
around the arc length L. Substituting Eq. 13 into Eq. 11, one
obtains two characteristic equations as

[Kll K12‘|{a} =0 (14)
K21 K22 b

in which
K, =P, + riP +M" 15
1 -4y 1:5 0 —R'Z (15a)
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where

2

2
¥ = RA, r, = ]x+1y+Ay0,
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P, = ELX, Py=(EI) +GKy) (16a, b, ¢, d)
r
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where 7, denotes the radius of gyration with respect to the shear cen-
ter for the monosymmetric section; P, is the minor axis flexural
buckling load for a straight column; Py is the torsional buckling load
for a straight column. Setting the determinant of Eq. 14 equal to zero
and solving for the critical force yield the quadratic expression

AM.,+BM, +C =0 (17
in which
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Fig 4. Cross-Section and Dimensions
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Comparison with other studies is performed by using the I-
section shown in Fig. 4 with typical material properties for steel
(£=163,000 MPa, G =27,000 MPa).

Fig. 5 shows the variation of the buckling moment ratio with
the subtended angle. In Fig. 5, M_,.psg and M,,.ysp denote the
flexural-torsional buckling moment of a straight beam with dou-
bly symmetric and monosymmetric cross section, respectively.
For doubly symmetric arch subjected to positive uniform bend-
ing, the solutions of Eq. 17 closely agree with that of Pi et al.
(1995) but differ from those of Vlasov (1961), Yoo (1982), Yang
and Kuo (1986), and Kang and Yoo (1994). When the mono-
symmetric arch is subjected to the negative uniform bending, the
solutions of Eq. 17 agree well with those of Papangelis and Tra-
hair (1987), and Pi et al. (1995), and differ slightly from those
of Vlasov (1961), and Lim and Kang (2004). However, the crit-
ical buckling moment of Eq. 17 differs significantly from that of
Yoo (1982).

5. Conclusions

This paper uses an energy method to study the elastic buck-
ling behavior of thin-walled arches in uniform bending. In order
to obtain the energy equation including curvature effects for the
elastic buckling of arches, the assumption that the bending nor-
mal strain distribution is linear across the cross section is adopted
and this approximation for curvature effects is applied consistently
in the derivation process. The closed form solution is obtained
for arches subjected to uniform bending.

It is found that the doubly symmetric arch is subjected to pos-
itive uniform bending, the solution of the present paper closely
agrees with that of Pi et al. (1995) but differ from those of Vla-
sov (1961), Yoo (1982), Yang and Kuo (1986), Kang and Yoo
(1994). Also, when the monosymmetric arch is under the nega-
tive uniform bending, the solution of the present paper com-
pletely disagrees that of Yoo (1982).
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