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ABSTRACT

In this paper, we present a new analytical model for estimating the blocking performance of multi-fiber WDM
networks with sparse and limited wavelength conversion (SLWC). The proposed model is a reduced-load approximation
model that can obtain accurate estimates of blocking probability of such networks. Our model employs three new
recurrence formulae to obtain the free wavelength distribution on a multi-fiber link, the free wavelength distribution
after limited-range wavelength conversion, and the end-to-end blocking probability of a multi-hop path, respectively.
From the numerical results on the NSFNET, we demonstrate that the blocking performance of two-fiber NSFNET
with three wavelength-convertible nodes, each of which translates an input wavelength to its adjacent output
wavelengths, closely approximates the blocking performance of full wavelength conversion.

I. Introduction nultiplexing (WDM) technology employing wavelength
routing has been considered as the most viable
For the last two decades, wavelength-division solution for wide-area networks. In such networks,
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it is widely known that the capability of
converting an input optical channel to a different
output optical channel can significantly improve
the blocking performance. To aim this, two
approaches have been considered in the literature:
to employ wavelength convertible devices on the
node! 1%
link! ™,

Researchers have extensively investigated the

and to deploy multiple fibers per

role of wavelength conversion in the blocking
performance of such networks' ™. Since it is very
difficult and expensive to implement all-optical
full-range wavelength converters, most of the
recent research work has focused on (single-fiber)
networks with sparse andfor limited wavelength

- (314
conversmn[ I ][6].

However, the model in [3] is
restricted to the regular topology, while the model
in [4] does mnot reflect the restriction of
wavelength conversion capability near both ends
of wavelength indexes, due to the assumption that
the wavelength conversion is circularly symmetric.
As shown in [6], the model tends to
underestimate the blocking probability for low
traffic loads, while it overestimates the blocking
probability for high traffic loads.

The contemporary practice of deploying a
bunch of fibers has led many researchers to study
the blocking performance of multi-fiber WDM
networks™™. In [7], the authors proposed the
multi-fiber link-load correlation (MLLC) model
that can account for the load correlation between
two adjacent links. The research in [8] proposed
a simple model for calculating the free
wavelength distribution of a multi-fiber link.
However, the previous models consider only the
networks without wavelength conversion, and thus
the benefit of wavelength conversion in such
networks has not been investigated before.

Those limitations of the previous work motivate
us to introduce a mnew analytical model for
estimating the blocking performance of multi-fiber
WDM  networks with sparse and limited
wavelength conversion (SLWC). In this paper, we
believe that both approaches can be used for

optimizing the blocking performance in a

cooperative manner. To provide the analytical
grounds of this belief, we present a new
analytical model based on the reduced-load
approximation  analysis  that can  accurately
estimate the blocking probabilities with moderate
computational complexity. Our model is the first
analytical model that can be applicable to the
networks with arbitrary topology, with WDM
links consisting of multiple optical fibers, and
with a fraction of nodes, named the wavelength
convertible nodes (WCNs), that have the capability
of translating an input wavelength to a subset of
output wavelengths. Before we proceed, we first
summarize the notations used for our analysis in
section II. Section III presents a set of recurrence
formulae to obtain 1) the free wavelength
distribution on a multi-fiber link; 2) the free
distribution  after

wavelength conversion; and 3) the end-to-end

wavelength limited-range
blocking probability of a multi-hop path. Through
extensive simulations on the NSFENET, we will
verify the accuracy of the proposed model in
section IV. From the results, it is also shown that
two-fiber NSFNET with three WCNs translating
to only adjacent wavelengths give a blocking
performance close to that of full wavelength
conversion. Finally, we conclude this paper in

section V.
II. Network Model and Definitions

In this section, we define the notations that are
used for our analysis throughout this paper:

1) The network has N nodes and L links,

2) Each link consists of F fibers, and each
fiber has W wavelengths. (0< f<F. 0<w<W)

3) The network has M WCNs. A WCN with
conversion degree d (0<d< W) converts input
wavelength ¢ to the set of output wavelengths in
[max(i—d, 0), min(i+d, W—1)].

4) Calls are routed on the fixed shortest path r
of its source-destination pair. Here, path r defines
a set of h links, r=1{1,2,--~h}, and segment r,_,
represents the consecutive links from link ¢ to link
Jj» where r,  ={ii+1j—1,j} and 1<i<j<h.
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Fig. 1. Conceptual view of wavelength routing between
link ! and tink (I—1) of path r.

5) A call request arrives on path r according
to the independent Poisson process with rate «,,

and has independent holding time following the
exponential distribution with unit mean.

6) Traffic load of a link is independent of that
of all other links.

7) Wavelength occupancy on fibers and links
are independent of one another.

8) A wavelength is randomly selected from the
set of available wavelengths on path 7.

9) The blocked call is immediately discarded
from the network.

Fig. 1 shows an example of segment r;_;

on path r, when F=3 and W=4. Throughout
this paper, we refer to a wavelength of a fiber
on a link as an optical channel (OC), and the set
of F OCs centered at wavelength w as a
wavelength trunk (WI) on w. In Fig. 1,
C(=WxF) OCs are first amranged in an
ascending order of their WT indexes, and within
a WT, in an ascending order of fiber indexes,
ie, OC wF+f stands for the OC centered at
wavelength w of fiber f. WT w is said to be
free on link [, if wavelength w is free on at
least one of the fibers on link [; WT w is said
to be busy on link [, otherwise. In Fig. 1, we
represent the mapping between free wavelengths
by solid lines; Otherwise, the mapping is
represented by dotted lines.

Similarly, WT w is free on path r if WT w
is free on all of the links constituting path r;
WT w is busy on path r, otherwise.

Based on the notations, we define several
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random variables shown in Fig. 1:
1) X, denotes the number of free OCs on link

I, where P(m)=Pr(X,=m).

2) Y] denotes the number of free WTs on link
1, where Q(j)=Pr(Y;=j).

3) Y

i)

denotes the number of free WTs on
segment ,_,; Where S (z)=Pr(¥,_,;=x) and
S y) =Pr(Y_, =vy).

4) Z denotes the number of free WTs after
wavelength conversion at the [-th node of path r
where its conversion degree is d and
7;(1|f) =PI'(Z =’i|Y_,(l_1) =f)

Based on the random variables, we also define the
(conditional) path-blocking probabilities as follows:

B =Pr(Y,_, =0)
By =Pr(¥,, =0l%,=m), M

By, =;=Pr(Y,_, =01Y;=7).

|

Finally, the network-wide blocking probability

is given by

E aTBT

vr

PR
Vr

B= @)

. Reduced-Load Approximation Analysis

The proposed model consists of a set of
equations whose equilibrium fixed points can be
solved by repeated substitution’. At each
path-blocking
probabilities B, x _,, and B, _; to get oy(m),
the reduced offered load on link ! when
X, =m. Then, we fix oy{m) to get the free OC
distribution Z(m) and the free WT distribution
Ql(j) We also calculate Tl(i|f), the conditional
probability of having ¢ free WTs after (limited)

iteration, we first fix the

wavelength conversion given that the number of
free wavelengths at the input of wavelength
converter is f. Finally, we fix P(m), Q{j),
and 7;(ilf) to get B,x_, and B,y _, In the

following subsections, we address the details of
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each fixed-point analysis model.

3.1 Free OC Distribution

The sum of offered loads on link [ is
contributed by the offered load of each path
a,(l €r) thinned by blocking on other links
which in turn depends on the number of free
OCs on link | ™™ The total offered load on
link [ when X,=m is then obtained by
aggregating all contributions of such paths, i.e.,

al(m): 2

Vriler

a/r(]‘wBl“XV,:HL). (3)

Given «;(m), the number of free OCs on link

[ can be viewed as a birth-death process shown
in Fig. 2. Then, the free OC distribution Z(m)

is obviously given by
c(Cc—1)--(C—m+1)

Pm)= (1) a,(m) £0), @

1
1+E C—m+1)} . )

m=1 al al(m)

By virtue of the

assignment, we assume that all wavelength

random  wavelength
channels on a link are equally likely to be free.
Under limited wavelength conversion, however,
this may not be true due to the limitation of
wavelength conversion near both ends of the
Nevertheless, with this
assumption, we can greatly simplify the following
two problems by transforming them into the
combinatorial problems.

wavelength  indexes.

3.2 Free WT Distribution
Given P(m), probability @(j) can be
obtained by

- ~— —
RS i} g

Fig. 2. Markov Chain for the free OC distribution on link {.

i
0 =S UGmEm),  ©

m=j
where  U(jlm)=Pr{¥,=jX,=m). In this
section, we provide a recurrence formula to obtain
conditional  probability  Uj(jlm), where an
example, U[}(213), is represented by left-arrowed

lines in Fig. 1.

Let X; be the set of m free OCs on link I,
where X, =|X| and X={z. ;T T}
(x,y €z, <-<x,). For eah element
z.; € X, the corresponding WT index, y;, is

defined as

, M

as shown in Fig. 1. Define Y] as the set of

free WTs corresponding to set X, where

F =

There are (72) different ways to distribute m

Y, =¥l < min(m, W).

free OCs over C different OCs. Let ¥, {Cim.j) be

the number of ways to distribute m free OCs over
C different OCs, such that ¥, =j. Then, we have

P, ACm,j
0y = LG @®)
)

We can express 1,/)U(C',m, j) by conditioning
the position of the free OC with the largest OC
index. Let us define 4 .(a,b,c) as the number of
conditional ways to distribute b free OCs over «a
different OCs in {0,a—1] such that ¢ WTs are
free in [0, La/F1), given that the (b+1)-th free
OC is placed at OC a, we can express
Y Cm,j) in terms of ¥ .(a,bec),

c—-1

E d)c(w»m_l,j—l). 9

w=m—1

¢'U(am7]) =

Now, we derive the recurrence relation of
Yola,b,c) by conditioning on the position of the
free input OC that is placed at the largest OC
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index. Let us denote two largest free OC indices
by a and e, where e< a. Note that, if ¢ and e
are within the same WT, ie. y,, =y, the
number of free WTs in [0, la/F]) is the same
as that in [0, Le/F|); Otherwise, y,, is less than
Y. by 1, ie.,

Yelabc)= 2 Yolesb—1,¢) (10)
e= [ JF
l

+ Pole,b—1,e—1).
-1

e

—1

e
~y

o

e=

Finally, the starting point of the recurrence is

obtained as follows:

1, ifc=0;
0, otherwise.

Yola,0,¢)= { 11

3.3 Limited Wavelength Conversion
Now, we provide another recurrence formula to
get T,(ilf), where an example of 7;(3/1) with

conversion degree d=1 is represented by
right-arrowed lines in Fig. 1. Let ¥j,,_;) be the
set of f free WTs at segment r_,, ), where
},lﬁ(l—l):{yla(lfl),lf"’yl—>(l*1).f}' Each  free
input WT y;_,q_1y4 € ¥j,¢_1) can be converted
up to (2d+1) output WTs depending on its
wavelength index. Let 2, be the set of output
WTs that input WT y,_,_,), is converted to, then

we can partition z;, into three disjoint subsets:

2= {z|max(ylﬁ(,_1),k—d, 0) <z <y g-1u}

Z?,k ={y1.q-1)4}> and

szk = {z|y1_,(l_1)vk <z< min(ylﬁ,(l_l)‘k+d, Ww-— 1)}

Define Z as the set of output WTs to which
set ¥ ,;_;) is converted. Then, we have
Z={z,}U - U{z,}, where Z=I|| and
min(f+d, W) < Z < min((2d+1)f, W).

Defining ¢U( W, f,i) as the number of ways to

distribute f free input WTs over W different
WTs such that Z =4, conditional probability
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T;(ilf) can be similarly obtained by

¢U( Wf:l)

L) = ——
)

Let w=y, ,q_y;{f~1<w< W—1), where

(12)

Ps—11 = Yro—1)2 == Y1),y We also
define ¢C(a, b,c) be the number of conditional
ways to distribute b free input WTs over a
different WTs in [0,a—1] such that ¢ output
WTs are free in [0,a—1], given that the (b+1)
-th free input WT is placed at WT a. Then, we
can express ¢U( W, f,i) in terms of d)c(a, b,c),

w—1

o (Wit i)=Y, 1¢>C(w,f—1,u), 13)
where v =i—min(W—1—w,d)—1.

In obtaining Eq. (13), we used the fact that,
by placing input WT y,_,; ), at w, the number
of free output WTs in [0,w—1] is i—lz?fl—lszl,
where |z2f|=1 and |zzrf|=min(W—1—w,d).
Finally, we can also obtain the recurrence relation

of ¢ola,b,c) in a similar manner, ie.,

a—1
pclabc)= Y] dole,b—1,v), (14)
e=b—1

where v=c—min(a~e~—1,2d)—1 and the

initial condition is given as follows:

1, ifmin(a,d)= ¢

0, otherwise. (15)

¢C(a, 0,c)= {

3.4 Path-Blocking Probability

To obtain the recursive formula of probability
S5 (n), we use the fact that the number of free
WTs on the I-hop segment is independent of the
number of free WTs on link (I—1) when the
number of free WTs on the path consisting of
first (I—1)-hop segment is given, i.e.,

" UB(f) 138
Sw=25.0 S T6H S Q0) Rl ), (16)
i=0 i ="LB(f) i

J=n
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where
0, iff=0
LB(f)= {mm(f+d W), otherwise,
vB() ={* g

min{(2d+1)f, W), otherwise.

From [1]-[8], conditional probability R(nli.j) =
Pr(Y, ,,=nlZ | =4 ¥;=3) can be expressed by

rlig) =T an

An example of R(2/3,2) is represented by
shaded regions in Fig. 1. The initial condition of

the recursion S, (n) is obtained by

Fin

= Y P(m)U(nm).  (18)

m=n

Recall from Eq. (3) that we need to calculate
B x., in order to get the state-dependent

arrival rates a,(m). By definition, we can
represent probability 5,y _,, in terms of Uj(jlm)
and By _,

min{m, W)
Br\X, =m = Ul(]]m) 1Y, =j* (19)

To calculate B, ;_; we decompose path r

”1[3

into three independent segments: segment Ty (-1
link {, and segment 7y, . Then, we finally

have

I\Y j EV Z /+] (20)

=0 y=0

min (r.y)
R(zlz,y) R(0lz, §),

z=max{0.ax+y— W)

where
W UB(f)
=ZSzil<f> Xf T(zlf), @D
1+1 ZSIH 9) g Tz+1(3/‘9)~
g=0 =LB(y)

WA
.
cAlg
.. )
A2 e o GA
™

Fig. 3. The NSENET topology

IV. Numerical Results

This section validates the accuracy of the
analytical model under different placements of
WCNs and under different values of conversion
degree. In all experiments, we assume that
uniform traffic is offered to the NSFNET
consisting of 14 nodes and 21 bi-directional links
as shown in Fig. 3.

Fig. 4 shows the network-wide blocking
probability against network load for different
number of fibers when C=FX W=16. I is
observed that the analytical model slightly
overestimates the network-wide blocking probability
when F'=1, while it closely approximates the
blocking probabilities obtained from simulation
when F > 2. This is because our model is

basically an independence model, and therefore it

—
o

=
o

=
©,

- 3 - Anaiysis(F=1, W=16)

B Simulation(F=1, W=16)
- O - Analysis(F=2, W=8)
—O— MF Model[7] (F=2, W=8)

@ Simulation(F=2, W=8)

- A\ - Analysis(F=4, W=4)

A Slmulatlon(F 4, W=4)

Network-Wide Blocking Probability
)

-
o

1075 0 70
Network Load (Erlang)

Fig. 4. Blocking probability vs. network load for different
number of optical fibers per link.

393



Shar 241813 A] "09-04 Vol. 34 No. 4

=
o,

Analysis(NOWC)
- Analysis(SLWC, C=3)
Simulation{SLWC, C=3)
- Analysis(SLWC, C=6)
Simulation{SLWC, C=6)
- Analysis(SLWC, C=16)
Simulation(SLWC, C=16)
Analysis(FWC)

107%g 50 70 i 30 TO
Network Load (Erlang)

Network-Wide Blocking Probability
=

=
o,

Fig. 5. Blocking probability vs. network load for different
number of WCNs, when FF=1, W=16, and d=1.

does not account for the occupied-wavelength-
index correlation between two adjacent links that is
most significant when F=1'. However, the
proposed model can still give much better accuracy
than the existing model® in the experiment with
F=2. It is also observed that when F'= 4, the
blocking performance of multi-fiber WDM networks
is indistinguishable from that of full wavelength
conversion, indicating that multi-fiber WDM
networks without wavelength conversion can be a
viable solution for better blocking performance
under current device technology.

Fig. 5. compares the network-wide blocking
probabilities of the analytical model with those
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<O+ analysis (SLWC, d=16)
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Anak‘ss {PWCY
e
- 0 7T G Y H

Network Load (Erlang)

Fig. 6. Blocking probability vs. network load for different
values of conversion degree, when F'=1, and W=16.
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from simulation for different number of WOCNs,
when F=1, W=16 and d=1. For SLWC, it
is assumed that wavelength converters are placed
at nodes UT, TX,PA when M=3, and at nodes
UT,CO, TX,IL,ML, PA when M=6. The
analytical results for two extreme cases of SLWC,
ie., full/no wavelength conversion d=0/W, are
also plotted in Fig. 5. It is shown that the
proposed analysis closely matches with simulation
results under different combinations of converter
placements. It is also observed that, as the
number of WCNs M increases, the blocking
probability of SLWC asymptotically approximates
that of full wavelength conversion.

Fig. 6. plots the network-wide blocking
probabilities against network load for different
values of conversion degree, when F=1 and
W=16. The analytical results are also in good
agreement with simulation results. We found an
interesting fact that increasing the conversion
degree does not lead to a significant improvement
in blocking probability even when the WCNs are
sparsely located, e.g. M=3. This indicates that it
is more effective to increase the number of
WCNs than to increase the conversion degree of
wavelength converters.

Fig. 7. shows the network-wide blocking
probability against network load for different

10°

-
S,

-
<

-
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Analysis (NOWC)
= Analysis (SLWC, M=3)
Simulation {SLWC, M=3})
- Analysis (NOWC, F=2)
Simulation {NOWC, F=2)
- Analysis (SLWC, F=2)
Simulation (SLWC, F=2)
FWC

10— 50 70 B0 70 00
Network Load (Erlang)

Network-Wide Blocking Probability
S

"
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Fig. 7. Blocking probability vs. network load for different
combinations of multi-fiber links and SLWCs, when d=1
and M=3.
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combinations of muiti-fiber links and sparse-limited
wavelength conversions. For SLWC, it is assumed
that wavelength converters with d=1 are placed
at the WCNs (M=3). From the figure, it is
demonstrated that the proposed analysis closely
matches with simulation results under various
fiber-converter configurations. It is also reported
that the blocking performance of two-fiber
NSENET with three WCNs is almost equal to

that of full wavelength conversion.
V. Conclusion

In this paper, we investigated the problem of
computing the blocking probability of multi-fiber
WDM  networks with sparse and limited
wavelength conversion. We presented a new
analytical model that is based on the reduced-load
approximation  analysis. We  also  derived
recurrence formulae to obtain the free wavelength
distribution on multi-fiber links, to calculate the
free  wavelength  distribution  after  limited

wavelength end-to-end

conversion, and the
blocking probability of a multi-hop path. From
the numerical results, we verified the accuracy of
our model. We also show that the blocking
performance of multi-fiber WDM networks with
SLWC, consisting of small fraction of WCNs and
of small number of optical fibers per link, closely

approximates that with full wavelength conversion.
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