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Abstract
In this paper, we derive the approximate maximum likelihood estimators of the shape parameter and the scale
parameter in a Weibull distribution under multiply Type-II censoring by the approximate maximum likelihood
estimation method. We develop three modified empirical distribution function type tests for the Weibull distri-

bution based on multiply Type-II censored samples. We also propose modified normalized sample Lorenz curve
plot and new test statistic.
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1. Introduction

The Weibull distribution is a widely used and flexible probability distribution that has many applica-
tions in many fields such as reliability theory, survival analysis, bioassay, and environmental science.
Its cumulative distribution function(cdf) and the probability density function(pdf) of the random vari-
able having the Weibull distribution are given by

A
Fx(x;a,A)zl—exp[—(f)}, x>0, 0>0, 150 (1.1)
a
and
A
fe(x;o, ) = %x”“ exp [—(f) ] (1.2)
a g

The popularity of the Weibull distribution for life data analysis is due primarily to its flexibility.
Because of its flexibility and popularity, many inferential techniques are found in the literature. In
many life test studies, it is common that the lifetimes of test units may not be able to record exactly.
For example, multiply Type-II censored sampling arises in a life-testing experiment whenever the
experimenter does not observe the failure times of some units placed on a life-test.

Balakrishnan et al. (1995) derived the estimators for the location and scale parameters of the
extreme value distribution under multiply Type-II censoring. Wu and Yang (2002) proposed the
weighted moments estimators of the scale parameter of the exponential distribution based on a mul-
tiply Type-II censored sample. Balakrishnan er al. (2004) discussed point and interval estimation for
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the extreme value distribution under progressive Type-II censoring. Ng et al. (2004) computed the ex-
pected fisher information and the asymptotic variance covariance matrix of the maximum likelihood
estimator based on a progressive Type-II censored sample from a Weibull distribution. Han and Kang
(2006) derived approximate maximum likelihood estimators(AMLEs) of the scale parameter and the
jocation parameter in the two-parameter Rayleigh distribution under multiply Type-II censoring by
the approximate maximum likelihood estimation method when two parameters are unknown.

Aho et al. (1985) studied goodness-of-fit tests for two-parameter Weibull distribution based on
Type-1I censored samples with both parameters assumed unknown. Gibson and Higgins (2000} pro-
posed a new goodness-of-fit test for Weibull or extreme value distribution with left or right censored
data. Kang and Lee (2006a) proposed three modified entropy estimators based on Type-II censored
samples and the goodness-of-fit tests of the Weibull distribution based on the proposed entropy esti-
mators. Wang (2008) proposed a test statistic to test whether the progressive Type-II censored samples
come from an exponential distribution. Sanjel and Balakrishnan (2008) proposed a Laguerre polyno-
mial approximation for a goodness-of-fit test for exponential distribution based on progressive Type-I1
right censored data.

In this paper, we derive the AMLEs of the shape parameter A and the scale parameter o under
multiply Type-II censored sample. We use three modified empirical distribution function(EDF) type
test for the Weibull distribution based on multiply Type-II censored samples using proposed AMLESs.
We also propose modified normalized sample Lorenz curve plot and new test statistic for the Weibull
distribution based on multiply Type-II censored samples.

2. Approximate Maximum Likelihood Estimators

Let X be a random variable with pdf (1.2). The distribution of Y = InX have the feature, which is the
extreme-value distribution with location parameter 4 = Ino- and scale parameter § = 1/A. The pdf and
cdf of Y given by

fosu.0) = éexp(y—#)exp[—exp(y—;g)] 2.1

and

F(y;11,6) = 1 —exp [—exp(z;;—'u)}. 22

Let us assume that the multiply Type-Il eensored sample from a sample of size n is
Ya,:n < Yaz:n <-oe < Ya::ns (23)

wherel <ay<ay < ---<a;,<n,a0=0,a1 =0+ 1, F(Ysyn) = 0and F(y,,,,.n) = 1.
The likelihood function based on the multiply Type-II censored sample (2.1) can be written as

4 [ (yayn) = F (ay )]

_n'l_If(Ya;n)]_I

The random variable Z., = (Yi.n, — )/0, and f(z) and F(2) are the pdf and the cdf of the standard
extreme-value distribution, respectively.

Since f'(z) = f(zX1 - €%y and 1 — F(z) = f(z)/€" on differentiating the log-likelihood functions as
follows;

(2.4)
(Z; —4j-1— 1)
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dnL 1 S (an) BRI - FGajn)=f(za; )
—_— — _.__I__ — asn ajin - . _1 J F 2‘5
o P [(m 1) Fzn ) (n—ay)e +JE:1 4 4 ,E:z (aj—aj )F(Za,-;n)—F(Za,_,;n) (2.5)

=0
and
dlnL 1 f(zu :n) :S: Zs 2.

—_— - _ 1 l o — —a, Zag:n o n — ajn i 26
a0 0 [(al )F(Zal:n)Z " (= agemz o j=1 o j=1 e (20

N Za;n)Zayn = F(Zapn)Zaon
+Z(aj‘af—1—1)f( aynan = [ oy im)ar
=2 ’ F(Zuj:n) - F(Zuj,ltn)

=0.

Since the above equations are very complicated, the Equation (2.5) and (2.6) do not admit explicit
solutions for u and 6, respectively.

Let& = F7'(pi) = In(—Ing;), where p; = i/(n + 1), ¢i = 1 = pi.

The Equation (2.5) does not admit an explicit solution for . But we can approximate the following
functions by

{:(é.)) ~ an + Bozam 2.7
ezar‘” ~ €§af(1 - fa]) + e‘fa’.Zaj:n (28)
F(z ];(i”’;()z ) ~ @2j+ BajZayn t V2jZa;n (2.9)
( ) ,1:}1)
Fz .f)z—jF(z — = 03+ Bajan + Vg (2.10)
and
where
2
@ = % [1 (1 +nga ) + L (fa')f‘”}’
2
g, = T {(1 gy L (.m}’
a'zj = % [1 - (1 + 1“‘1aj)§a] + Kj] ?
» (€a;)
P = _M [(1 + lanai) - _f_‘ff_]’
paj - paj-l a; — paj—l
JEu)f(&ay))
V= 5

(puj - Pa,-_,)z ’
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f(faj—i)
a3; = m (1 - (I +Ingg, ), + Kj)’
f€a)f(Ear) f&a,) [
Bj=-—— 7= ———|(l+Ing, )+ _Jpl
(Paj - Paf-l) Per ™ Pa Pes = P
4; = azj — @35, Baj = Paj—Bsjs Yaj =2 T V3
K= f(fa,-)‘fa,- 'f(é.aj»l)faj—l ]
! DPa; = Pa;.,
Next, we can approximate the following function by
Szayn)
! - . 2.12
F(zm:n)z“"" @+ Bidan 1
ezaj:nzaj:n ~ _efajfajz + efaj (fa,— + I)Zaj:n (2.13)
and
f{Za 'n)Za n = f(za, ;'n)za_, 1n )
jin)lan ~ 1+ BriZam + VijZa,n (2.14)
F(Zaj - F(Zal“, ) 1j ﬁl] i Y12a;
where
ap = f(fa' fa; [f(‘fa‘ (1 + lnqal):[’
( “ ( a
ﬂl = '}:'i}— l + (1 + lnqa,)fa, - fj f(u:!’
2 fl(é:aj) 521/- - f’(fa/-l )é%,’q
@y = Ry - *
paj - pﬂj—i
fa)
ﬁ]j = M [1 -+ (] + lnqaj)faj - K}] 9
fa)
%jz_g_fg—{1+a+hm@mh-xj,

By substituting the Equations (2.7), (2.8) and (2.11) into the Equation (2.5), we can derive an
estimator of u as follows;

. AgB—ABy

S Sy 2.15
H= AC = ALCo @15
where
s 5 .
Ap = (a1 = Day — (n — a,)e (1 —é,)+5— Eeff’:’(l =€)+ Z(aj —a;1 - Day;,
=1 =2
§
By = (a1 - DB2Yeyn— (n - as)e’fa" Yon— Z e Ya n t Z(a; =41 )(ﬁ4} agn + Yai¥a,, n)
=1
5 5

Co = (@ — D)2 ~ (n—aef = > e + 3 (a;—a;1 = DBaj + 1),

i=1 Jj=2
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Ar=s+(a — Day +(n—a)e & + Z §"f§ + Z(a] —aj1 — Dayy,
Jj=2
5
By = (a1 = 1)B1Yam = (n = a6 (&, + DYy + Z Yoin = D €90+ DYapn
j=1 j=1

+Z -_ajl—l(ﬂljan+71]Y“/'”)

Ci=(ai = 1B — (n—aye ﬂs<§a:+1>+s—2 (&, +1)+Z(a,—a,1 DB+ 1)

Jj=1

The Equation (2.6) also does not admit an explicit solution for 6.
First, we can derive an estimator of 8 by substituting the Equations (2.12), (2.13) and (2.14) into
the Equation (2.6), as follows;

- -Bi+Cifa

A (2.16)

Second, we can derive an estimator of by substituting the Equations (2.7), (2.8), (2.9) and (2.10)

into the Equation (2.6), as follows;
-B, + /Bg —45C,

b, = , 2.17
h > (2.17)

where

BZ = (al - I)Q'ZYa]:n - (l’l - ax)e‘fa:(l - fas)YaS:n + Z Yaj:n - Z egaj(l - gaj)Ya/:n
j=1 j=1

+ Z —a4j-1— (G'ZjYaj:n + a’3jYaj_1:n)

j=1 =2
s

C2 = (a1 = DBo(Yayn = 1 = (1= @6 (Yo — ° = ) € (Vun = )’

J=1

- {(al —Dar— (n—ageés (1 —&,) +s— 265"3(1 —&a) + Z(aj —aj1 — (e + a3j)}ﬁ,

S

+ Z Cl] 1= 1 {,BQj (Ya,:n - ﬂ)2 + 272j (Ya/-:n - [1) (Yu,»,lzn - ﬂ) —7Y3j (Yab,-:n - ﬁ)z} .

Since 8 = 1/2 and u = In o, we can obtain the AMLEs of the shape parameter A and the scale
parameter o as follows;

A==, i=1,2 (2.18)
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and
& =é. (2.19)

The mean squared errors and biases of the proposed AMLEs are simulated by Monte Carlo
method(based on 10,000 Monte Carlo runs) for sample size n = 20,40, and various choices of cen-
soring under multiply Type-II censored sample. These values are given in Table 1.

3. Goodness-of-fit Tests

It is important that how well a sample of data agrees with a given distribution as its population. In this
section, we consider some goodness-of-fit tests of the Weibull distribution based on multiply Type-1I
censored samples.

3.1. Modified empirical distribution function type tests
A well known EDF F,(x) is
the number of X[s < x

F, = . G.1)
n

For complete samples under a simple hypothesis, the Kolmogorov-Smimov(D), the Cramer-von
Mises(W?), and the Anderson-Darling(A?) statistics are defined as

D" = sup, [Fu(x) - Fo(®)]1,
D™ = sup, [Fo(x) = Fp(0)],
D =max{D*,D7], 3.2)

Wi=n f ) [Fa(x) = Fo(x)] dFo(x) (3.3)

and

2_ 7 Fa() = FeF
A“=n = Fo) 1= Fotl dFo(x), (34
where Fo(x) is the cdf assumed under Hy.

Recently, Kang and Lee (2006b) developed three EDF type modified Kolmogorov- Srmrnov test,
modified Anderson-Darling test, and modified Cramer-von Mises test for the two-parameter exponen-
tial distribution with unknown parameters based on multiply Type-II censored samples.

Now, we use three EDF type modified Kolmogorov-Smirnov test, modified Cramer-von Mises
test, and modified Anderson-Darling test for multiply Type-II censored samples from Weibull distri-
bution using the proposed AMLEs ; and & as follows;

D} = maxX <, < [fl; - F(xa} ns Ak, 6 )] )

S
Dy = m3X1<a,Ss D;. ;). (35)

A 2a;,-1F
+ D F (¥apm X 6) = =5
Wi = 12s Z} (vains 20 6) = =5 }

4
= MaXi<q;<s F(xa,n,/lk, -

o

(3.6)
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and

A= - é + Z (20, = 1) [0 F (x40 A4 ) + I {1 = F (30,3 2 5)}] (3.7)
j=1

3.2. Modified normalized sample lorenz curve

The Lorenz curve is extensively used in the study of income distribution and used to be a powerful
tool for the analysis of a variety of scientific problems.

Cho et al. (1999) proposed the transformed Lorenz curve that can be used in the study of symmetric
distribution. The transformed Lorenz curve is defined by

Li=1,2,...,n (3.8)

Kang and Cho (2001) proposed the normalized sample Lorenz curve(NSLC) using the Equation
(3.8) for the complete sample as follows;

TSL(r,
NSLO(ry) = o)

, ,i=1,2,...,n, 3.9
TSLF(rs)

where

i

Z(Xj:n = Xiw)
TSL(r) = e 4 1,
D (Xjn = Xi)
=1
DU ep-F )
TSLr(r) = = -ri+1.

S en-F o]

J=1

Now, we propose modified NSLC based on multiply Type-II censored samples.
The modified NSLC based on multiply Type-II censored samples is given by
MTSL(7,) a;

ri:—,i=],2,...,s, (310)

MNSLC(r;) = —l
) = STSLrr) 7

where

i

D K = Xaym)

=1
MTSL(r}) = ————— =i+ |,
Z(Xaj:n - Xal:n)
j=1
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Figure 1: Modified NSLC plot: Complete data (n=30)
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Figure 2: Modified NSLC plot: Multiply Type-1I censored data (n=30, a;=1, 5~13, 17~25, 28~30)

i

S 1 ) ()]
MTSL(r;) = =
D [F (i 2 0) = P (i 20,

= :

—r,~+1.

We also propose the modified NSLC plot for multiply Type-II censored samples using (1 — r;,
1 — MNSLC(ry)). If data come from the Weibull distribution, the modified NSLC plot is y = 0 (see,
Figure 1 and Figure 2). The value of 1 — MNSLC;; increases and then decreases as 1 - r; increases
when the alternative distribution is Pareto and lognormal distribution. But the value of 1 — MNSLC;
decreases and then increases as 1 — 7; increases when the alternative distributon is gamma, beta and

normal distribution.
We propose new test statistics based on modified NSLC for the Weibull distribution under multiply

Type-II censored samples. The new test statistic(TS) is defined by

5

Z (SXaj:n - Xa.:n)2

TS; = il . k=1,2.

§

3 [5# (i 100) - 7 (pase o)
=1
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Table 1: The relative mean squared errors(biases) for the estimators of the shape parameter A and the scale
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parameter o .
n m aj A A> o
0 1~20 0.0575(0.1097) 0.0479(0.0749) 0.0547(-0.0053)
1 1~19 0.0625(0.1078) 0.0541(0.0781) 0.0553(-0.0080)
2~20 0.0623(0.1171) 0.0521(0.0829) 0.0552(-0.0025)
1~18 0.0696(0.1110) 0.0613(0.0834) 0.0566(—0.0107)
2 3~20 0.0675(0.1250) 0.0565(0.0904) 0.0557( 0.0004)
2~19 0.0680(0.1159) 0.0591(0.0870) 0.0557(-0.0056)
1~17 0.0776(0.1172) 0.0690(0.0908) 0.0579(-0.0145)
3 4~20 0.0742(0.1329) 0.0621(0.0977) 0.0565( 0.0034)
20 2~18 0.0761(0.1199) 0.0674(0.0934) 0.0569(—0.0086)
3~19 0.0745(0.1245) 0.0649(0.0957) 0.0561(-0.0030)
2~17 0.0857(0.1273) 0.0767(0.1022) 0.0582(-0.0127)
4 4~19 0.0827(0.1332) 0.0722(0.1042) 0.0568(—0.0004)
3~18 0.0840(0.1295) 0.0745(0.1033) 0.0572(-0.0063)
2~4 7~14 16~20 0.0621(0.1159) 0.0466(0.0507) 0.0554(-0.0025)
3~17 0.0954(0.1383) 0.0856(0.1135) 0.0584(-0.0107)
5 4~18 0.0939(0.1394) 0.0836(0.1130) 0.0578(—0.0040)
2~6 10~19 0.0680(0.1151) 0.0553(0.0670) 0.0559(-0.0050)
6 4~17 0.1081(0.1501) 0.0974(0.1253) 0.0588(—0.0087)
0 1~40 0.0210(0.0509) 0.0189(0.0346) 0.0274(-0.0023)
1 1~39 0.0217(0.0481) 0.0200(0.0341) 0.0276(-0.0028)
2~40 0.0216(0.0524) 0.0194(0.0363) 0.0275(-0.0016)
1~38 0.0229(0.0481) 0.0212(0.0350) 0.0278(-0.0035)
2 3~40 0.0221(0.0538) 0.0199(0.0376) 0.0276(-0.0010)
2~39 0.0224(0.0497) 0.0206(0.0359) 0.0276(—0.0022)
1~37 0.0240(0.0487) 0.0224(0.0363) 0.0282(-0.0043)
3 4~40 0.0228(0.0555) 0.0205(0.0394) 0.0277(-0.0003)
40 2~38 0.0236(0.0497) 0.0219(0.0370) 0.0279(-0.0030)
3~39 0.0230(0.0510) 0.0212(0.0373) 0.0277(-0.0017)
2~37 0.0248(0.0504) 0.0232(0.0384) 0.0282(—0.0038)
4 4~39 0.0237(0.0528) 0.0218(0.0391) 0.0278(—-0.0010)
3~38 0.0242(0.0511) 0.0225(0.0385) 0.0279(-0.0025)
3~37 0.0255(0.0518) 0.0238(0.0400) 0.0283(-0.0033)
5 4~38 0.0250(0.0529) 0.0233(0.0404) 0.0280(—0.0018)
2~610~19 21~40 0.0216(0.0521) 0.0183(0.0188) 0.0275(-0.0017)
Is 6~10 16~25 31~40 0.0242(0.0577) 0.0203(0.0213) 0.0282( 0.0014)
6~2531~35 0.0318(0.0590) 0.0287(0.0356) 0.0293(-0.0026)

Above procedure was repeated 10,000 times for the Weibull distribution based on multiply Type-
1I censored samples, sample size n = 20,40. The 95" percentile were found and these critical val-
ues (@ = 0.05) are given in Table 2. The probabilities of Type I error the four tests under the Weibull

distribution (Wei(1, 1)) are given in Table 3.

4. The Simulated Results

From Table 1, A, is more efficient than 1, in the sense of the MSE. As expected, the MSE of ail
estimators decreases as sample size n in creases. For fixed sample size, the MSE increases generally
as m (m = n— s was the number of unobserved or missing data) increases. The biases of A, are smaller

than biases of 1.

The powers of four tests with significance level 0.05 for the Weibull distribution based on multiply
Type-II censored samples are investigated under 4 alternative distributions. These values are given in

Table 4~7.
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Table 2: Critical values (a = 0.05)

n m aj D D, A% A w2 w2 TS, TS,
0 1~20 0179 0173 0395 G751 0129 0.124  11.864 11875
i 2~20 0208 0204 4810 4601 0144 0139 11924 11951
20 "2 1~18 0238 0233 1000 0979 0188 0.I81 6865  6.868
5 2~6 10~19 0405 0414 8623 8517 0792 0.790 8768 8830
6 i~17 0445 0447 10883 10840 0960 0951 6185 6182
0 1~40 0128 0126 0759 0738 0123 0.122 10.126  10.131
{ 7~40 01407 038 4734 4685 0.431  0.429 10124 10132
40 "3 <38 0154 0152 0800 G901 0155 0.153 6889  6.890
12 6-7016~2531~40 (643 0651 34308 33808 4077 4094 11973 1203
15 6~2531~35 0567 0572 19309 19.194 2632 2598 5557 5542

Table 3: The probabilities of Type I error for four tests under the Weibull distribution.

n m aj D, D, A7 A3 Wi Wy 78, TS
0 1~20 0048 0050 0050 0040 0049 0049 0046  0.046
] 2~20 0050 0049 0047 0046 0.047 0047 0046 0.046
20 2 <18 D048 0045 0049 0045 0047 00480053 0053
5 2~610~19 0046 0051 0054 0053 0.044 0044 0051  0.051
6 4~17 005 D053 0045 0046 0047 0046 0053  0.053
0 1~40 0053 0053 0055 0054 0.055 0053  0.045 0045
i 2~40 0055 0055 0056 0057 0.055 0056 0045 0.045
40 "2 1-38 06055 0057 0056 0056 0.056 0058  0.047  0.047
12 6~1016~2531~40 0045 0049 0058 0054 0049 0046  0.043 ~ 0.043
15 6~2531~35 0052 0051 0061  06.063 0062 0059 0045  0.044

Table 4: The powers of the tests for gamma distribution(GAM(3))

n m a; Dy D, A2 A7 Wwe w: 7S, TS3
0 1~20 0711 0751 0742 07720760 0767 1.000  1.000
1 2°20 0791 0814 0390 0480 0968 0968 1.000  1.000
20 2 1~18 0662 0.703___09/3 0977 0870 0889 1.000 _ 1.000
5 2~610~19 . 0858 0.849 0334 0.367 0999 0599 1000  1.000
6 4~17 0766 0.761 0529 0554 0347 0405 1.000  1.000
0 1~40 0938 0944 0997 0998 0982 0982 1000  1.000
1 2~40 0959 0564 1000 1000 1000 1000 1000  1.000
40 7 <38 09600963 1000 1000 {000 1000 To00  1.000
12 6~1016~2531~40 _ 0.733 ___0.560  0.160 _ 0330 1000 1000 _1.000 1000
13 6~25 3135 0897 0834 0592 0665 0641 0727 1.000_ 1.000

Table 5: The powers of the tests for lognormal distribution(LN(D, 1))

n m aj; Dy Dy A"f A% W% WE 78, TS,
0 1~20 0.952 0.966 0.980 0.985 0.977 0.979 0.800 0.808
1 2~20 0.975 0.981 0.780 0.837 1.000 1.000 0.795 0.801
20 2 i~18 0.883 0.906 1.000 1.000 0.992 0.994 0.654 0.669
5 2~6 10~19 0.983 0.968 0.582 0.654 1.000 1.000 0.736 0.740
6 4~17 0.877 0.879 0.665 0.698 0.682 0.728 0.588 0.599
0 1~40 1.000 1.000 1.000 1.000 1.000 1.000 0.954 0.958
i 2~40 1.000 1.000 0.995 0.997 1.000 1.000 0.953 0.957
40 2 1~38 1.000 1.000 1.000 1.000 1.000 1.000 0.929 0.935
12 6~10 16~2531~40 0.943 0916 0.789 0.885 1.000 1.000 0.934 0.931
15 6~2531~35 0.943 0.904 0.892 0.933 0.956 0.975 0.841 0.854
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Table 6: The powers of the tests for normal distribution(N(5,1))

n m a; D D, AT A2 w7 W3 TS TS;
0 1~20 1000 1.000 1000 1.000  1.000 1000 1.000  1.000
1 2~20 [000 1000 1.000 1000 1.000 1000 1000 _ 1.000
20 "2 ~138 1000 1000 1.000 1.000 1000 1.000 1000  1.000
5 2~6 10~19 1000 1000 1000 1000 1000 1.000 1.000  1.000
6 4~17 1000 1,000 1000 1000 0925 0945 1.000  1.000
0 1~40 1000 1000  1.000 1.000 1.000 1.000 1000  1.000
i 2~40 1000 1.000 1000 1000 1000 1000 1.000  1.000
40 2 1~38 [000  1.000 1000 1000 1000 1.000 1.000  1.000
2~ 6~1016~2531~40 _ 1.000 _ 1.000 _ 1.000 __1.000 1000 1000  1.000  1.000
15 6~2531~35 1000 1000 1.000 1.000 0993 0997 1000  1.000

Table 7: The powers of the tests for Pareto distribution(PAR(1,1))

n m a; Dy D, A? A2 w2 W2 TS TS,
0 1~20 0996 0997 0999 0999 0999 0999  0.998  0.999
1 2~20 0996 0997 0979 098  1.000 1000 0999  0.999
20 2 1~18 0957 0965 1.000 1.000 0999 1[.000 0999  0.999
5 2~610~19 0992 0988 0909 0929 1.000 1000 0999 0999
6 4~T17 0912 0918 0.876 0893 0884 0904 0999 0.999
0 1~40 1.000 1.000 1000 1000 1000 1000  1.000  1.000
1 2~40 1000 1.000 1000 1000 1000 1000 1000  1.000
40 p) 1~38 1000 1.000 1.000  1.000 1.000 1.000 1.000  1.000
12 6~1016~2531~40 0999 0999 0996 0998 1000 1.000 1.000 1.000
15 6~2531~35 0962 0951 0998 0999 099 0998 1000 1.000

The modified EDF type tests that use the estimator 1, is generally more powerful than the tests
that use the estimator 1; when complete data. But the modified Kolmogorov-Smirnov and Cramer-von
Mises tests that use the estimator A; is generally more powerful than the tests that use the estimator
;12 when censored data.

For the gamma and Pareto alternative distribution, the TS is more powerful than the modified EDF
type test. But the modified EDF type test more powerful than the TS when the alternative distribution
is lognormal distribution.

For normal alternative, all the tests show good performance.

The power generally decrease as m increase or sample size n decrease.

5. lllustrative Example

In this section, we present an example to illustrate the inference procedures discussed in this paper.

The data given here arose in tests on the endurance of deep groove ball bearings. They were
originally discussed by Lieblein and Zelen (1956), who assumed that the data came from a Weibull
distribution. The data are the number of million revolutions before failure for each of the 23 ball
bearings in the life test.

17.88,28.92, 33.00, 41.52, 42.12, 45.60, 48.40, 51.84, 51.96, 54.12, 55.56, 67.80, 68.64,
68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

For complete data, we can obtain the AMLEs A; = 2.187829, 1, = 2.121929 and & = 81.450162.
For this example of n = 23, s = 17 (a; = 1,2, 6~9, 13~23), and the multiply Type-II censored samples
are
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Figure 3: Modified NSLC plot : Complete data
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Figure 4: Modified NSLC plot : Multiply Type-II censored data

17.88,28.92, -, -, -, 45.60, 48.40, 51.84, 51.96, -, -, -, 68.64, 68.64, 68.88, 84.12,93.12,
98.64, 105.12, 105.84, 127.92, 128.04, 173.40.

We can obtain the AMLEs A, = 2.179173, A, = 2.108290 and & = 81.485143.

We can picture the proposed plots for multiply Type-II censored samples using the AMLEs A, and
& (see Figure 3 and Figure 4). It is easy to see that the modified NSLC plot is good performance when
complete data or multiply Type-II censored samples.

We also compute critical value (¢ = 0.05) for compete data and the multiply Type-iI censored
sample.

Dy Dy A% A% Wf WZ2 T8 782
Critical Value
Compete data: 0.168 0.163 0.783 0.740 0.126 0.123 1.121 1.107
Censored sample: 0431 0.444 13.492 13.233 1.091 1.104 1.138 - 1.110
Test Statistics
Compete data: 0.152 0.148 0.345 0.325 0.060 0.056 1.085 1.077
Censored sample: 0.382 0.378 11.808 11.748 0.990 0.994 1.109 1.095

So, test statistics can be computed by (3.5), (3.6}, (3.7) and (3.10) which provides strong evidence
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that the real data set is from a Weibull distribution(Accept Hp).

We will need further study on the various graphical methods or test statistics for testing the distri-
butions based on multiply Type-II censored samples.
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