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COMPUTATIONS OF NATURAL CONVECTION FLOW WITHIN A SQUARE CAVITY
BY HERMITE STREAM FUNCTION METHOD

JW. Kim!

This paper is a continuation of a recent development on the Hermite-based divergence-free element method and
deals with a non-isothermal fluid flow driven by the buoyancy force in a square cavity with temperature difference
across the two sides. Two Hermite functions are considered for numerical computations in this paper. One is a cubic
function and the other is a quartic function. The degrees-of-freedom of the cubic Hermite function are stream
function and its first and second derivatives for the velocity field, and temperature and its first derivatives for the
temperature field. The degrees-of-freedom of the quartic Hermite function include two second derivatives and one
cross derivative of the stream function in addition to the degrees-of-freedom of the cubic stream function. This paper
presents a brief review on the Hermite based divergence-free basis functions and its finite element formulations for

the buoyancy driven flow. The present algorithm does not

employ any upwinding or a stabilization term. However,

numerical values and contour graphs for major flow variables showed good agreements with those by De Vahl

Davis[6].

At F(Natural Convection), T4k
3] 714 3+<=(Solenoidal Basis Function),

Key Words :

1. M

—

Navier-Stokes WFg2lol| A Dxo] WS FAgoan &

Al gl e Mes s destd = o, o
& WA deshs $& WEE 3]7(solenoidal) o] oF
ok T 208 ASkL Slrk o] T 2UE gk
T WA EolE 3lE o offiAl st e &
24 Sl wEbA o] FEEAS WEATE Qa(F It &
2ol NARTE e Aks ol ARE sidley WhE

A 20009 99 16Y, FAL: 20099 12€ 94,
AANEFd: 20099 12 € 114,
1 339, s 714353

E-mail: kimjw@deu.ac.kr

} 2 4~(Divergence-free Element),
H)3)A 714 &<(Irrotational Basis Function)

WE] ZElX(Vector Potential),

A= glom, Griffiths[1]o]F, Tt @ 4d] tigk d7E
g 0}37 7} ook olwlm= Al 7BA] 247} Navier-Stokes -
1o] Folg o/ i e FoF Helrh

) e SEet AYEHA, A Wslo] uhe gheEAe)

T_‘O_.\_,

ol M

(1

—

:é

H

.
o=
ox

o) T4 2409 3%, oF

@

= o e —(II

Q) el nAdEd

2]+ Helmholtz A 2] Z45-H
A3} v 3] H(irrotational) 0.2 Aal Bl S 9eS
tH2]. uwiebA B|9FEA] Navier-Stokes A4S TRy} 7o)
3 AR v ddow B 4 o

HE 9WEE= 3] 7(solenoidal)

O O
MEe <t

P ' o
gg:ws(—y o Vu+ovie)+ f°

@



4

™
rdet

A7IM, (R FEF o] MEEH T Id AR,

1 1o HE 3o wEd ARG ouiei, 1% 1l
Zyzy Mol 31 A Hsld AEs FAskE A 4
~E2Kprojection operator)olth. W &%= 7t 3 AEoR
TR, WY xuld 7 EAs] o] A AH
ghet,

u=V Xy ©)

=, o]} e EoHo] JuH, 7 A V e u=0<
A om WEAAN AL WANS O o] FastA o
A "k # Holdeman[3]S ©]& $13to] Hermite &H=2] A}
|5 Aot on, o] o831 Navier-Stokes W29 &

olof glojA] A (1)55} Q%2 4" & S olv] A
HOJTH4, 5] B Aol A ARE3E Hermite g7 33 2 43}
P 4 AR AWE Qe BT 47 12708 4709 A
T /RRIth et el o] 8A5ES oA “s3412¢
"S4424" = ?—Eﬂi ja=
o] Aotd 5 A 5 2 24X benchmark
A9 De Vahl Davis[6]2] AAMAE +
e Bl ASHE AR 2
S5 Awu izl g gge] f5 At &
& Ad7|(thermal design)iT-okol™, o= WA= W7t HlY4E
7], @74 A o #He 4% AA ZulEe] 4233}
mE 3
< ¥ ‘EXVP O}EH?]

o =
>,
lo,
ot

ot Y rlo e offt H{d

mﬁé e

—]O }\474] ‘:’ E%_—S_ g

ot glou, ol

ol
E5)

w
ol

I, Al 43l AR OF E A 2R

2
re
=
du
:{0
offl
=
=
=3
Ma o
2 s
o
_\g
-{U
B
rie,
o
o oX
S
> o
o,
Jo & 0 2

]—u: rlr
o

4z e N o o ok e

el 22 A
2 st} S34120 gt s HZE §
Z317) wiep, 44240 oigk 3 B
%2 a7 v,

2. AHHE @40 CHEh R H7E g
2.1 H|EH (motational) 221 &

¢ (zy) & AY 24 U9 49 5 ¢(a,y) el A
%kO]F/} ShaL Hermite 3%} Shroll osle] B R &AL

(&n)-BEAZ 7 E 712 240 ek Hermite 32+ 3=

ok} 2.

gooi = (1/8)(14&&) (1+mm;) (2+&& +mm, — € — )

O]
910,= (—1/8)§(1—&)(1+&) (1 +mn,) ©)
gori = (—1/8)m,(1—=n*) (1 +&&,) (1 +mn;) ©)

o714, olg) HA it 249 AW HES Yehin, ¢ 9}
/‘,‘:‘ 6Hﬂﬂ‘:‘ ;qu ﬂ'ﬁ g}\'(ﬂ il% 7]'%_]\:]— 3?]— Hermite
o] gk AT E vAG 2 AR ¢ 2oy Wkl o
g wFgER Adnh o 4 el g AREE
(@, 8®,/0x, 00,/0y) e} sk, 224 el A ¢ (2,y)
= Ut 2ol d

4 P, P,
721 D;go; T Py 9yt oy 9yi 0
o374,
9oi = Jooi (G
ox ox
i :gu)iaig"‘gou?n ©
oy oy
Gyi = 910¢7§+901718T7 (10)

Vo (z,y) = DG, (z.y) B¢ (11)
i=1

714 G, (z,y) = obeiek 2tk
0
—(Qz: i QU‘)

Glay) =| 2 ’ 1

0
ay (g()L 9zi gyi)



Hermite #&3HHdl I3 JAAY & WF- AAHF EALN

A149, A43, 2009. 12 / 69

2.2 3| ™(solenoidal) HZF &=

W loy)E 28 I §5 Breh o (ny) We

EA(FsEP 714 = s,

SJsto] ohdsh ol wakerk

Ziﬁ (z,y) ¥

vi=(¥, U, V)"

olt}. o]= Hermite 32} $hroll T3k A=

we = (W, ow/oy, —oW/ox)"

olmz s, (z,y)E g, 5 A
o,

Si— (gOz gyi _g:ri)

S5 9E u(vy) = FETE

so] etz ofdls} o] & 4

u(zy) =V < (z.9)k
i( (8/0y) (907

B/Em)(go, gy/ -

3. =M Moot XA W

HlEA Al s WSS
ol S, &

(8/311)(901' Gyi —
_8/5$)(90i Gyi —

ztolol] mE WE WSl

Uro] Aol 25 Wigll mE §

S st B 4= glon o]2 Boussinesque AR 3
5| % A ARt y W S5

229 ARE Wil

13)

(14)

e

(15)

Aste] theat gol ¥

(16)

17)

(18)

Holek= 7bgel olste] g

e,

el AAY o) WUx pe — p(T—T,) 2 vHHo] A
o A ZAGE —(1/p)(0p/oT) 2 A5
t} ol¢} Zo] AAYF WA NAE 5 Ao 1A
3k X

o Sled A s A OWEIOVIU% ohefiz ol

ou

67;:—&- vyf(l/p)VP+uV2y (20)
—gB8(T-Ty)

aa_f:_(g.v)T-i-V-(aVT) (21)

o
,1E 25, TR AF, @8iMthermal diffusivity) Al<F,
A 2

HEfolt), T WAHAS fEsb] $181]
o], &, A7k 1E]al %o uldt 7]F(reference) 3 I,
Vo, t, 2813 7y 2F 79 ofgiel o] Ao 4= QJri10].
L,= H (Fig. 1 3%) (22)
Vo= a/L, (23)
ty=Lg/a (24)
Ty=(T\+ T,)/2 (25)
AT= Ty~ T,>0 (26)

7 M9 Fag Fakd W 3, Rayleigh 5 Ra)<t Prandtl
5]

HqBAT
Ra= gfa (27)
Pr=v/a (28)
TALEE FE ARES o, v, AR, 9 p, 2E
% ; S 2",y olg FH, 99 A9



70 / BB MFH S 55| A

u'=u/Vyv =v/Vy,t =t/t, (29)
p =P/ (pV;) (30)
0= (T—T,)/(T,— T)) (31)
@ =x/Lyy =y/Ly (32)

= 71
“2 Qo et e 3
WA A (19%h FUs, 5% PR o

q
o
A& o 21l

%y ——u . Vu—Vp+Prviu—PrRabg ()
0 2
0= —u - O+ (34)

A g4 AT okdst Lol BeHow JFe v
A gor} Aden Aad drel xAES Flselol

=

o2 EAT %, AABE T 7 B4 0B Adk, W]
A0 B4 SO A B g B Adil, A7 UAS
ohet 2o WAL A,
P
(yv—ty) = —(v,u+ Vu)—Pr(vuy, vu)
0 . . &)
+Pr¢ vn e Vudl —PrRa(v e+ g,0)
an
P
(¢, —0)=—(q,u+ Vv0)— (Vg Vb) (38)

ot

W
w=u=v=10
8,=0
=10 W=
u=0 ) u=10
v=10 H .&‘ V=
g=1 8=
- W -
X - X
w=u=v=0
g,=0
W=H=1

Fig. 1 Boundary conditions for the natural convection flow in a
cavity

o = g U #Az 4 374l UehA
etk 99 0F AXA P 2 JIE TS erER B
b, 4 (37, ) Zzte] exo HgHm, god 8
] S =

Aol EAE AA ol g, uve] FEel Folxonz

2 (379 A Aie 7 ot glek
820 WollM S HME u ot 25 0= AP oR gt
o] Hrh
u=u"= 231Q1 (39)
0=0"=2>14.6, (40)

A71M 8= AR ol e B ®ik e g, HA

v, = [ v 01" (41)
_ T
Hermite 43 fr&3e] 2, 84 A4 il g £
AHHEE



Hermite §-58<Hd I3 JA4E 35 WF9 AddF /A4 A144, A43, 2009. 12 / 71

{a) Convergence Trend Convergence Trend

—+ Mewton Correction

L-2 norm of Residual

e H ! i I
20 25 30 35 40 45 &0
Mewton iteration

Convergence Trend

ety gt B s e T

+ Mewton Correction

L-2 norm of Residual

80 100 120 140
Mewtan iteration

20 40 B0

Fig. 2 Convergence trend by S3412: (a) Ra=10°,

= W% U; v; 1/]1',11 wz\xy d’Lyy}T

+ Mewton Caorrection

+
FEp—— + |

L-2 norm of Residual h b T
T T T

L L L L L
20 25 30 35 40 45
Mewton iteration

T
5 10 15 S0

Convergence Trend

+ Mewton Correction

L-2 norrm of I:\'Es\dual

200 1000 1200 1400 1600 1800 2000

o 4EIEI EDEI EiEIEI
Mewton iteration
(b) Ra=10*, (c) Ra=10°, (d) Ra=10°

A ( ) / S( BS.7+ BSJ)
] DTS e T ey
o), 22) AfEE 4 (@29 ol ik 5 L=k )3 05, oS, oS, oS, )
A ARoR gAHOR e WskE uwolmz A +Pr( o o oy oy )dﬂe
AEAS g8t Hme] W7k Apurt & WA WA T
Atk o7|M, Fmst K5 5 7ol olelel BAL HYG .
.. 9
ot api) = [ 57( )g a0, @)
Q 9y
Wi = 1/}1',4,.’17,1/7 u/y: wi,yu Vig™ _1/}1',:1;;1’ Uu/ _1/}1',4,.’171/ .
@ ann= [ leao, ()
a4 07k G5 S, (ey) o MBlA B2 F5 Gylay) =
A% 099 4 12E ABE, 4 @, W Nud = [ sl i)+ o)
i X 1
WA PAR Newton W Eole Agar)z dr) w o st o @)
B 8ze] HY di5 PAANS +Pr( "3 )+Przzasf( 0 ds2,
x 9y
(An Am)(AQ o Rl (45)
0 4p)la6)" \R, / a8 7(00/ 8z
) u + + G\ gy 4
o2 37, §) 49 7+ F5& ofzjsh Pk, (50)



2138

0.8y

0.6t

0.4t

0.2y

o 0.2 0.4 0.5 0.9 1

() U-velocity Contour

)

OB

0.4«

:
a

a 0.2 0.4 0.k 0.8 1

(b) Temperature Contour

0.8y

0.6t

0.4t

0.2y

o 0.2 0.4 0.5 0.9 1

(d) Worticity Contour
1 L L~ O T
—

|

|

| , . : s

a 0.2 0.4 0.E 0.8 1

Fig. 3 Contour plots at Ra = 10° by $3412 with contour levels of (a) -5.071,(0.5071)0, (b) 0(0.1)1, (c) -16.00(3.200)16.00, (d)

-124.8(55.17)426.9

5. Xl AL ZAnp 3 E

De Vahl Davis[6]®] =%& U422 benchmark 3= H¢
e AR B A% Rayleigh 2 10° ~ 10°0% &,
Prandtl 4= 0.712 3}o] De Vahl Davis7} A|A3+ Axs3}
Hluste] H7|2 gt} Hermite 3%+ 5 TS 44 26
MY AFES 72 B Hermite 43 78 I8 H2H @
242 AFES B, AxkEe] 74aS 96t ¥
o] k. A WHAE Hermite 4%} H-534S o] 88
exo] g B Hermite 3%} 355 o] sl Ad & 9
MN&EED 670, 254 3] AFEE FHAstes gk + ¥

il

il

o

A &% WAt

SE WA Rl B/ dek w
2 4 (45)F obefstk ol Rk

ApAO=—R, (52)
AuAg: —R— AlQAQ (52)

o] Ao AbgE EE A4S MatLab v.7.0.1904 A%
HE ILU dz43 93 GMRESE o]g3le] Eolakgl,
AHEE AFEQ ALFE 2 Mbyte RAM3} 3.2 GHzO| £:E&
7k e AE PCelTh

Newton WHiHe] 25 #8-2 Rayleigh 57} A4+E 3



Hermite fr& 3ol &3 FA23

FF 2o AdHF

FEAA A144, A43, 2009. 12 / 73

1 Streamllnea
III.B -
06} |
0.4 ]
02t

"0 ’1

() Uvelocity Contour
ESES

0.ar;

— ——

06t

0.4

a
1l 0.2 0.4 0.6 0.8 1

(b) Temperature Contour

1] 0.2 0.4 0.6 0.5 1

(d) Worticity Contour

a 0.2 0.4 0.k 0.8 1

Fig. 4 Contour plots at Ra = 10° by S3412 with contour levels of (a) -16.34, -15.07(1.675)0, (b) 0(0.1)1, (c) -125.5(25.10)125.5, (d)

-3178(1847.1)15293

o] A EAE op|slrz v} o] sk ol
(relaxatlon) AT vE =Y 3Tk

= [w, 6]"¢e &, ozl 2o
‘EOW =g

alol A e &

Q=Q"+AQ (53)

Q=010-7gd+Q" (54)

o] W& A Reddy 5[12, p.166]ol AHsl= Picard

Newton EHEle] Agsk Aolth 1 o9 ZAle

o 1T
H, Sl Wol(residual) S o] o]

Hp o
H=
el EAahy

~

Bl

ok A3 RS A& & ety A6 ol
o} ey e ZALIAME Picard HHO AH ALE o
A tiste] AAs] FHste Aoz FotEHrL

$34129} S4d240)] 9] Aol 32 x R TY A4S
ARSI Ra = 10 10%, 10° 28] 3 10°] thgk ahaF o]t
AGE $3412¢] 72, 09, 0.7, 03, 0025 283549131, S4424
o] 49, 10, 07, 0.3, 0029 #ES A83iAct A9 43k
=g ? AR dAje] Aol e AR & 85k A
o F HRIth #A| AtolA] U3|e] wkEo| oF 403(S34129]
7399k 45(S44249) 73$) 9] cpu Algto] 2RFE Ao U
F5 AtelA f3k 8% Alnag: 25
Bk 30&1 =1 glvk ZF Al digte] FH 545 B



74 / BRBMFH S SIS A

o
>
et

7191sted A Q| o w3t el wWiEe || Rl ,°) & v Nuy: #FZ FH(2=0)o142] Nusselt 5

Newton HHEol thsle], S34129] 739 Fig. 20 EAISFSICh Nuy syt 4 FAH(2=05)00149] Nusselt

Ra = 10°, 10°, 10° 1831 10°9] A9, oigte] Z3jgtoz Nu: 3% AA2) B3 Nusselt 5

FHshs 9 g9 27 15, 30, 100 2E]al 18000 Tl o] HollA 3 ool Nusselt 4= Nu, =

EbtTh S44249] 7 A9l =FolMe YERYA] gigtoLn) tjoa} 7ro] o),
HlZ=gk WHe 315 Bl tiald ez Z47ke] Ra 4o
ato], Ad =4 F T g £33 Fow dx FHTgS

1
2wz} Nu,= /0 (uT—oT/ox)dy (55)
Table 101]% |w|maxv ‘wlmidl Umax’ Vmax' Nu(JY Nul/? -1
2]al Nu¥ benchmark S157}e] vwE wolZt) o] | A7) AANME w=00°]t}. wEhd Hit Nusselt <
el BeEe] g A o 2 Nu & v 2
Wlia: =4 A((z,y)=(0505)9149] 5 g3k
Upoi 34 FAS(=08004 £33 4 Sl At —_ /1Nu1dx -
o7 I35 Qe Gy HAZ # 0
Viax: a4 T8 3 (y=05)ollA 24 W3F &0 A gt
o2 #% kel ez AHi b, 4 (5)9] Aol S 87 1wz g e
Table 1 Summary and comparison of some results
djmax Umax Vmax —
Ra |¢|mid Nuy Nul/Q Nu
(z,y) (1) (z)
1.174 3.649 3.697
Ref.[6] 1.174 1.117 1.118 1.118
(0.5,0.5) (0.813) (0.178)
g 1.1746 3.6494 3.6974
10 S4424 1.1746 1.1176 1.1178 1.1178
(0.5,0.5) (0.8125) (0.1781)
1.1762 3.6543 3.7027
S3412 1.1762 1.1181 1.1181 1.1181
(0.5,05) (0.8141) (0.1781)
5.071 16.178 19.617
Ref.[6] 5.071 2.238 2.243 2.243
(0.5,0.5) (0.823) (0.119)
0 5.0737 16.1833 19.6282
10 S4424 5.0737 2.2442 2.2448 2.2448
(0.5,0.5) (0.8234) (0.1187)
5.0766 16.1975 19.6550
S3412 5.0766 2.2453 2.2459 2.2459
(0.5,0.5) (0.8234) (0.1187)
9.612 34.73 68.59
Ref.[6] 9.111 4,509 4519 4,519
(0.285, 0.601) (0.855) (0.066)
5 9.6156 34.7407 68.6348
10 S4424 9.1155 45156 45216 45216
(0.28, 0.60) (0.8547) (0.0656)
9.6197 34,7696 68.6235
S3412 9.1192 45178 4.5240 45239
(0.28, 0.60) (0.8547) (0.0641)
16.750 64.63 219.36
Ref.[6] 16.32 8.817 8.799 8.800
(0.151, 0.547) (0.850) (0.0379)
6 16.8106 64.8443 220.5527
10 S4424 16.3863 8.8008 8.8252 8.8245
(0.15, 0.55) (0.8500) (0.0375)
16.8177 64.9329 218.9715
S3412 16.3912 8.7967 8.8241 8.8232
(0.15, 0.55) (0.8500) (0.0375)




Hermite #&3Hd I3 JAAY TF Wi A9dF

FEAA A144, A43, 2009. 12 / 75

(a) Streamlines

(c) U-velocity Contour

0.g

0B

0.4

nz-

0.2 04 06 0.8 1

() Temperature Contour

-y

0.4 0.6 0.8

Fig. 5 Contour plots at Ra = 10° by S4424 with contour levels of (a) -16.34, -15.07(1.675)0, (b) 0(0.1)1, (c) -125.5(25.10)125.5, (d) - 3178(1

847.1)15293

Loon, I B R

kol
T (e-dFe] 82§+ DE B
Table 19] FHES AW R, S44249] FhrEo] 534124 HE
g%t Nuyyy 855 At 3
wE6]e] #rel oftelet® o 238t &S &+ itk
AP ZALI A= 16 x 16 Q4] 93k S4424 o] & AR
o, o] A$ol%w 32 x 32 940 g 534129 Fwr} o
Fa[e]e] grell ofgrolete o 2Agstal ek &
o ek ARE FE S4I12(R x 2 L) AYE
33x33x3=32670]1, S4424(16 x 16 249 A= 17x17x6

4>

oo
op M lr rN

173491 13k, Hermite 4% 53151 (S4424)0] AA| =

= 4 &4 ZoF Hlt:

Fig. 37} 40l S3412¢] ©oJgt A, &%, % W &%
A5 2 bzl tig FaAEE Ra=10') 10°%0) thste] 7}t
eSS, Fig. 59l S44240]] o9 -5 WEel dig &

DAEZE Ra=10%] thate] LFERRRITE S34129) Sd4240] )3k
7)e] oS De Vahl Davis[e]7} AIAE AdEs} tjA=
A4 AAska e Ao Wolrh Ra=10°9] A%, FAel o
3t 5alA e [-16.34, -15.07(1.675)0] 2.2 3T

4.4 8

o] 7= Holdeman[3]©] #IoFet Hermite -5 <4<
S48 A7) fjelel, W HE AN B ope ] 5L
(non-isothermal) 591 AAFZE WFe] AAtF 5ol o



AFR T )R]

278

& Fstel gkt 59 A, A
S OjE wEseE e
S

A benchmark 39 o|=3} SA}s

iR
ioto o

31
F g
[e) ]}\

>~

4
o
X

32 im

4 =

Sy 2

o

it

¥ ml o
I
2

3
o
o

Hermite #5425 =g QE 714 &4me] EAA,
Wl nls) B o] AREE s Hol ANt #F
e} WSl gt Sk 51~Eﬂ ole] AL sl
o‘j:r'-o]]/\-]l‘ :_1,:_ ﬂL;GNJ,]_ KR = ul—zq/ﬂoi Hﬂg} ﬁo]
o] i el A skak ol AlFE A
ato] Ad3 S AS 4 AR 22]AL Hermite 3%}
e Aol Aungte

& o oo F}EEE,‘l
>
ET
§§
=
\“

(6]
Abgh dargE oiFael ek 4 AR
ARESEA] ko, o] e AFAl Bt
£ 5 : Hemite 4%t 3|™ 2271 gh4(S4424)

Gopalacharyulu[13]= ZHplate) 4o thsle] Hermite 4%}

A5 AT, o1F olgdlel ST FF I
A A G5 s, () T Bt 2ol AT £ 9)

+

S5i Sei)Ta} Bk

§z:(an) = (Sli S9i S3i S4i

5= (1/64)(1+qq;)* (1 +7r,)?
< ((1+qq;)(2—rr,) (8 —9qq; +3r°)

+ (14 r7,) (2= gg,) (83— 9rr, +31%) A1)
—4(2—rr,)(2—qq,))
S9;= (—1/64)7“,;(1 +qqi)2(1+rr7¢)3
X (2—qq;)(1—7rr,)(5—3rr;) (A2)
s3= (—1/64)q,(1+qq;)* (1 +17,)? _
;(Q_Wi)(l_qu)(g)_?’qqzj) (A-9)
= (1/64)(1+qq)*(1+rr;)2(1—qq,)? (2—7r;)
(a4)
= (1/16)(1+qq,)*(1+77,)*(1—qq,) (1 —1r,)
(A-5)
sg= (1/64)(1+qq,)*(1+7rr,)* (1—7r,)*(2—qq;)
(A-6)

A7NM ¢ R ome BA oMY HE gem 101,

1

0] ?:!Tg’]' “1:]_'%%_ 67H9’] X]'%E‘\: , Uy U, w,’l@v w,l’y’ wyy
olth. o] 7|14 &<, s,(gr) ol Curls FH3hdA thge] 3
BH7F 3 S4424E At
62 *aﬁ
Sz, y) = oy om = (S8 Su) (A7)
g} T,
S, (1) = (3/64)r;(1+qg,)* (1 —17)
X ((1+qq)(8—9qq; +3¢°) + (2—qq;) (1—507) )
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* (1—qq,)(5—3qq;)

S1;(4) = (3/64)r;(1+qg,)* (1 —1*)(1—qq;)* (A-11)

S81;(5) = (1/16)q; (1 +qq,)* (1 +7r,)

X (l—qqi)(l—?)rri) (A-12)
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< (1=1r)(1—5rr,) (2— gq,) (A1)

85 (1) = (=3/64)g;(1+7r,)*(1—¢)
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(A-14)

85;(2) = (3/64)gyr; (1 +77,)*(1+¢)

< (1—rr;)(5—3r7;) (A-15)
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I
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