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How to Investigate Students’
Zone of Proximal Development (ZPD)

Kim, Dong-Joong?

This study investigates aspects of the zone of proximal development (ZPD), the
distance between the actual development and the potential development. Out of 18
university students taking a geometry course, two students with the same actual
developmental level in the van Hiele model in the pre-test and post-test were
interviewed for measuring their potential developmental level. Based on the
communicational approach to cognition, the characteristics of the two interviewees’
discourse on 3D reflective symmetry were identified. There were considerable
differences between the two interviewees in terms of their potential developmental
level. Methodological implications for how to investigate students’ ZPD 1in
mathematics education research were addressed.

Key Words : ZPD, The communicational approach to cognition, Discourse analysis,
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INTRODUCTION

If a person was left on his own from the moment he was born and survived, will he
have a language? Can he use the same concepts that we consider as characteristics of
human thinking? If we consider the relation between thinking and speaking in the sense
of Piaget, the person can have a language because speech for communicating with
others and logical thinking are developed after internal thinking. However, if we consider
the same situation from Vygotsky's point of view, that person will not develop a
language because there is no communication with others. If this is true, how significant
a role does language play in internal developmental processes? As Vygotsky points out,
if higher mental processes are tightly related to tool-mediated activity, how deeply is
language as a tool related to student learning?

In the sense of Piaget, students construct meaning in a new situation from the basis
of the cognitive resources that they bring to the task (Hoyles & Healy, 1997). Then,
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knowledge can be constructed by a pupil's own activity (Mammana & Villani, 1998a). In
this process, what kinds of tools are needed to develop student understanding?
Furthermore, where does interaction between teacher and student occur within this
process? Lastly, what roles do students’ interactions with different contexts play in the
development of understanding? As Cohen and Ball (1999) point out, we must consider
the effects of interactions between teacher, student, mathematics, and the contexts on
student understanding. Therefore, how do we deal with those many factors that are
critical to student understanding? If we consider only students’'cognitive aspects in their
learning, we are like blind men who believe an elephant is a pillar after feeling only one
leg. Moreover, how can we include not only those epistemological issues but also the
pedagogical, the technological, and the socio—political issues surrounding student
understanding (Mammana & Villani, 1998b)?

THEORETICAL BACKGROUND

The communicational approach of assessing understanding (Sfard, 2002, Sfard &
Kieran, 2001) is a way of including the importance of language as a tool in student
understanding, because the everyday discourses that students participate in and are
surrounded by can embed the issues mentioned above within language. Discourses here
mean the acts of verbal and non-verbal communication with others or with oneself.
Language and discourse are both tools and products of cognitive, social, and cultural
practice (Vygotsky, 1978). Thinking can be regarded as a special case of communicative
activity (Ben-Yehuda et al, 2005). Mathematical activity can bhe seen as a form of
communication. Thus, mathematics is a form of discourse. As Rogoff (1990) points out,
yvoung children come to their conceptual development as a result of social interactions
with more discursively advanced others. Thus, mathematics learning is the development
of discourse as it evolves with those who are more knowledgeable about mathematics
than the learner.

To examine the communicational approach as a way of including the importance of a
language and other many factors in students’ understanding, I will consider the zone of
proximal development (ZPD) of two students. Vygotsky (1978) points out two levels of
development: the actual development and the potential development. The level of
potential development is determined through problem solving under more knowledgeable
guidance or in collaboration with more capable peers, while the actual developmental
level is determined through independent problem solving. The ZPD is the distance
between the actual development and the potential development. To look at the actual
developmental level in the ZPD, van Hiele's levels are considered. van Hiele's levels that
describe growth in student thinking have a five step hierarchical series: visual,
descriptive, abstract, formal deduction, and mathematical levels (Clements & Battista,
1992). The categorization of the van Hiele level for reflective symmetry of 2D was used
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in this study. The interviews took place to examine the student’s potential developmental
level of reflective symmetry in the two dimensional representation of a cube

One of the most useful pieces of information for both teachers and students is the
ZPD because knowing the difference can help teachers create the best scaffolded
learning environment that help students learn most efficiently (Cazden, 2001). In addition,
the ZPD can play a significant role in the analysis of the internal developmental
processes which are stimulated by teaching and which are needed for subsequent
learning (Vygotsky, 1978, p. 131). Therefore, I will look at the potential developmental
differences of two students who have the same actual developmental level in the van
Hiele model. Those distinctions can explain implicitly not only the importance of
visualization but also the limitations of the van Hiele theory in the sense of Piaget.
Those limitations can clarify the importance of a language and other important factors
outside of the cognitive aspects in students’ learning.

RESEARCH QUESTION

My interest in characterizing students’ ZPD led to the following research question:
What differences in potential development exist for students who have the same actual
developmental level in the van Hiele model?

METHODOLOGY

1. Participants

I collected data from 18 university students currently taking a geometry course. All
guestions in the pre-test and post-test are about reflective symmetry in 2D and the
interview questions are about the same subject in 3D. Two students who were
determined to have the same actual developmental level in the van Hiele model in the
pre-test and post-test are interviewed for measuring their potential developmental level.
Two interviews were audio-taped and transcribed for further analysis.

2. Material

The task for this research consists of three problem sets: the pre-test, post—test, and
interview questions. The purposes of pre-test and post-test are to determine the
student’s van Hiele level of reasoning of reflective symmetry in order to select two
interviewees who have the same actual developmental level in the van Hiele model. The
pre—test consists of two problems in 2D reflective symmetry (Appendix A). The pre-test
was given after introducing the basic concepts in 2D reflective symmetry. These two
problems are embedded in the actual test with the problems on rotational symmetry
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After learning reflective symmetry in 2D for a week, students took the post-test. The
post—test consists of six problems in 2D reflective symmetry (Appendix B). Based on
the categorization of the van Hiele level for reflective symmetry of 2D, the 6—problem
set was made. In order to solve problem 1 correctly, students would need to reason at
van Hiele's level 1 because it requires them to recognize reflective symmetry as a type
of balance in a circular, rectangular, hexagonal, and balanced shape. They would need
van Hiele's level 2 in problem 2 because they need to know that there are differences in
angles or segments here but not here. They also would require van Hiele's level 2 in
problem 3 because it involves understanding equi-distance and perpendicularity while the
segment of the symmetric figure and its reflective image meet the symmetry line at a
the same angle. In problem 4, they need to actually draw the reflections themselves
thereby requiring van Hiele's level 2. They also need to draw reflective symmetry for a
given design in problem 5. Although problems 2, 3, 4, and 5 are at van Hiele's level 2,
their difficulty is different. In problem 5, the segments of the triangle are intentionally
sloping and the circle does not possess reflective symmetry along any segment of the
triangle. In the last problem, they need to define reflective symmetry as a part of the
"abstract” level. To interpret the qualitative aspect in students’ level of actual
development, the question, "what do you think reflective symmetry is?” was asked at
the end of problem solving.

The interview question consists of the 4-problem set (See Appendix C). The purpose
of the interview question is to look into the student’s potential developmental level of
reflective symmetry in the two dimensional representation of a cube because the two
dimensional representation of three dimensions is important and related to other fields
(Mammana & Villani, 1998b; Cooper, 1992). In addition, I will look into the differences
between two students who have the same actual developmental level in the van Hiele
model.

3. Procedures

As it was pointed out, the pre-test was embedded in the actual classroom test that
was directly related to students’ grades at the heginning of learning ahbout reflective
symmetry. After finishing a one-week lecture on reflective symmetry, students took the
post—test. Since the instructor was out of class, 1 taught part of the class and then the
post—test was given afterward. If students participate in the study, they can get one
bonus point per question on his/her homework grade, for a maximum of 6 bonus
homework points. Out of 18 students in their independent problem solving in pre-test
and post-test, two students who are determined to have the same actual developmental
level are selected for the interview.

In the pre-test, Mary found all four lines of symmetry in a 12-gon polygon, as did
John (See Appendix A). However, they have a similar misconception that there is a line
of symmetry in a parallelogram. Figure 1 shows the results of Mary and John in
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finding all lines of symmetry in parallelogram.

—7 /77
— 177

Mary John
Figure 1. The results of pre-test

In the post-test a week later, they have the same results except for their definitions.
They were correct on problems 1 through 5. Moreover, they explained the equidistance
property in reflective symmetry when they justified their answer in the problem 3-c.
Although their definitions are slightly different, their basic principle is similar. They
defined reflective symmetry as follows:

Mary: The mirror image of a design over a particular line.
John: Being able to take an image fold it down the center and have both halvesline
up exactly. No rough edges.

Here, Mary has a static image while John considers it as a dynamic concept of
doing. However, they have the same conception of dividing the halves over a line.
Based on the results of the pre- and post- tests, I can assume that they are in the
same actual developmental level in van Hiele model that is, they are both at the analytic
level in reflective symmetry in 2D. They may be in the transitional phase to the
abstract level because they have a sense of mathematical definition.

Mary and John were interviewed for around twenty minutes based on the interview
questions (Appendix C). The interviews took place in a university office. All interviews
were audio—taped and transcribed for further analysis. To look into their ZPD, some
prompts were used for each student. For instance, when Mary had difficulty in the
second cube problem, the prompt of "why don't you use the two properties that you
just used in the last one?’was given to her. When John had no idea about the fourth
cube problem, the prompt of "why don’t you try the second option that is looking at the
plane?” was used.

4. Methods of analysis

Data were analyzed based on three distinctive features of mathematical discourses:
mathematical uses of words, discursive routines, and endorsed narratives, to scrutinize
the differences in Mary's and John's potential developments (Ben-Yehuda et al, 2005).
Uses of words imply how the participants use key words of colloquial and mathematical
discourse regarding reflective symmetry. Discursive routines are the patterns of
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repetitive actions in students’ discourses. Endorsed narratives are propositions that are
accepted as facts in mathematics. Based on these three distinctive aspects, the degree of
objectification in each student’s discourse was also discussed.

FINDINGS

1. Key words and their use

In the first cube problem, Mary’s key words were the perpendicular line and the same
distance while John's key words were visually, mentally, half and half, and equidistance.
In the second cube problem, Mary used equidistance, a perpendicular line, and angle
while John expressed visualize, the reflecting line, and reflex. In the third problem,
Mary's key words were not clear because there were a few prompts for her potential
development. However, John's key words were the reflecting plane and vertices. In
summary, Mary's key words are perpendicular, equidistance, and angle while John's key
words are visually, mentally, half and half, vertices, and the reflecting plane. Mary had
difficulty in wunderstanding angle with the two properties of equidistance and
perpendicularity in 3D. In the uses of key words, she contimued to focus on angle. It's
seems that she could use equidistance and perpendicularity in only 2D despite solving
the first cube problem. She didn't use her key words with visualization in 3D (e.g., "I
have difficulty understanding that the perpendicular line like how to draw without my
compass on two fixed points under drawing it”). Although John knew equidistance and
perpendicularity in 2D (e.g., He explained two properties when he drew the image in the
post-test), he did not used perpendicularity and angle as his key words. Instead, he
used "visually and mentally”and focused the points and the reflecting plane in 3D. John
also changed his key words from the line of symmetry or the reflecting line to the
reflecting plane.

2. Routines

When John and Mary tried the cube problems, they showed differences in their
flexibility. Although Mary had difficulty in understanding angle (e.g., "I have a difficulty
like from angle to angle not like a line”), she continued to focus on angle in 3D
reflective symmetry. Although the way in looking at the points was suggested during
the interview, she sticks to the way in considering an angle. However, John demon
strated flexibility. After solving the third problem by considering the point in the cube,
he was asked "can you think of it in a different way?” He explained the way in looking
at the reflecting plane from a different point (e.g., "Kind of have it in a different way
and image it’). Although there is no evidence for Mary’s corrigibility, John showed an
ability of retracing his way of thinking and correcting it. In the second problem, while
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he explained cutting it on the diagonal, he changed his mind and corrected his wrong
answer and Justified the answer.

Mary did not use visualization while John focused on visualization. She often
explained a difficulty without her compass, while John clarified his visualization of what
he could not see (e.g., "I kind of think this is the side I see and the side I don’t see”
and "I am not gonna be able to see it from side”). In addition, John showed the
transition from syntactic to objectified mode. His first scanned process may be called
syntactic mode, as it requires only knowing and using a problem expression itself. Then
he reified the problem with the purpose of finding a reflectional image in the task,
called objectified mode. In contrast, Mary used her scanned process syntactically. The
following Episode 1 exemplifies John's objectified use in finding a reflectional image in
the interview question 3.

Episode 1. John's objectified use in routines

Speaker What was said

1. John Umm-umm [~ .J I guess you can think of it as looking at the
reflecting plane from this point. So, I am looking at it over here and
this is kind of forming like these two lines, a kind of form you got
to try to image it like forming, yvou know, top of a triangle, so to
speak. That kind of put on the perspective like that might be a right
answer. So I guess I still even open for a right answer or not

2. Interviewer So, why do you put the plane in your part?

3. John Umm, just get kind of a different perspective, I guess.

4. Interviewer Okay, I am just curious because in this problem, you just look
at-like this [laughing]

5. John Yes, ye, kind of try to see the---[laughing]

6. Interviewer 1 am just wondering why you just put the figure in a different way.

7. John I don’t know. I guess because this is kind of a trouble with that
now and trying to think of maybe scene this is like, I don’'t know,
kind of have it in a different way and image it.

3. Endorsed narratives

Mary tried to understand equidistance, perpendicularity, and angle in 3D based
on the same properties on 2D. However, it seems that she just memorized and followed
a way to find an image of reflective symmetry in 2D (e.g., "That would be just right
like educated steps basically”). However, John showed a sense of thinking reflective
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symmetry visually and mentally in 3D based on his understanding on 2D instead of
memorizing and following the steps. In a sense, John showed a way of substantiating in
translating his understanding in 2D into reflective symmetric problems in 3D. At first,
Mary did not know that if a point would be on the reflecting plane, the point would
stay the same under a reflective symmetry over that plane. However, she used that
concept in the next problem. So, this narrative is Mary's potential development while
John already knew that narrative.

CONCLUSIONS

We have looked into Mary's and John's differences in their key words, routines, and
endorsed narratives. Those differences can also be summarized from the perspective of
objectification. When Mary tried to apply the concept of reflective symmetry from 2D to
3D, she focused on the educated steps in 2D. However, John's application in reflective
symmetry from 2D to 3D is related to a mental visualization. John had a flexible way
of thinking and visualization as an essence of reflective symmetry in 3D while Mary
concentrated on the educated steps based on angle with equidistance and
perpendicularity. Therefore, John's conception in 3D reflective symmetry is more
objectified than Mary’s because John was able to apply to 3D.

John's flexibility from on syntactic to objectified modein his routines indicates a
degree of objectification while Mary sticks to the educated steps in her routines. The
syntactic mode allows for very little interpretation of visualizations and no predictions,
whereas the objectified modes provide flexibility regarding both. While there is no
evidence in Mary’s routines, John also showed his corrigihility as one of the important
aspects of objectification. In endorsed narratives, John showed a sense of thinking
reflective symmetry visually and mentally in 3D while Mary memorized and followed
the narratives that she learned to find an image of reflective symmetry in 2D. Clearly,
the way in interpreting the essential concepts of reflective symmetry is more objectified
than memorization.

DISCUSSION

Although Mary and John had the same van Hiele actual developmental level, they
showed differences in their key words, routines, endorsed narratives, and objectification.
Much more importantly, they clarified their different abilities in the transitional phase
from reflective symmetry in 2D to one in 3D. van Hiele pointed out visualization as the
first level in geometric reasoning. However, it seems that visualization is more than the
first level in geometric reasoning. Actually, John showed us another importance of
visualization in the transitional phase from reflective symmetry in 2D to one in 3D. As
Arcavi (2003) points out, visualization can make students foresee the unseen at the
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service of problem solving. Moreover, as Brownell (1945) pointed out the essential
meanings of arithmetic, visualization may be not part of the several levels but the
essential component in geometric reasoning

The van Hiele model can provide some overall global view of the thinking process in
geometry. However, those assessments can hide heterogeneous phenomena under
homogeneous levels (Ben-Yehuda et al., 2005). Moreover, dynamic approaches that can
assess potential level of thinking may be more illuminating than the more typical static
approach (Clements, & Battista, 1992). In addition, when students are thinking,
meta—discursive rules guide them to do it in certain patterns. For instance, John's
mathematical discourse and his regulation as a meta-discursive rule behind his discourse
are intertwined processes in mathematical thinking, as shown in the previous routine
analysis. Therefore, mathematical discourses are seen as composed of a number of
object-level and meta-level activities (Sfard, 2001).

Obviously, scrutinizing epistemological analyses should be based on object-level and
meta-level activities in mathematical thinking. For instance, as for object-level activities,
the van Hiele model can be considered. If learning mathematics is becoming more skilful
in mathematical discourse, however, the meta-discursive rules that regulate students’
mathematical discourse In certain patterns deserve particular attention simultaneously.
While the mediating tools that students use deal with the object-level activities in
mathematical discourse, the meta-discursive rules guide the meta-level factors of
mathematical discourse (Sfard, 2001). For instance, symbolic tools used by students are
the mediating tools. The informal tools that students make by themselves are another
example. The certain mathematical ways of defining and proving, and non-reflective
observed meta-rules that regulate student discourse are the meta-discursive rules
(Sfard, 2001). Student preference to a specific representation out of several
representations is another example of the meta-discursive rules. A certain way of
monitoring and adjusting what one is doing, some repetitive patterns and strategies with
which students react to requests, questions, and problems, noticed in their responses,
can be other mathematical meta-discursive rules.

To more fully understand the nature of student mathematical thinking and investigate
students’ ZPD, meta—discursive rules need to be revealed because thinking is interwoven
with meta-discursive rules as the guiding forces for mathematical thinking. Therefore,
not only object-level activities but also meta-discursive rules need to be investigated in
a methodology because of their interdependence. When examining discourse analysis,
mathematical meta—discursive rules may be found as tacit forces for learning. Identifying
meta—discursive rules may shed light on certain educational principles which have been
implicit and overlooked in a sense. Therefore, to reveal student meta-discursive rules
and have knowledge of students’ ZPD, the methodology in research should be based on
gualitative appreciation of discourse analysis.
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Appendix A. Pre-test

Draw all symmetry lines on the figure.
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Appendix B. Post test

Problem 1. Which of the following does not have reflective symmetry?
A. B.
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Problem 3. For each, is the bold segment a line of reflection? If not, provide a short
explanation.

A. B.

R

P2

Problem 4. Sketch the image of the below polygon under reflective symmetry over the

bold segment.
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Problem 5. Add to the following design so that it has reflective symmetry.
Draw a line of symmetry.

Problem 6. What do you think reflective symmetry is?
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Appendix C: 3D Problems and John’s and Mary’s Answers

Problems John’s answers Mary’s answers

e e
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