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Abstract : A new mixed-effects model was developed that predicts individual-tree total height for Pinus

densiflora trees in Gangwon province as a function of individual-tree diameter (cm). The mixed-effects

model contains two random-effects parameters. Maximum likelihood estimation was used to fit the model

to 560 height-diameter observations of individual trees measured throughout Gwangwon province in 2007

as part of the National Forest Inventory Program in Korea. The new model is an improvement over fixed-

effects models because it can be calibrated to a local area, such as an inventory plot or individual stand.

The new model also appears to be an improvement over the Forest Resources Evaluation and Prediction

Program for the ten calibration trees used in this study. An example is provided that describes how to

estimate the random-effects parameters using ten calibration trees.
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Introduction

A result of the third panel in the 5th Korean National

Forest Inventory (NFI) Program reports that forests

cover 6.38 million ha or about 64% of total land area in

Korea. The coniferous forest comprises nearly 42.3%

(2.70 million ha) of the total forest cover. The broadle-

aved forest and mixed forest cover 25.9% (1.66 million

ha) and 29.3% (1.87 million ha), respectively. Pinus

densiflora, which is the most abundant tree species in

Korea, covers about 24% of the total forest area, and

about 17% of total Pinus densiflora forest area is located

in Gangwon Province (Korea Forest Service, 2008). The

current growing stock volume in Gangwon province

measured by the NFI in 2007 is about 149.65 cubic

meters per hectare, which is the highest growing stock in

Korea (Kim et al., 2008). Among the native tree species

in Korea, Pinus densiflora is one of the most important

tree species in terms of high-value wood products and

our cultural and historical meanings in Korea. Therefore,

the management of Pinus densiflora and the reliability

of the growth model used to forecast the future growth

of these forests is very important to forest managers in

Korea.

The Korea Forest Research Institute (2004, 2008)

developed and updated the individual-tree level and stand

level growth prediction system for major tree species,

called the Forest Resources Evaluation and Prediction

Program (FREPP), to predict the growth and yield for

major tree species in Korea, including Pinus densiflora.

However, the height-diameter relationship for Pinus den-

siflora has not been extensively studied for this impor-

tant species. Total tree height is often a difficult and

expensive variable to measure on trees. Many tree spe-

cies exhibit a strong correlation between total height and

diameter that can be exploited to reduce inventory costs

with little loss in precision. In a typical forest inventory,

such as the NFI in Korea (Korea Forest Research Institute,

2008), all sampled trees are measured for diameter while

a sub-sample of trees is measured for total height and

diameter. These sub-sampled trees are used to develop a

statistical model that predicts total height as a function

of diameter. Then, this model is used to predict total

height for the other trees that were not measured for

height. This approach produces a model that is often
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only applicable to the localized area for which it was

developed. In contrast, height-diameter models can be

developed for large geographic regions rather than local-

ized areas. These models represent the population aver-

age height which may or may not accurately represent a

specific localized area. The recent development of mixed-

effect estimation techniques (Budhathoki et al., 2008;

Calama and Montero, 2004; Lappi, 1997; Lynch et al.,

2005; Mehtatalo, 2004; Sharma and Parton, 2007;

Trincado et al., 2007) has made it possible to build

height-diameter models from regional databases, like the

national inventory, that can be calibrated to local stands

with a sub-sample of trees measured for total height and

diameter. This type of model has the potential to greatly

reduce the effort to sample total height of Pinus densi-

flora.

The objective of this study was to develop a mixed-

effects height-diameter model for Pinus densiflora trees

in Gangwon province. No such model has been devel-

oped for this region. In this study, we examined a new

mixed-effects model that contains two random-effects

parameters to determine the best predictive model for

Pinus densiflora trees in Gangwon province.

Methods

Avery and Burkhart (2002) and Clutter et al. (1983)

present an equation that has been widely used to predict

average individual tree to height as a function of indi-

vidual tree diameter (D) and two constants (b
0
 and b

1
):

(1)

where,

H = total tree height (m),

D = tree diameter (cm) at breast height (dbh),

b
i

= population average fixed-effects regression parame-

ters, and

ln( · ) = natural logarithm function.

Equation 1 provides predictions that represent the pop-

ulation average total height estimate for individual trees.

The two parameters (b
0
 and b

1
) are assumed to be fixed

and do not vary across sampling units (i.e., plot, stand,

forest) within a population. However, trees are often

sampled on plots and plot-specific site characteristics

such as soils, nutrients, and competition vary from plot

to plot. So, a more flexible model would allow the two

parameters b
0
 and b

1 
to vary by plot. Since plots are

sampled randomly, b
0
 and b

1
 can also be considered ran-

dom. Thus, cluster-specific random-effects can be added

to the two population average fixed-effects parameters in

equation 1 to produce a model with cluster-specific

parameters:

(2)

where, u
i
= cluster-specific random-effects regression param-

eters and all other variables are defined as before. For

linear mixed-effects models such as equation 2, the fit-

ting process estimates five parameters: b
0
 and b

1
,
  

and

=variances of u
0
 and u

1
, respectively, and = cova-

riance of u
0
 and u

1
. These five parameters along with

residual error are used in a Bayesian methodology that is

implemented outside of the model fitting process to

determine the cluster-specific random-effects, u
0
 and u

1
.

This has the advantage of not only statistical efficiency,

but also the ability to calibrate the mixed-effects model

with independent data from specific plots (Vandershaaf,

2008).

Maximum likelihood estimation was used to fit equa-

tion 2 to 560 height-diameter observations measured on

Pinus densiflora trees in Gangwon province (Table 1).

Plots ranged in age from 12 to 110 years old, and rep-

resented a wide range of site quality and density. The

plots have been measured in 2007 as part of the NFI

Program in Korea. For comparison, equation 1 was also

fit to the 560 observations using ordinary least squares

estimation. Ten individual Pinus densiflora trees on two

plots (plot numbers 27240481 and 2764484 in the NFI

database) were randomly selected and removed from the

dataset used to estimate the regression coefficients. These

ten trees were used later to examine the differences in

predictions from the mixed-effects model (equation 2),

the ordinary least squares model (equation 1), and the

FREPP. The Akaike Information Criterion (AIC, Akaike,

1974) was also used to select the best model (equation

1 or equation 2). AIC is a statistical tool for selecting a

best fit model from a number of candidates, where a

smaller value equates to a better fit. It is a measure of

goodness of fit that considers both model bias and pre-

cision. The MIXED procedure of SAS was used to esti-

mate the regression parameters in equation 2, and the
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Table 1. Observed individual tree characteristics for Pinus densiflora trees in Gangwon province (n = 560 observations
from NFI plots across Gangwon province).

Variables Mean Standard Deviation Minimum Maximum

Age (years) 41.5 15.2 12.0 110.0

Diameter at Breast Height (cm) 25.6 10.3 6.0 75.0

Dominant Height (m) 13.1 3.9 2.2 26.4

Crown Height (m) 6.8 2.8 1.1 17.0
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REG procedure of SAS was used to estimate the regres-

sion parameters in equation 1. 

Results and Discussion

Based on the AIC statistic, the mixed-effects model

(equation 2) performed best for individual Pinus densi-

flora tree total height prediction (Table 2). The regres-

sion parameter estimates were both significantly different

from zero (p<0.0001). The residual error and the vari-

ance-covariance matrix values of the random-effects

(cluster-specific) regression parameters are presented in

Table 3. An application example serves to show the ben-

efits from using mixed-effects models to calibrate a pop-

ulation-level (fixed-effects) model to specific plots. The

example also shows the superiority of using mixed-

effects models versus ordinary least squares models. 

The random-effects parameters of equation 2 can be

estimated with the following equation derived using

Bayesian methodology that is presented in matrix format

(Lappi, 1991; Schabenberger and Pierce, 2002):

(3)

where:

u = vector of predicted random-effects (cluster-specific)

parameters,

Z = design matrix for the random-effects parameters,

= predicted variance-covariance matrix for the residual

errors of individual trees, e, in Table 2,

= predicted variance-covariance matrix of the ran-

dom-effects parameters using values in Table 3,

y = vector of observed individual tree heights,

X = vector of independent variables, D,

b = vector of estimated fixed-effects parameters in

Table 2.

For this example, these matrix values become:

 =0.01485 X 

(y-Xb)=

Using matrix algebra on equation 3 leads to the esti-

mates of the cluster-specific random-effects parameters

of equation 2 for these ten Pinus densiflora trees:

These estimated random-effects parameters were added to

the estimated fixed-effects estimates, b (Table 2), to obtain

cluster-specific parameter estimates for these ten trees:

Thus, the final mixed-effects height-diameter equation

for these ten trees is:

(4)

The total height predictions from equation 4 were plot-

ted along with predictions from equation 2 with only

fixed-effects regression parameters, the ordinary least

squares model (equation 1), FREPP, and observed values

to show the improvement by using a mixed-effects height-

diameter model (Figure 1). A log-transformation bias cor-

rection factor, c=residual error/2=e/2 (Baskerville, 1972),

was also applied to equation 4 to convert the log units

(i.e., ln(m) to absolute units (m)). The mixed-effects pre-

dictions are more aligned with the observed values than

either the fixed-effects predictions or the ordinary least

squares predictions. The FREPP predictions were over-

u Z′R̂
1–

Z D̂
1–

+( )
1–

Z'R̂
1–

y Xb–( )=

R̂

D̂

D̂
0.03959  0.02489

0.02489 0.1583
=

R̂ I
10 10×

0.033934219

0.107705067

0.116684452

0.05422626–

0.103241172

0.110723357

0.144718233

0.026991611

0.107922881

0.150687791

Z

1 0.083333333

1 0.066666667

1 0.055555556

1 0.035714286

1 0.035714286

1 0.033333333

1 0.031250000

1 0.029411765

1 0.025000000

1 0.022222222

=

u 0.080083327

0.040298019
=

b u+   2.8714 0.080083327+

7.8385– 0.040298019+

2.971483327

7.798201981–
= =

H( )ln 2.971483327( ) 7.798201981( )D 1–
–=

Table 2. Parameter estimates and fit statistics of the mixed-
effects height-diameter equation for Pinus densiflora trees in
Gangwon province.

Parameter
Parameter
Estimate

Standard
Error

Pr
(Parameter=0)

AIC

b
0

2.8914 0.02478 < 0.0001 -356.0

b
1

-7.8385 0.4307 < 0.0001

Table 3. Variance-covariance matrix for the random parame-
ters (u

i
) and residual error (e) of height-diameter equation

(4) for Pinus densiflora trees in Gangwon province.

Parameter u
0

u
1

e

u
0

0.03959

u
1

0.02489 0.1583

e 0 0 0.01485
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estimated compared to the predictions of the other three

models.

In conclusion, the mixed-effects model (equation 2)

best predicts total height for individual Pinus densi-

flora trees in Gangwon Province. Though additional

computation is needed, we believe the inclusion of

cluster-specific random-effects is justified considering

that they improve total height predictions on specific

plots. We compared the new mixed-effects model with

a small sample of independent data to show how well

mixed-effects models predict total height with very few

(ten in this study) calibration trees. The new mixed-

effects model performed better than fixed-effects mod-

els, including the Forest Resources Evaluation and Pre-

diction Program (FREPP). We recommend that forest

managers use equation 2 with ten calibration trees to

predict missing total heights for Pinus densiflora trees

growing in Gangwon Province. This methodology

would be ideal for inventories that routinely sub-sam-

ple for total tree height but obtain diameters for all

sampled trees. 
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