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ON THE MEAN VALUES OF DEDEKIND SUMS
AND HARDY SUMS

HuanNiNG Liv

ABSTRACT. For a positive integer k and an arbitrary integer h, the clas-
sical Dedekind sums s(h, k) is defined by

wn=5 (D) (),

1=1
where
1
(z) = z — [z] - 2 if = is not an integer;
0, if  is an integer.

J. B. Conrey et al proved that

> szm(h,k)=fm(k>(%)m*()((’“ + KT Y log k)

For m > 2, C. Jia reduced the error terms to O (kzm‘l). While for

m = 1, W. Zhang showed

Z 144 ¢(k,)H ( 1+) +p +

1 |k

4logk
Ol|k e
* (exp(loglogk)>

In this paper we give some formulae on the mean value of the Dedekind
sums and and Hardy sums, and generalize the above results.

(=t

§ 1. Introduction

For a positive integer k£ and an arbitrary integer h, the classical Dedekind
sums s(h, k) is defined by
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=5 () ()

g=1
where
2 3
0, if z is an integer.

The sum s(h, k) plays an important role in the transformation theory of the
Dedekind 7 function (see [17] and Chapter 3 of [1] for details).

Perhaps the most famous property of the Dedekind sums is the reciprocity
formula

(@) = { z ~ [z] — %, if z is not an integer;

hR2+k24+1 1
for positive coprime integers h and k. R. Dedekind [9], H. Rademacher [17],
B. C. Berndt [2-4] and U. Dieter [10] gave different proofs for this famous
reciprocity formula. Some three term versions of this formula were discovered
by H. Rademacher [17], R. R. Hall [11], and J. Pommersheim {16].

Suppose that a, ¢, k, k > 0 with (a,q) = 1 and (h,k) = 1. Suppose further
that z = gh — ak satisfies |2| < g. J. B. Conrey, E. Fransen, R. Klein, and
C. Scott [8] showed that
(12) s(h,) = o= + O (1s (@) + el + ).

Then they studied the 2m-th power mean of Dedekind sums, and proved the
following proposition by using the circle method.

Proposition 1.1. Suppose that m is a given positive integer and k is any
sufficiently large integer. Then

k 2
Z S2m(h’k) — fm(k) (%) m + 0 ((k% +k2m—1+m;+1) logS k‘) ,
h=1

(h,k)=1

where fm (k) is defined by the Dirichlet series
+oo 2 g .
megk) -9. ¢ (Zm) . C(s+4m 1) 'C(S),
k=1

¢(4m)  (%(s+2m)
and ((s) is the Riemann zeta-function.

In {13], C. Jia improved the error terms in Proposition 1.1, and proved the
following:

Proposition 1.2. For every given integer m > 2 and any sufficiently large
integer k, we have

k 2m
S k) = ) (g5)  +O ().

h=1
(h,k)=1
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How to reduce the error terms in Proposition 1.1 for m = 17 Recall that
H. Walum [19] established a relation between Dedekind sums and Dirichlet
L-functions as following:

S Elf = 2D S g2,

2
x mod p b h=1
x(=1)=-1
where p is a prime number, L(1,x) = :;’j -X—(nl) is the Dirichlet L-functions,

and x denotes a Dirichlet character modulo p. In the spirit of [8] and [19],
W. Zhang [20] showed that

)= S S i,
dlk

x mod d
x(—1)=-1

where ¢(d) is the Euler function, and finally in [21] he proved the following:

Proposition 1.3. For any sufficiently large integer k, we have

(1.3)
2
k 1+l) - 1
5 ( 5T 4logk
2 - i L
>, k)= gpke [ | =751 +0<’“e"p (1oglogk))’
o el

where Hpa” . denotes the product over all prime divisors p of k with p* | k and
Pt k, and exp(y) = ev.

Taking m = 1 in Proposition 1.1, we get

k
1 9
1.4 2 =— 2 slog’k).
(1.4) h; $2(h k) = o Fu(R)K +O<k510g k)
(h.k)=1

Compare (1.3) and (1.4), we have

o) vy | (1+2) - i

filk) =5- 1, 1
1+1_J+p_2

p=||k

Does fy,(k) have similar form for m > 1?7 If yes, then we can get some inter-
esting result from Propositions 1.1, 1.2, and 1.3. In Section 2 we shall prove
the following:

Theorem 1.1. For any given integer m > 1 and any sufficiently large integer
k, we have the identity

oty = 260m) pp (2 )~ gt (1 grber)

¢(4m)

1
el b
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Taking m = 1 in Theorem 1.1, we immediately get

Ak = 5] (1-3) “ge (13)

_ 5. 9k II (1+%)2_53éﬁ

p*||k p " p

Then from Propositions 1.1-1.3 and Theorem 1.1 we have

Corollary 1.1. Suppose that m is a given positive integer and k is any suffi-
ciently large integer. Then

k
> s*™(hk)
h=1 )

(h,k)=1
2 2
2(9m, 2m 1- 2w ) — smemner (1 =t
- zg(gn)) (%) }.—”[k ( ) 1<_ p-;m ( ) +en(k),
where
it < { fm(88): dn
B. C. Berndt [5] defined the following Hardy sums:
SRV (b ) =3 (1) (%))
S(ha k) = JZI( 1) ) $1 < & >
oS () (). va-F00 ().
j=1
sa(h,k) = k}:( Nkl s5(h, k) =i(—1)i+[%i ((%)) :
Jj=1 j=1

and studied their arithmetical properties in [6]. For (h,k) = 1, R. Sitara-

machandrarao [18] and M. R. Pettet [15] expressed Hardy sums in terms of
Dedekind sum s(h, k) as following:

S(h, k) = 8s(h, 2k) + 8s(2h, k) — 20s(h, k), if h+ k is odd;
k) = 0, if h + k is even,
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2s(h, k) — 4s(h,2k), if his even;
su(h, k) = { if A is odd,
—st{h, k) + 2s(2h, k), if kis even,
0, if k is odd,
2s(h, k) — 4s(2h,k), if kis odd;
, if &k is even,
_ ] —4s(h,k)+8s(h,2k), if his odd;
10, if b is even,
(h,K) = —10s(h, k) + 4s(2h, k) + 4s(h, 2k), if h + k is even;
% 0, if b+ k is odd.

For s1(h, k), the author [14] proved the following:
Proposition 1.4. For any fized integer m > 2 and any sufficiently large odd
number k, we have the asympiotic formule

k

- k 2m .
> (b, k) = gm(k) (5) +0 (K21,
h=1
(h,ky=1
2}h

where g, (k) is defined by the Dirichlet series

+oo gm(k) B (2s+4m - 2) (23 - 1) . <2(2m) ‘ C(S +4m - 1)

= -{(s).
o ke (2s+2m — )2 (22m 1 1) C(4m)  (3(s+2m) (s)
24k
While X. Chen and W. Zhang [7] got the following:
Proposition 1.5. For any odd number k > 2, we have
2
k (1+ 1) - T dlogk
2y, p k g )
; k) = gho(k) T v s | O (g
= Pk
(h,k)=1
2k

In Section 3 we shall prove the following:

Theorem 1.2. For any given integer m > 2 and any sufficiently large odd
number k, we have the identity

(22m 4 1) ¢(4m) 1~ st

gmik) = __Cz(ﬂ)__ H (1 B 571"”—>2 - p(4m—11)a+1 (1 - pz,i_l)z
p=|jk
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Let m = 1, we immmediately get

1\? 1 1\? 1\? 1
L (0m3) () |1 e o ((4)
_ P o _
gl(k)_§H ) =3 % H !
Pl -5 ik | TptE

Then from Propositions 1.4, 1.5, and Theorem 1.2 we have

Corollary 1.2. Suppose that m is a gﬁ*ven positive integer and k is any suffi-
ciently large odd number. Then
k
Y. stk
h=1
(h,k)=1
2|k

+ e (k),

1\? 1 1 \?
= ¢(2m) (E)Qm H (1_ 172_’“) a3 p(“'”‘l)l““ (1— ﬁm"l)
(22m + 1) ¢(4m) ool 1— 547171

where
dlogk A 1.
e;n(k} & keXp (loglogk) > ifm 1’ ‘
k2, ifm> 1.
In [22], W. Zhang obtained the following:

Proposition 1.6. Let k = 2°M be an integer with 8> 1 and 2 t M. Then we
have

k

2
1
2‘ 9 (1+%) _p3a+1 410gk
Yo SRk k) = s kolk) (—-2—35) [T |2 | +o(kem ().
he1 || M 1+—+~§
(h,k)=1 p P

We shall study the 2m-th power mean of sy(h, k) in Section 4, and prove
the following:

Theorem 1.3. For any fized integer m > 2 and any sufficiently large even
number k, we have the asymptotic formula

k k 2m
2m — e 2m—1
S nink =hn® (7) 00,

(h,k)=1
where ;
hum (k) = Z 2™ Z Z (gh — Qk)2m
a=1 -
2|q (a,9)=1 (h kY= 1
2fa 2tk

gh—ak#0
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In Section 5 we shall farther show the following:

Theorem 1.4. Let k = 2°M be an integer with 3 > 1 and 21 M. Then for

any integer m > 2, we have the identity

22mc2(2m) 22m ~-1 26m—2 +1- 24m—1 _ 24m—2
(7 )

(22m 4+ 1) ((4m) B

hum (k) = (24m=1_71) ~ (24m=1 2 1) 2(dm-1)F+2m~1

1 2 1 i 2
(1 - W) - p{Am=Ta+T (1 - p2m_1)
<11
M

i
1“;,—47?_—1

Let m = 1, we immediately get

o - 30 [ et

14\5 2%

pe|M

B 5(3 2>¢(M) (1+%)2”“‘3’5¢T

14\5 2%

_ 3(3 2) 28 ¢(k)H (1+%)>2—i3—0}+—T

5 238

1 1
1+5+;;7

Then from Proposition 1.6, Theorem 1.3 and Theorem 1.4 we have

Corollary 1.3. Suppose that m is a given positive integer and k = 2°M is
any sufficiently large even number with 3 > 1 and 24 M. Then

k
Y s3m(hk)
h=1
(h,k)=1
22m<2{2m) 22m -1 96m—2 +1— 24m—1 . 24m—2 k 2m
=(22m +1)¢(dm) (22m (24m=1 1)  (24m~1 2 1) 2[dm-1)3+2m—1 ) (Z)

+ €5, (k)

1 2 1 1 2
« H (1 - pzm) - pl@m~TDat1 (1 - pZm«1>
1
pellM L= e

where

4logk : I
kexp (m) , fm=1;

k2m-1, ifm > 1.

e (k) < {
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On the other hand, from Proposition 1.4 and Theorem 1.2 we have

i
1- St

2 2
2_
ksp]._.[

_(2etm—2) (20 - 1) ((s+4m-1)
T (2stam )2 (*(s +2m)

-¢(s)-
Therefore

+00 m(k) +00 +00 m(k') +oo +oo 2ﬂM)
> DI

280
k=1 B8=1 k=1 8=1 M=1 (2 M)S
2k 2/311:: %M
22mc2(2 ) 22m -1 26m—~2 +1- 24m—-1 - 24m~—2
_(22m + 1) C 4m} Z zﬂs (22m (24m—1 _ 1) - (24m—1 _ 1) 2(4m—l)ﬁ'+2m—-1 )

2

xZ - 11 (1'71%) “W(I”F’%’f)
{M

__ 2P (P(2m) ((s+4m -

T(estem 12 (22m 4+ 1) ((dm)  (3(s+2m)

Using the same methods, one can get similar interesting results for other Hardy

suims.

panM R

D ¢s).

§ 2. Proof of Theorem 1.1

First we prove the following lemma.
Lemma 2.1. For any positive integers k and m, we have
400
_ M) 1
- ZdZm Zg2m- Z 2m

dlk ok g=1
(¢.5)=9g

2
1 1-— 1
P@Em—Tiatt =T

1 - 1
pam

2
= ((2m) H (1_1?17;) -

p*lk
Proof. By use of the Mo&bius relation

, fn=1,
(2.1) D_nld) = { ifn>1,

dln
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we have
+oc 1 1 +oc
> g = g > ;;;; MZ szw
g=1 g=1 t|q
(0:5)=9 (o.8)=1 tay
_ Bt) <
- 2m Z Z 2m - ‘Zm Z t2m .
t‘ a5 ﬂ dg
This gives
p(d) u(t
(2.2) Ay =¢@m)) p > DI
dlk glzx s

On the other hand, from the properties of multiplicative functions we have
(2.3)

d (t
SEEY e Y= 1 z*‘zngmlgﬁzg

dlk glk t £ |k | dlp> 912

LS 0
- gim—1 12m 2m 4m 1 12m

p*||k | glp™ 2 glpa~? ¢t
- g g

K 1 1 1 1 ! 1 _ 1
_ H 1- =+ S Datim T p@A-DGIT P (1 i T @ aDTzn T plEm-Da

i
pellk L 1- e I_W
r 1 2 2
[0t )
poilk 1—-7—-—fpm_

Then from (2.2) and (2.3) we have

(1—;}31*”7)2”;@%_1_1)[54—1(1‘“5%71')2
=¢em) []

1
1- pan—T

Now we prove Theorem 1.1. From [8] or [13] we know that

Z 2m ; Z (qhwak}mx

(e,q)= (h k) 1
gh—ak#0
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By (2.1) we get

m(k) = Z 2mZZ“t) Z (qh— ak)sz“

a=1 t,q h=—

tla ah—akro dlk
Sy 8 S
(2.4) t4m ™ Ly Lot qh ak}2m s
qh—ak#0 dlk
1(d) :
C(4m) dzfl; 2 g™ g h_z_:oo d)
qh—2E 0

Let g = (g, %). Then

q

Z Z (qh ak)2m

a=1 hxm—o0

qh~ﬂdﬁ¢o
1 < )
2m Z Z o Nom 2m Z Z -z2—m
] Py ak B
(25) a o ‘;:-:60 (g dg) "
' ’ Z‘-—'——( mod 5-)
Z 3L 1§ 1 XCm)
a=1  z=-00 Z2m - g2m—l N z2m g2m—1
##0 2570
z:—:a( mod %)
Now from (2.4), (2.5), and Lemma 2.1 we have
2((2m) = p(d) o
fm(k) = L
§(4 ) S dzm Z 92m 1 ; q2
(a.5)=9
1 1 2 1 1 1
_ 2(2(2??'),) H ( - 5577?) - m — ;)m
¢(4m) P>k 1— ot

This proves Theorem 1.1.

§ 3. Proof of Theorem 1.2

First we have
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Lemma 3.1. For any integer m > 1 and positive odd number k, we have

,LL +oo 1
Z q2m Z g2m i Z g2m
dlk alk g=1
2q
(.%)=g
2 2
_(@-1) (2m) ] (1 _ p%’") — ST (1 _ P”’l‘“)
To2m 6(2m) 1— =i
ik P
Proof. By (2.1) we get
400 1 1 +oo
Z &n . em Z q2—m_ 2mz sz/”
g=1 q=1
2%q 2tq 21”61 t] %
<Q1§)=:9 (q’éc”):l
(22m - 1) 1 p(t)
= ng Z = M) = Y T
1] £ g=1 @ g tid5
0 2y °

Then from (2.3) we have

22m — d t
Ay = (___l ¢(2m) ;;gm) Z gim=1 Zl;z(m)

d|k Qlk ﬂ dg

2 2
1 = 1 1 — 1
i pldm—Ta+1 pam=1

e [

|k

1— 4m1

Now we prove Theorem 1.2. From [14] we know that

+o0 1
gm(k) = 2 P Z Z (qh—ak)zm ; B

a=1 h=—o00
(3.1) 2)(q (2.9)=1 (h,k)=1 (h,k)=1
2]a 2|k 2|k
gh—aks#0

= g (k) + g (k).
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Noting that k& is odd. It is easy to show that

Z h2m Z h2'm Zp’(d

dlh
(h k) 1 2lh dik
(3.2) 2|k
pd) X 1 ¢(2m) Z w(d)
d2m h2m = 22m :
dlk dlk

2|h

On the other hand, by (2.1) we get

, 1
gm(k) Z 2m Z—:l hz ak)Zm

qu (a,9)=1 (h,k)=1
2le 2|k
qgh—aks£0
+00
—Z g2m ZZ“(t Z ak)2m Z“
a=1 t|q h=-—00 dlh
2’(q 2la yq 2|h dlk
(3.3) gh— ak;éO
ILD PR U S )
=Y ey = 7 2 (d)
t=1 i =1 ma-—l h=—00 (gh - ak) " d|h
2ft 24q 2la 2lh dik
qh—-—ak;éO
u(d
(24m ]_) <(4m) dzll; m Z 2m ; h—z_oo
2J(q 2le  2}h
adk?éo

Let g = (g,%). Then

O T D DID S

%)

2m m
a=1 h=—o00 (qh—%) a=1 h=—o0
dg
2la 2jn 2l 2n g
(3.4) gh= g #0 L - gk A0

1 (g—1)/2 +o0

1
=WZ >

2m
a=1 h=—00 (g—}£ - 9—-’2)
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(g—1)/2 +oo 1
= 22m 2m Z Z %
2T 00
z#0
Z=—%%( mod 3)
1 {g—1)/2 +00 1 (g-1)/2 ~1 1
= 22mg2m Z Z 22"" 22m92m Z Z 2_2;"‘“
a=1 z=1 a=1 Z2=—00
zz-%(mod %) z2=— %(mod %)
-1 +0o0
1% 1
= 22mg2m Z Z -Z_2Z
a=
z———( mod 3)
1 1 = 1
= zzmg2m Z Z ;En" - 22n192m Z %
=1 z=1
Z:_Tg( mod q) zE(}( mod %)

1 i" 1 1 S":" 1 ¢(em) ¢(2m)

= zzmg2m 1 om 22mq2m Z?m 22mg2m—1 - 22mq2m !

Now from (3.3) and (3.4) we have

Cy - P dem) pd) - 1§31
gm(k) - (24m _ 1) C(4m) e q2m glzﬁ g2m—1 ; q2m
¢ 2q
(0.5)=g
2°m ({(2m p(d) %
(3‘5) _(24m _ 1) ’ C(4m s d2m Z 4m

2’(&1

Noting that

(66) —2r o) S p@ YR L (om) o (@)

~(24m -1) ((4m) o dem pot gim - 92m o Jg2m’

2{q

then combining (3.1), (3.2), (3.5), (3.6}, and Lemma 3.1 we have

gm(k) = ¢ (2m) prs H (1 — P"’L"‘)Z Tl 1“““ (1 B 392”1"1)2

- 22m 1 - 4 T
(22 +1) ¢dm) 2o 1— =

This completes the proof of Theorem 1.2.
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§ 4. Proof of Theorem 1.3
We need the following lemmas.

Lemma 4.1. For any given positive integer k and any integér h with (h,k) =1
and any P > 1, there exist a positive integer ¢ < P and an integer a with
(a,q) =1 such that

h_al oL
kE q| qP
Proof. This is a well-known result; See Theorem 36 of [12]. O

Lemma 4.2. Leta, b, ¢, d, h and k be positive integers with ad — bc = 1 and

B ARG

12¢cky 4
Proof. This is equation (26) of [11]. ]

Then we have

s(a,c) + s(h, k) — s(z,y) =

Lemma 4.3. Let k be a positive even number, h be an odd number with (k,h) =
1. Then

sa2(h, k) = 2s (h, g) — s(h, k).
Proof. See [18] or [15]. O

Lemma 4.4. For any positive integer q, we have

q
> ls(e,q)l < qlog’q.

a=1
(a,9)=1

Proof. This is Lemma 6 of [8]. a

Lemma 4.5. Let k be a positive even number, a, g and h be positive integers
with (h,k) = (a,q) =1, z=qh —ak. I[f1 < |2| < &, then

k q .
sa(h, k) = gz +0 (|3 (‘1, 5)’ + |s(a,q)) + |z|) , if q is an even number;
O(g+|zl), if q is an odd number.

Proof. Suppose that g is even. Since (a,¢) = 1, @ must be odd number.
First we consider the case that z < 0. Since (a,q) = 1, there exist positive
integers b and d such that

ad—-bg=1, 1<d<aq.
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Since ¢ is even, d must be odd. Let f = dh — bk. Then we have
d =b\(h\ _[(f
—q a k)] \~z
(5 9 (&)=
s o)1)=

The fact that d < ¢ and z > _k vields
q

h b h a 1 z 1 kd [z 1
= — == S+ =)= i) ==(Z+=}>0.
d kd(’ﬂ d) kd(k q+q ) kd<qk+qd> q (k+d) g

On the other hand, since (h,k) = 1 and f is odd, we get (f,—z) = 1. Then
by Lemma 4.2,

q E\ _ F£+E 4+ 1
3(”’2)+8(f’—z)*5(h’2>“— 6gkz 1

s@g)zéyum%@gﬂ+wy

From Lemma 8 of [8] we also have

s(h,k) = =+ 0I5 (@,9)] +12).

Therefore by Lemma 4.3 we immediately get

salh, k) = 28 (h, g) —s(h k) = Z’;—Z-Jro (s (&.2)| +1sta @)l + 121) it = <o.

and

That is,

For z > 0, we can find positive integers b and d satisfying
ad —bg = -1, 1<d<ayg.
Since g is even, d must be odd. Let f = bk — dh. Then we have

(e 7)) =)

and

Similarly we can get (f,z) =1 and

b R 1 a h 1z kd (1 2
:k; —_—— = = p— - — — = —_— — = — _—— = >0'
d d(d ’f) kd(qolJr q k) kd(qd qk) q (d k>

Then by Lemma 4.2,
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Noting that (see (1.1))

€ 1g241 1
o)1
3(2,a +s >3 6ag 4

k K\ Ein+1 1
S(E’h)+5(h’§)_ 6kh 4’

o(5) = o s (a )

So from Lemma 8 of [8] and Lemma 4.3 we immediately get

sa(h, k) = 2s (h, g) —s(h,k) = 4i+o (‘s (a, g)| + |s(a, @)} + |z|) for z > 0.

gz

and

we have

This proves that
sa(h, k) = 4_’;; +0 (’s (a, %)! + |s(a, )| + |z|) , if ¢ is an even number.

On the other hand, if g is an odd number, using similar methods we can get

52(h7k)<<Q+|z|' O

Now we prove Theorem 1.3. We suppose that m > 2, a sufficiently large
even number k are given and we set

Q= [kl/z] .,  P=2Q.

a 1 a 1
100 = (3~ o)

When %ll # %21 and ¢1,¢2 < @, one has

s Lo (L4 L)
@ @ qe " \aP @P)’
Thus the intervals I(a, ¢) are pairwise disjoint.
If 1 < h<kand (h k) = 1, then by Lemma 4.1, £ falls into an interval
I(a,q) with1<¢< P,0<a<qand (a,q) =1.
Let z = gh — ak. It is easy to see that z # 0 and

h a k

k

If £ falls into an interval I(a,q) with 1 < ¢
0 <a<qand (a,q) =1, by Lemma 4.5, we have

Let

a1 ag

|z| = gk

k
.
<

P, g is an odd number,

k
s2(hk) = O (g +2) < P+ 5 < k3.
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Thus,

(4.1) 3B (b k) < KL < B2

where the asterisk indicates summation over those integers h, 1 < h < k,
(h,k) =1 for which % falls into an interval I{a,q) with 1 < ¢ < P, ¢ is an odd
number, 0 < a < g and (a,q) = 1.

If % falls into an interval I(a,q) with @ < ¢ < P, ¢ is an even number,
1< a<qand (a,q) =1, by Lemma 4.5, we have

k q k k k k 1
sah k) = 740 ([s (a3)] +lst ol + |2l) < T +a+ p < g+ P+ p <k
Thus,

(4.2) 3B (b k) < B < B2,

where the asterisk indicates summation over those integers h, 1 < h < k,
(h,k) = 1 for which 2 falls into an interval I(a,q) with @ < ¢ < P, ¢ is an
even number, 1 < a < q and {a,q) = 1.

Therefore
k Q@ g "
4y Y Aen=Y Y 80+ 0 (775,
he1 q=1 a=1 h/kel(a,q)
(h,k)=1 2|q (a,q)=1

where the asterisk means that 1 <h <k, (h,k) =

Lemma 4.5 produces

k q
salh k) = 3=+ 0 ([s (a.3)| + Is(a,0)l +121)
Using the estimate

(4+B+0)™" = 42" +0 (AP (1B +1CD) + 0 (B +C*™),

we obtain

2m (, k) = (%qz)zm +0 <(;%>2m_1 (|s (@ 2)] +Is(a, 01+ IZI))

Therefore

Q q
@ Y X ) =0, +0(Q) + O(),
%o (@

a=1 h/k€l(a, q)
):1
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where
Q q . E O\ 2™
45 &4=> > (@) ,
9=1 a=1 h/k€l(a,q)
2lg (e,9)=1
_ Q q N 2m—1
46 %= 3 <_’ﬁ) (s (@ 2)] +1staa)1 + 1)
i g=1 a=1 h/k€el(a,q) q
2|q (a,9)=1
Q q * q 2m N
(4.7) Q3=Z Z <(‘s (a,§)|+|s(a,q)|) +z m).
q

g=1 a=1 h/k
2|q (@,9)=1

m

b~
—_
2
=

Note that for the fixed a, ¢, k¥ and z, the equation z = gh — ak has at most
one solution h. By Lemma 4.4, we have
(4.8)

Qe < k2™~ IZ Z Z =y ~z271_2(ls(a,g)'+ls(a,q)|+1)

a=1 h/kel(aq) I

2'!1 (a7Q) 1
q
- q 1
<im 3 a1 2 (s(a3)|+s@al+1) 3 5
g=1 a=1 z#0
2lq (a,9)=1

Q Q 2
_ 1 _ lo +1 _
& k2m 12 — qlogz(q+ 1) < k2m IZ g (q2 ) < k2m 1.
g=1 q q=1
2lq 2lg

Moreover,
(4.9)

2 k
93<<Z Z 3y ( (f,) m)«kmz 1< k™ < k2t

a=1 h/k€l(a,q) h=1
2|q (e.9)=1 (h,k)=1

Combining (4.3)-(4.9), we obtain

k
(4.10) > B (h k) = Q1+ O(K>™Y),
h=1

(h,k)=1

where
k 2m Q 1 q * 1
0 = <Z) Z oz Z Z z2m’
q=1 a=1 h/k€l(a,q)
2|q (a,9)=1
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It remains to obtain an asymptotic formula for ;. Note that if 1 < h <k
then 2 ¢ I(a,q) if and only if |2| > % . Hence

k om Q 1 q « 1 k om Q 1 q 1
(-) a2 X zz—m5<z> 2w 2 2w
=117 q a=1 |z|2k/P

4 =1 h/kgI(a,q) g=1
2iq (a,q)=1 2|q (a,9)=1
P 2m—1 Q 1
g=1
2|q

Thus

Using the estimate

D —1—</+°°dix_/+°° dy 1
h>kr1 (gh—ak)>™ = Ji (qz—ak)>™ [ ok qy®™ — gk?m—Y

we get

IR U WS S NN Sy g
(gh —ak)>™ = k™ © £ (qr +ak)*™ = k*™ * Jo  (qz + ak)>™

h<0
1 o dy 1 1 1
T g2m qy2™ < k2m + gk2m—1 < f2m—1’
we have
k) 2m Q 1 q
2
(Z) ZqQ—m Z (gh — )2m<<kmz 2mzk2m 1
g=1 a=1 h<0
2|q (a,q)=1 2|q
Therefore
k' 2m @ 1 q +o0 1
Q= (—) —_— + O k2m—1)
D R

2|q (aq =1 (h,k)=1
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Since

()"

Z q2m Z Z (qh — ak)?m

>Q a=1 —
2lq {a,9)=1 (h B)= 1
qh~-ak#0
2
< k " Z 2m Z Z z2m
Q>Q a=1 z=—o0
2lq (a,9)=1 270
2 2 k2m - .
<<ka Zl«kmz £ Q2m2<<k <k
q>Q a=1 q>Q
2lq (a,9)=1 2lq
we have
, _
Wiy = (Z) Z gzm Z Z k)2m + O(k*™ ).
a=1 -
2!(1 (e,q)=1 (h )= 1
qh—aks£0
Therefore by (4.10) and (4.11)
k k, 2m
Z ng(h, k) £ hm(k) (Z) +0 (kZm—l) ,
hz=1
(h,k)=1

where

m(k) Z g™ Z Z qh ak)Zm

a=1 h=—c0

2]q (a,9)=1 (h,k)=1
qgh—ak#0
1 a=1 =—0c (qh—ak:) "
2Iq (a,9)=1 (h k)=1
2fa 2th
gh—ak#0

This proves Theorem 1.3.

§ 5. Proof of Theorem 1.4
Let k = 28 M be an integer with 8> 1 and 21 M. By (2.1) we get

hm (k) = Z @m ; Z_: (qh’ak)z‘m

2|q (0,9)=1 (h,k)=1
2ta 2h
gh—aks#0
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+oo 1 q +o00
= ;I% ZZM(Q Z 2m Z“
q=1 a=1 t|q h=—00 dlh
2q 2ta tla 2th dlk
gh—ak#0
400 +o0 q +oo
e A 1
=D G i > Z (gh —ak)Pm 2_uld)
t=1 g=1 a=1 h=—o0 d|h
21t 2lq 2ta 2th dlk
qh—ak#£0
9dm " d) il
= (9dm _ 2 Z m Z Z 2m
(2m 1)(( dm ma 1 h=—o0 )
2|q 2ta 2th
qh— <20
Then we have
(5.1)
gtm pld) A2 1 = 1
hn(k) = G e 2 o O O A o O
(24 - I)C(4m) diM d2 ~=1 gq=1 q2 a=1l h=—c0 (qh adk) "
27lg 2%a  24n
qh—ﬂdﬁ;éo
L IOESIIElES 1
(2% ~1) ¢(4m) diM e g=1 ¢ =1 heo (qh— adk)zm
Pl e o
qh—%;éo
+ S T m am (ah — ak)2™
(24771 - ]' 4m) d|M d2 =8+1 g=1 q2 a=1 h=-o0 (qh - %) "
27ljg Ho  oh
a;o#o
.
odm w(d) 1 = X1 o 1
(24m —1)¢( 4m) Z Fza ; 24my q:Zl " az::l h:z_:oo (qh - —2“7—%)2m
2tq 2ta 2th
qh— 570
24m 1
4+ S L\ 2m
(@ 1) ¢lam) £ e Z o Z h_z_oo (ah - )"
2)(q 2){11 2th
qh——“ﬁk—yé()
24m 2q 1
g - -
(24m - 1) C( d2m ’Yzﬂ:_H 22m7 Z 2m (; hgoo (Z'Yqh _ %k)?m
gij 2ta 2th
27 qh—2E#0

=W + Uy + Vs,
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First we consider ¥;. Let g = (¢, %). Then

27
> ¥ Lt e
2m 2m Z Z \ 2m
a=1 h=—o00 (qh - 21,1) =1 h=—o0 (%h— - -2—2—’;—g)
2fa 2th 2’ra 2th
gh—#5#0 L~ ¥4 #0
2771, +o0
1 1 1
2m Z Z z2m 2m Z z2m
Z=—00 a=1 2=--00
Zfa 2{z 2z
ZE——%”;—Q(mOd %) ZE—ETY—%"id—g'F?ykd—g(mOd %)
27-1_1
1 q +o0 1
= gm Z Z 2m
b=0 c=1 z2=-—00 z
2tz
_ (et+ba)k k
F=T o= ldg+2 a(mOd %)
2711
1 q +oo 1
= pom Z Z 2m
9 b=0 c=1 z=—00 z
2tz
— k bgk K
RE— 2'721dg ~-lag TTdg ( mod -g)
2vl1 ¢ +o0 1

24z
=c(mod 3)
-1 IR 1 (22mo1) 2
= g2m—1 2Zm T o2m 5T " $(2m)
z—é{zoo
Therefore
22m  ¢(2m) = p(d) =
5.2) U; = : 1
( ) (22m+1) ((4m) Z 2(4m— 1)12 3—;’: 2m—1 ; q2m
2fq
(0,¥4)=g

Now we consider Wy. Let g = (¢,%). Then

28 28
k \2m - _2m 2m
=1 he—eo (gh—25) 9731 h—w (gﬂ 5‘,3’2—)
2ta 2'rh e 24h g 9
h __ a
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1 284 +o0 28-14 +00 1
-y Y = 7 Z > o
z
9 a=1 2==—00 Z Zz=—00
2ta 2#0 2#0
2|z 2|z
— & - ke k g
2=— 2adg(mod % z=— gt Zldg+~z;—2 dg(mod 5)
2°71-1 ¢ +
1 = 1
= 2m Z Z 2m
9 b=0 c=1 Z=—0 z
2#£0
2|z
—_ {etbg)k q
RE— g _1dg+T2 dg( mod ;)
28711 ¢ +
1 2 1
T g2m Z Z 2m
9 b=0 c=1 Z=—00 o
27#£0
2]z

—_— ck _ bgk k q
z= 28-Tag 23—1dg+25dg(m0d9)

27#£0
2|z
z——c( mod i)
26-1 X 28
= Tom—1 2m . 92m2m—1 C(zm)
9 z=—00 z 2 9
27#£0
2|z
Therefore
22m  ¢(2m) 1 1 X1
(5.3) ¥y = (24m —1) C(4m " 9(Am-1)8 Z q2m Z g2m—1 Z qz—m
d|M gl q=1
2fq
(0.4 )=g
For ¥3, we have
L
g4m pd) ¥=2001 = T i 1
(24m —_ 1) C(4m dlzjw dzm 7:%{_1 22my = q2m —~ h;w (27qh _ 9})2m
2{q 27gh— &£ #0
24 ,LL i 1
(24m - 1)( 4m) dlZM 7%1 22m7 Z 2m ; h;_:oo (27qh . %)2m
21’q 2{h

27gh—4f £0
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27q
u(d) 1
()()z z P 2 2 T
qu 2Ia Z‘Yqh ak 20
27¢g
wd) < 1
qu 2|a 2|h
27gh— 2k %0
_ md) < 1
(24m _ 1) C(4m) ,%\:4 dzm Z 22m('y+ﬂ) Z 2m Z h_z—oo (27‘ﬂqh _ 2aTk&)Zm
27~ ﬁqh— #0
24m u(d) 1
(24m 1) C(4m) l%ﬂ:/[ 22m(’y+ﬁ) Z 2m Z h_z_.oo (27_ﬁ+1qh _ 2_aﬁ%)2m
’f 27~ ﬁ““qh— 740
-1
B LU }: ZZ 3 LI
(24 = 1)¢(4m) aM e —/3+ 22m(7+6+1) e h=—oo (2--1gh— )™
2+q 27-F-1gh— ok #0
27" g +o0
w(d) 1 1 1
(24m - 1) ¢(4m) %:/[ Z 22m(~/+ﬁ+1) Z g*m ; h;w (27_th _ ak )2m
2’rq 2v-Pah— 40
=0 — Qp — O3 + Q4.
Let g = (g, 2£). Then
z >
h=—oo (27~Pqh — 355)
27— 3qh—— #0
1
e I T
27— Bhgh—_o:k ( g 2 dg)
g 2Bdg dg7é0
400 +00
1 2 1 1 1
= pom Z Z 2m o gim Z 22m
= Z2=—=00 Z2=—00
z#0 z#0
zE—ﬁ; ( mod %) zEa( mod #‘1)
9P i"f 1 26+¢(2m)
- g2m—1 = z2m g2m—1 .

2#0
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Similarly, we have

Qiq f 1 _ 2%¢(2m)
a=1 h=—oo (21-B+1gh — 2%%)2 gim—1"

2'1—B+1qh_ ak ?éo

y—1
PS> SR .
—~ W (21 -1 h— 2Bd)%n 92m—1 ’
27=F— 1qh-2 d;éO
-1
”Zq = 1 _25¢(2m)
—~ h_—oo (2’7_ﬂqh— ak )2m g2m—1
27=Pqh— ¢ :,60
Therefore
(5.4)
¥
24m ¢ (2m) 1 p(d) 1 X1
= Todm _ '(2—1)512 2m22m22—1zﬁ
(24 1) ¢(dm) 2@m AR e R E =
2fq
(0.%)=9
_2'm¢(2m) 1 f 1 1(d) 3 1 *f 1
dm _ " 9(2m—-1)8 2m 2m 2m—1 a2m
(2 1)¢(4am) 20@m-1) 7=ﬂ+12 ‘YdlMd gl%gm = 9
21q
(0.%)=9
_2im¢(am) 1 {:"’ 1 1(d) 3 1 *f 1
dm _ " 5@m—1)(B+1 2 2m 2m—1 2m
(24 —1)¢(4m) 20m=DBH) Ly 92my L4 d A
21q
(a.%)=9
24m ¢ (2m) 1 X1 u(d) 1 X1
+%51 ’ Z Z Z g2m’
m o__ (2m—-1)8+2 2m 2m 2m—1 2m
(2t = 1)((4m) 2 "GP P e =
21q
(a%)=9

Now from (5.1)-(5.4) and Lemma 3.1 we have

hm (k)
_2m(am) @ -n& 1 1 -
1 = 1 = 1 X1

T o@m-1)8 Z 22my ~ 9(m-1)(G+1) Z 22my + 2(@m—-1)3+2m 92my
y=B+1 1 y=p+1

v=8+



212 HUANING LIU

1(d) 1 X
x |22 2m > gom1 > P
dlM 9% 9=1
2fq
(0 %)=0
__2m¢em) (@ -1) (- sweheey) + 1 + 1
(22m + 1) C(4m) 922m (24m—1 _ 1) 2(4m—-1)ﬁ+2m (22m - 1) 2(4m-—l)/3—1

1 1 1
T (22m < 1)2@m-DB T (22m _1)2{m-1)F+2m-1 + (22m —1) 2(4m—-1)ﬁ+2m]

P pEm—TDat1 e
X H

1-— 1
|\ M e
_ 22mc2-(2m) 22m -1 N 26m—-2 + i _ 24m—1 _ 24m—2
- (22m 4+ 1) ¢(4m) \ 22m (24m-1 — 1)  (24m-1 _1)204m-1)B+2m-1

1— 1 2_ 1 1 - 1 27
<TI0 .

1
plIM 1= g

This completes the proof of Theorem 1.4.
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