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C'-STABLE INVERSE SHADOWING CHAIN COMPONENTS
FOR GENERIC DIFFEOMORPHISMS

MANSEOB LEE

ABSTRACT. Let f be a diffeomorphism of a compact C°° manifold, and
let p be a hyperbolic periodic point of f. In this paper we introduce the
notion of C'l-stable inverse shadowing for a closed f-invariant set, and
prove that (i) the chain recurrent set R(f) of f has Cl-stable inverse
shadowing property if and only if f satisfies both Axjom A and no-cycle
condition, (ii) C-generically, the chain component Cy(p) of f associated
to p is hyperbolic if and only if C¢(p) has the C I_stable inverse shadowing
property.

1. Introduction

It has been a problem in differentiable dynamical systems during last decades
to understand the influence of a robust dynamic property (i.e., a property that
holds for a system and all nearby ones) on the behavior of the tangent map
of the system. For instance, K. Lee, K. Moriyasu, and K. Sakai [9] proved
that for the chain component C¢(p) of f containing a hyperbolic periodic point
p, Cs(p) has the C'-stable shadowing property if and only if C;(p) is the
hyperbolic homoclinic class p. Moreover K. Sakai [16] proved that if Cf(p)
is C'-stably shadowable and the Cy(p)-germ of f is expansive then Cy(p) is
hyperbolic, and K. Lee and M. Lee [8] showed that the homoclinic class H(p)
of f containing a hyperbolic periodic point p, Hs(p) is C'-stably expansive if
and ounly if H¢(p) is hyperbolic.

In this paper, we introduce the notion of C''-stable inverse shadowing prop-
erty and, study the case when the chain component C¢{p) of f associated to a
hyperbolic periodic point p has the C'-stable inverse shadowing property.

Let us be more precise. Let X be a compact metric space with metric d, and
let Z(X) denote the space of homeomorphisms on X with the C-metric dg.
Let f € Z(X). For § > 0, a sequence of points {z;}!_, in X is called a é-pseudo-
orbit of f if d(f(z;),2i41) < 6 for all @ < ¢ < b— 1. For given z,y € M, we
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write z «~ y if for any § > 0, there is a d-pseudo-orbit {z;}?_,(a < b) of f such
that £, = x and xp = y. The set of points {x € M : x «~ z} is called the chain
recurrent set of f and is denoted by R(f). It is easy to see that the set is closed
and f(R(f)) = R(f). If we denote the set of periodic points of f by P(f), then
P(f) C Q(f) C R(f). Here Q(f) is the non-wondering set of f. The relation
«~~ induces on R(f) an equivalence relation in R(f), whose classes are called
the chain components of f. Let A C X be a closed f-invariant set. We say
that f|a has the shadowing property if for every € > 0 there is § > 0 such that
for any é-pseudo-orbit {z;}?_, C A of f(—0o < a < b < ), there is y € M,
f-e-shadowing the pseudo-orbit; i.e., d(fi(y),z;) < € for all a < i < b— 1. This
property does not depend on the metric used and is preserved under topological
conjugacy. Note that f|x has the shadowing property if and only if |5 has
the shadowing property for any n € Z \ {0}.

Let XZ be the compact metric space of all two sided sequences & = {z} :
k € Z} in X, endowed with the product topology. For a constant § > 0 and
[ € Z(X), let ®¢(5) denote the set of all §-pseudo orbits of f.

A mapping ¢ : X — ®(6) C XZ satisfying ¢(x)o = z, = € X, is said to be
a 6-method for f. For convenience, write p(x) for {¢(z)r}rez. Say that ¢ is
continuous 6-method for f if  is continuous. The set of all §-methods [respec-
tively, continuous J-methods] for f will be denoted by Ty(f,d) [respectively,
T.(f,6)]. Every g € Z(X) with do(f,g) < & induces a continuous J-method
@g : X — XZ for f by defining ¢, (x) = {g*(z) : k € Z}. Let Tp,(f,6) denote the
set of all continuous §-methods for f which are induced by homeomorphisms g
on X with do(f, g) < d. Define P,(f,d) by

Pa(fv(s): U QD(X)

p€Ta(f,5)

for o = 0,¢, h,d. Clearly we have
Pr(f,8) CP(f,6) C Po(f,6) = 4(5).

Let A C X be a closed f-invariant set. We say that f|p has the inverse
shadowing property with respect to a class T, (7,,—L.S) if for every ¢ > 0 there
is 6 > 0 such that for any é-method ¢ € T,(f,d), thereisamap s: A -> M
satisfying d(f™(z), p(s(z))r) < € for all z € A and all n € Z. Clearly we have
the following relations among the various notions of inverse shadowing.

To—-1S=T7.-1S= T, -1S=7;—-1S.

where 1.S denotes the inverse shadowing property.

Let M be a closed C° manifold, and let Diff(M) be the space of diffeo-
morphisms of M endowed with the C'-topology. Denote by d the distance on
M induced from a Riemannian metric || - | on the tangent bundle TM. Let
f € Diff(M), and let A C M be a closed f-invariant set. We say that A is



C'-STABLE INVERSE SHADOWING CHAIN COMPONENTS 129

locally maximal if there is a compact neighborhood U of A such that

N (V) = A.

neEZ
Definition 1. We say that an f-invariant set A has the Cl-stable inverse
shadowing property if A is locally maximal in U and there is a C'-neighborhood
of U(f) of f such that for any g € U(f), g|a, has the inverse shadowing
property with respect to the class 7.. Here Ay = [,z ¢"(U) and which is
called the continuation of Ay = A=, o, f"(U).

We say simply that f has the C!-stable inverse shadowing propertyif A = M
in the above definition. S. Pilyugin [12] proved that a structurally stable dif-
feomorphism has the inverse shadowing property and any diffeomorphism be-
longing to the C'-interior of the set of diffeomorphisms with inverse shadowing
property is structurally stable.

Thus we can restate the above facts as follows.

Theorem 1. A diffeomorphism f has the C'-stable inverse shadowing property
if and only if f satisfies both Aziom A and the strong transversality condition.

Recently, two Cl-open generic sets were introduced in [1) which are tame
diffeomorphisms and wild diffeomorphisms, that is, first tame diffeomorphisms
have a finite number of homoclinic classes and whose non-wondering sets admit
partitions into a finite number of disjoint transitive sets and wild diffeomor-
phisms have an infinite number of (disjoirt different) homoclinic classes. In
fact in [1], they proved that there is a residual set R C Diff (M) such that if
f € R is tame, then the following two conditions are equivalent: (a) f satisfies
both Axiom A and the no-cycle condition, (b) f has the shadowing property.
In [9], the authors showed that if the chain component C¢(p) of f containing
a hyperbolic periodic point p has the C''-stable shadowing property then it is
hyperbolic homoclinic class of p.

Next we pass to the chain recurrent set R(f) of f € Diff(M). In [6], Hurley
proved that the map f +— R(f) is upper semi continuous. More precisely, for
any neighborhood U of R(f), there is §.> 0 such that if do(f,g) < § (g €
Diff (M)), then R(g) C U. Here dy is the usual C%-metric on Diff(M). Thus we
can prove the following result of this paper based on the facts in [5].

Theorem 2. The chain recurrent set R(f) of f has the Cl-stable inverse
shadowing property if and only if f satisfies both Aziom A and the no-cycle
condition.

Let f satisfy Axiom A. Then it well-known that Q(f) = R(f) if and only if
f satisfies the no-cycle condition. Hence the C*-stable inverse shadowing prop-
erty on R(f) is characterized as the Q-stability of the system by Theorem 2.

For dynamical systems satisfying Axiom A, the hyperbolic basic set is a
really basic subsystem possessing lots of important dynamical properties and
investigated very well in view of stability theory and ergodic theory. As stated
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before, in the shadowing theory of dynamical systems, chain components are
the natural candidates to replace hyperbolic basic sets. In fact, in the C*-
generic context, every chain component with a periodic point is a homoclinic
class of the periodic point (see [2]).

The main purpose of this paper is to characterize chain components con-
taining a hyperbolic periodic point by making use of the inverse shadowing
property under the C'-open condition. To be more precise, let p € P(f) be a
hyperbolic saddle with the prime period m(p) > 0; that is, there is no eigenval-
ues of D, f *(P) with modulus equal to 1, at least one of them greater than 1, at
least one of them is smaller than 1. Remark that there are a neighborhood U
of p and a C'-neighborhood U(f) of f such that for all g € U(f), there exists
a unique hyperbolic periodic point p; € U of g with same period as p and
index(p, )=index(p). Here index(p) is the indezx of p, namely, the dimension of
the stable eigenspace E of p. Such the point p, is called the continuation of p.

Denoted by C¢(p) the chain component of f containing p. If p is a sink or a
source periodic point, then C¢(p) is the periodic orbit itself.

It is well known that if p is a hyperbolic periodic point of f with period &k
then the sets

Wép)={zeM: ff"(z) »pasn — oo} and
Whp)={z € M: f~*"(z) > p as n — oo}

are Cl-injectively immersed submanifolds of M. Then W*(p, f) is called stable
manifolds and W¥(p, f) is called unstable manifold of p with respect to f.

A point x € W*#(p) "W*(p) is called a homoclinic point of f associated to p,
and it is said to be a transversal homoclinic point of f if the above intersection
is transversal at z; i.e., z € W*(p)hW*(p). The closure of the homoclinic
points of f associated to p is called the homoclinic class of f associated to p,
and it is denoted by Hy(p). The closure of the transversal homoclinic points
of f associated top is called the transversal homoclinic class of f associated
to p, and it is denoted by H}F(p) It is clear that both H;(p) and Hf(p)
are compact f-invariant sets. Homoclinic classes are the natural candidates to
replace hyperbolic basic sets in nonhyperbolic theory. Several recent papers
([8, 9, 16]) explore their “hyperbolic-like” properties, many of which hold only
for generic diffeomorphisms. /

Let ¢ be a hyperbolic periodic point of f. We say that p and q are homoclinic
related, and write p ~ q if

W (p)hW*(q) # ¢ and W*(p)hW*°(q) # ¢.

It is clear that if p ~ ¢ then index(p) = index(q); i.e., imW*(p) = dimW?*(q).
By the Smale’s transverse homoclinic point theorem, HJ? (p) coincides with the
closure of the set of hyperbolic periodic points g of f such that p ~ ¢. When a
homoclinic class is not hyperbolic, it may contain periodic points having differ-
ent indices. Actually, there are examples of diffeomorphisms with homoclinic
classes containing hyperbolic periodic points with different indices in a robust
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way, for instance (8, 9, 16]. These systems do not have the inverse shadowing
property in general. Such dynamical phenomena easily give pseudo orbit which
cannot be inverse shadowable. In this paper we prove the hyperbolicity of chain
components containing a hyperbolic saddle periodic point under the C'-open
condition on the inverse shadowing property by ruling out heterodimensional
cycles.

Denote by Oy(p) the periodic f-orbit of p, and set H(Of(p)) = Hy(p) U
- UH(f™®=1)(p)). Then, H;(Of(p)) C C;(p) but these sets do not coincide
in general (see [16]). Obviously, Hf(Qy(p)) is a closed f-invariant set, and it
is known that f|p, (0, ) is transitive. Observe that if ¢ € Hy(Oy(p)) N P(f)
is hyperbolic, then ¢ is neither sink or source.

Let A C M be a f-invariant closed set. Recall that A is hyperbolic if the
tangent bundle Ty M has a D f-invariant splitting E* @ E* and constant C' > 0
and 0 < A < 1 such that

1Dz f"|ps| < CA™ and || Do f™"|gell < CA®

forallz € Aand n > 0.

Given an open subset U of Diff(M), a subset R of U is said to be residualin U
if R contains a countable intersection of open and dense subsets of Y. If P is a
property of f € U, we say that this property is genericinU if {f € U : f satisfies
P} is residual in Y. From [2], we know that generically H}ﬂo) = C¢(p) for any
hyperbolic saddle point p € M. Let p € P(f) be as before, and let Cy(p) be
the chain component of f containing p. Then we get the following result which
is the main theorem of this paper.

Theorem 3. Generically, the chain component Cs(p) has the C*-stable inverse
shadowing property if and only if C¢(p) is the hyperbolic homoclinic class of p.

2. Proof of the Theorem 2

Let (X, d) be as before, and for € > 0 we denote by B.(A) the closed -
ball {x € X : d{z,A) < ¢} of a subset A of X. Denote by Z(X) the set
of homeomorphisms of X with the usual C°-metric dy. For the proof of the
following lemma, refer [6, 9].

Lemma 2.1. Let f € Z(X), and let R(f) be the chain recurrent set of f.
For any ¢ > 0, there is § > O such that if do{f,9) < 6 (g € Z(X)), then
R(g) C B(R(f)-

Let M be as before, and let f € Diff(M). The following so-called Franks’
lemma will play essential roles in our proofs.

Lemma 2.2. Let U(f) be any given C'-neighborhood of f. Then there exists
€ > 0 and a C'-neighborhood Uo(f) CU(f) of f such that for given g € Uo(f),
a finite set {zy,29,...,xN}, a neighborhood U of {x1,22,...,2n} and linear
maps L; : T, M — Ty )M satisfying || L; - Dy, gl| < € for all1 <i < N, there

i
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exists g € U(f) such that §(z) = g(z) if ¢ € {z1,22,...,2n} U M\ U) and
Dy g=L; forall1 <i<N.

Proof. See [4, Lemma 1.1]. O

Remark 1. Note that the identity map id of the unit interval I and a rotation
map p of the unit circle S* do not have the inverse shadowing property.

End of the proof of Theorem 2. First we suppose that f satisfies both Axiom
A and no-cycle condition. Then R(f) = Q(f) = P(f) is hyperbolic. And so
R(f) is locally maximal; i.e., there exists a compact neighborhood U of R(f)

such that
=R(f) =) g™
n€L

By the stability of locally maximal hyperbolic sets, we can take a compact
neighborhood U of R(f) and a C'-neighborhood U(f) of f such that for any
g € U(S), flr(s) and g|a, are conjugate, where Ay = (1,7 9" (U). Since R{f)
is hyperbolic for f, flr(s) has the C I_stable inverse shadowing property. Thus
gla, has the inverse shadowing property.

Next we suppose that R(f) has the C'-stable inverse shadowing property.
Then there are a compact neighborhood U of R(f) and a C'-neighborhood
U(f) of f and such that for any g € U(f), gla, has the inverse shadowing
property, where Ay = (., g"(U). Choose € > 0 satisfying B.(R(f)) C U. By
Lemma 2.1, there is § > 0 such that if d1(f,g) < & for g € U(f), then

R(g) C B(R(f)) C U,

where d; is the usual C'-metric on Diff(M). Put Up(f) = {g € U(f) : da(f, 9) <
6}. Then for each g € Up(f),R(g) C U and so R(g) C g"(U) for all n € Z.
This means that R(g) C (1,ez9”({U) = Ay for g € Up(f). And so glr(g) has
the inverse shadowing property.

Denote by F(M) the set of f € Diff (M) such that there is a C1-neighborhood
U(f) of f with property that every p € P(g)(g € U(f)) is hyperbolic. It is
proved by Hayashi [5] that f € F(M) if and only if f satisfies both Axiom
A and no-cycle condition. Therefore, to complete the proof of the theorem it
is enough to show that if R(f) has the C'-stable inverse shadowing property
then f € F(M).

Let € > 0 and Up(f) C U(f) be the corresponding number and C*-neighbor-
hood given by Lemma 2.2 with respect to U(f). Suppose that there exists
a non-hyperbolic periodic point ¢ € P(g) for some g € Up(f). To simplify
notation in this proof, we assume that g(q) = g (other case is similar). Then
by making use of Lemma, 2.2 we linearize g at ¢ with respect to the exponential
coordinates exp,; that is, by choosing a > 0 small enough we construct g;
C'-nearby g such that

_ [ expjoDygoexp;t(z) if z € Baya(g),
(z) ~{ o(z) WEEP 0 ¢ Boa).



C'-STABLE INVERSE SHADOWING CHAIN COMPONENTS 133

Clearly, g1(g) = ¢. Moreover, if necessary, by slightly modifying D,g we may
assume further that there is an eigenvalue A\ with multiplicity one such that
|l =1 (of course, such a modification is done by a linear map whose distance
from D,g is within €). Thus there is a g;-invariant normally hyperbolic small
arc Z, center at g (resp. a g;-invariant normally hyperbolic small circle C, with
a small diameter center at q) such that g,%|z, = id for some &k > 0 (resp. gic,
is conjugated to an irrational rotation map) if X is real (resp. complex). It
is easy to see that both Z, and C, are contained in R{g1). Since g1|r(,,) has
the inverse shadowing property for g1 € Up(f), both gf|1q and gi1|c, have the
inverse shadowing property. But by the Remark 1, this is a contradiction. This
completes the proof of Theorem 2.

3. Proof Theorem 3

Above all, we prove that “if” part; i.e., if C'¢(p) is hyperbolic then it has the
C*-stable inverse shadowing property. From Proposition 9.1 in [16], if C¢(p)
is hyperbolic then it is locally maximal(in U). Thus, by the local stability
of a hyperbolic set, there is a C''-neighborhood U(f) of f such that for any
g € U(f), and Ay = (), ¢"(U) is hyperbolic. And so, g|a, has the inverse
shadowing property. This means Cy(p) has the C'-stable inverse shadowing
property for any g € U{f) so that “if’ part is proved.

Next, we will prove “only if” part by making use of the techniques developed
by Mafié in [10]. Hereafter in this section, let f € Diff(M) and p € P(f) be
hyperbolic. For the sake of simplicity, in the following results and the proofs
we restrict our attentions to a hyperbolic fixed point f(p) = p. Of course, we
can prove the same results for any hyperbolic periodic point.

Lemma 3.1 ([2]). There exists a residual set R C Diff (M) such that for any
FER, Cs(p) = HfT(p) where p is a hyperbolic periodic point of f.

Suppose that a closed f-invariant set A has the C*-stable inverse shadowing
property. Then we can choose a C'*-neighborhood U( f) of f and a neighborhood
U of A such that for any g € U(f), gla, has the inverse shadowing property.

Lemma 3.2. Suppose that A has the Cl-stable inverse shadowing property for
f. Then there exists a C'-neighborhood V(f) C U(f) of f such that for each
g € V(f), every ¢ € Ag N P(g) is hyperbolic, where Ay = (5 9" (U) for a
small neighborhood U of A.

Proof. Choose ¢ > 0 and Up(f) (by Lemma 2.2) corresponding to U{f). Sup-
pose there is g € Up(f) and p such that p is non-hyperbolic periodic point of g.
To simplify the notation in the proof, assume g(g) = ¢q. Then there is at least
one eigenvalue A of Dyg such that |A| = 1, where A € R or C. We can take a
linear isomorphism L : T,M — Tyy M (= T, M) such that

() IZ = Dqgll < €
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(ii) L=(

[eleh
Qwd
Q00

) with respect to some splitting
T,M=E;0E;®E,
where A : ES — E¢ has eigenvalue |A| = 1 such that dimE7 = 1if A € R
or dimE; = 2 if A € C, B : E; — Ej is contraction, and C : Ef — Ef is
expanding.
(iii) There exists m > 0 such that L™|g; = id on Eg. By Lemma 2.2, there
exists o > 0 with By, (g) C U and there exists g € Up(f) such that

£) = 1 &XPg© Loexp;l(z) if x € Balq),
91(z) {g(w) if z ¢ Bua(q)-

Then ¢1(q) = 9(q) = ¢q. By the definition of exponential map, thereis0 < <«
such that

exp, : ToM(8) — Bs(q)
is a diffeomorphism. Choose 0 < 6; < 4 such that

97 |exp, (TyM(61)) = €XPy © L™ 0 €xPy exp, (7, M(51))-
Put E{(6;) = EgNTyM(61). Then L™|ge = id on ES(61). Note that
exp,(E,(61)) is a small arc Z, or a small disk Cg, and Z, C U and C; C U.
We know that g™|z, = id and g|c, is conjugate to irrational map. Since g1|a,
has the inverse shadowing property, gi*|z, and gi|c, must have the inverse
shadowing property. But by Remark 1, this is a contradiction. a

Let f € Diff(M). We say that a compact f-invariant set A C M admits
a dominated splitting if the tangent bundle TA M has a D f-invariant splitting
E @ F and there exist constants C' > 0,0 < A < 1 such that

”D-’EfnlEac “ . ||Df"(fl?)f_n|an(m) u < CcA"
for all z € A and n > 0. If A admits a dominated splitting TaAM = E @ F such
that dim E, (z € A) is constant, then there are a C''-neighborhood U(f) of f
and a compact neighborhood V' of A such that for each g € U(f),N,ez 9" (V)
admits a dominated splitting

Th, ., oM = E(g) ® F(g)

with dim E(g) = dimE.

Suppose that Cy(p) has the inverse shadowing property; i.e., there ex-
ist a Cl-neighborhood U(f) of f and a compact neighborhood U of Cj(p)
such that for any g € U(f),g|a, has the inverse shadowing property. By
Lemma 3.1 and the Smale’s transverse homoclinic point theorem, the set of
hyperbolic periodic point ¢ € P(f) which is homoclinically related to p is
dense in H?(p) = Cf(p). Moreover, by Lemma 3.2, the family of periodic
sequences of linear isomorphisms of RY™M generated by Dg(g € Up(f)) along
the hyperbolic periodic points ¢ € A, N P(g) is uniformly hyperbolic (see [10]).
That is, there exists e > 0 such that for any g € Uo(f),q € AgN P(g), and any
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sequence of linear maps L; : Tyi(qyM — Tyirr(qyM with ||L; — Dgiqygll < €(i =

1,2,...,m(q)-1), Hﬁ‘g}”l L; is hyperbolic. Here Uy(f) is the C'-neighborhood
of f given by Lemma 3.2. with respect to U(f). Thus we have the following
result.

Proposition 3.3 ([10]). Suppose that the chain component Cs(p) has the C*-
stable inverse shadowing property, and let V(f) as the Lemma 2.1. Then there
are constants C >0, 0 < A < 1 and m > 0 such that

(a) for any g € V(f), if ¢ € A;NP(g) has minimum period 7(q) > m, then

k1 k-1
m T k‘
]_IO IDgim (@ 9™ £z, | < CA* and H) 1Dg-im(@)8™ B2 i ) | < CA

where k = [n(g)/m)].

(b) Cy(p) admits a dominated splitting Tc,(,yM = E ® F with dimE =
index(p).

(c) i q€ Cs(p) N P(f), then

n-1

» 1 (23
limsup ~ ; logl| D gim () f " E5,.,, Il <0, and
1 n—1
1' — 1 LT -m L3 < 0-
im sup - ; gl Dy-im) f~ e, |

By Lemma 3.1, C'-generically H;{(p) = Cy(p), and so, we will use the
result of [10] to show the hyperbolicity of Cy(p). We denote the index(p) by

§0 < j < dimM) and let Pi(f| 1{}~(p)) == A; be the set of periodic points

g€ H{ (p) N P(f) = Cs(p) N P(f) such that index(¢g)= for all 0 < i < dimM.
Finally, set

A(f) = Pz’(fin}‘(p)) = P(flc,p) = X,

Recall that, in general, a non-hyperbolic homoclinic class Hf(p} contains sad-
dle periodic points with different indices. Thus the chain component Cy(p)
may contain saddle periodic points with different indices in general. However,
if C't(p) has C'-stable inverse shadowing property, then such cases cannot hap-
pen. And so, we have the following result.

Proposition 3.4. Suppose that C-generically, C(p) has the C'-stable inverse
shadowing property. Then for any q € C¢(p) N P(f), index(q)=index(p).

Proof. Suppose that C;(p) has the C'-stable inverse shadowing property. Let
U(f) be a Cl-neighborhood of f, and let U be a compact neighborhood of
C¢(p) as in the property. Then by Lemma 3.1, generically, C¢(p) = Hf(p),
and so Cy(p) = A;(f) = F;(/f) H;(p)), where j = index{p). Suppose that there
exists ¢ € C¢(p) N P(f) such that index(g)# index(p). Since ¢ € Cr(p) N P(f),
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we know that ¢ ~ p and p ~ ¢, i.e., ¢ &~ p. Since both p and g are hyperbolic
by Lemma 3.2, it is not hard to show that there is a heterodimensional cycle
between p and ¢ in C¢(p) by making use of the inverse shadowing property of
flc;(p)- More precisely, there are z € W*(q) N W*(p) and y € W3(q) N W*(p)
such that

dimW*(q) + dimW?®(p) < dimM or dimW*(q) + dimW*(p) < dimM.

Since x € W*(q) N W*(p) and y € W*(q) N W*¥(p), we know that z € C¢(p)
and y € Cf(p).

Woalq) Wies(@)
\‘ ) 9(z)
Wj/4 (‘I) / x.
SN SOSTI R

Y
W*(q) 4 \‘ (*\

1 W*(q)

FIGURE 1. non-transverse intersection point

We consider the dimW#(p) + dimW™"(p) < dimM (other case is similar);

that is,
index(q) < index(p).

By the Proposition 3.3(b), there exists a dominated splitting Tc, )M =
E @ F with dim E =index(p). Thus, shrinking U(f) if necessary, for any
g € U(f), we may assume that Ay =, 9"(U) admits a dominated splitting
TN, o om )M = E(g) ® F(g) with dim E(g) = index(p).

To get a contradiction, we are going show that there exists ¢ > 0 such that
for any 6 > 0 there are a é-method ¢ € ®4(d) and z € Cy(p) such that if
for any y € M then d(f*(x), o(y)x) > € for some k € Z. For the sake of
simplicity, we suppose f(g) = q (general case is similar). Note that y is a non-
transverse intersection point between W#(g) and W*(p). A method ¢ € ®(5)
is complete if for any p € M there exists a d-pseudo orbit £ = {z;}icz € P4(0)
such that p = z¢ (see [3, 12]). We may assume that z ¢ Wia /4)(q). Take
e=d(z, Wia/a) (g))/2 > 0. Let 0 < § < € be a constant which can be selected
by the inverse shadowing property of g| A,
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We4(a) W (q)
S R 9(z)
Weiala) S ) 4 z*
..... ' R A N
"-‘:_ ".‘A.;
ﬂ D '
Ay :
W(q) 1 ‘ (\ﬁ
W*(q)
_ S —— s '
g '(y)

FIGURE 2. construction of §-pseudo orbit

Choose k1, k2, k3, and k4 > 0 such that d(g* (y), g7**(z)) < 6 and d(g*2(z),
97" (y)) < 8. Then we can construct §-pseudo orbit £ = ©q(y) € T.(g,98). That
is,

Po) ={ 07 Wy, T W) g (@), g(2), L, 0P T ), g TR (), )
is a d-pseudo orbit of g. Since g| A, has the inverse shadowing property, ¢4(y)

e-shadows Oy(y). Since y € WU(q), we have d(¢"(y),q) — 0 as n — oo. And
so, for zp € B.(y), we can define a map h by

h(z0)={ gz(y) for —k1 —1<i<ky—1,

gl(a:) for — kQ S i S k3.

Then d(g,h) < 4. Thus p4(y) is a d-pseudo orbit for g. If zg = y, then it is
complete, and there exists [ > 0 such that d(g'(y), h'(y)) > €. This mean that
any point near by y can not be shadowable.

And we can show that if zo(= z) € I, then it is not inverse shadowable. By
making use of Lemma 2.2 we linearize f at ¢ with respect to the exponential
coordinates exp,; that is, by choosing @ > 0 small enough we construct g
Cl-nearby f such that

o(z) = { exp, oDy f oexp;t(z) if w € Bajalq),
g(x) if x ¢ Ba(q)-
Clearly, g(q) = ¢, and identity the map with its derivative D,g in a small
neighborhood, say, B,/4(g) by assuming that B,/4(q) C R4™M and g is the
origin 0. We may suppose that both z and y are in intB, /a(q) by iterating
them by g and g~!, respectively, if necessary. By perturbing the map again
at g7 '(y) we construct a small arc I, C B,j4(q), which is a neighborhood
of y in the unstable manifold W*(p,) of p,. Since g|z, Ja(q) is identified with
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Wa(q) = E}(e/4) B,.(a)

)
sz

— P

W) - 7

et d w*(q)
L

FiGcure 3. small neighborhood ¢

W?M(Q) = Eg 4)

its linear part Dyg we may suppose that the neighborhood B, /4(g) is of the
form W3 /4(q) x W, 4(q), where W3 /4(q) and W;‘M(q) are the local stable and
local unstable manifolds of ¢, respectively. Actually, we can setting W2 /4 (@) =
E3{a/4) and W5 a(a) = E(a/4), where Ej(a/4) and Ef(a/4) are the local
linear stable and the local unstable manifolds of g. Put E¥ = ~q(g) N Ey
and E¥ = F,(g). Then E} = EY @ E¥. Recall that [, g"(U) = Ay admits a
dominated splitting E(g)® F(g). By the uniqueness of the dominated splitting,
we have T, I, = F,(g), Fy(g) C Ey and E C E,(g). Let € > 0 be given, and let
0 < § < € be a number corresponding to the definition of the inverse shadowing
property of Ag.

By the A-lemma, we know that I, accumulated by E3(q); i.e., I, C g{I,) and
g"(Iy) — E%¥{a/4) as n — oo. Thus we can construct an é-pseudo orbit s €
®,(0). Let z € B(y) C intl, and z € W¥(p).N W3, 4(q). Then for z € Be(y),
we have g(z) € Bc(y). Set z1 = p;5(2); and take z; € B.(g(y)) N Bs(g(z)) such
that d(g(z),z1) < 6. Since z € W¥(p) N W;“M(q) and by definition, ¢"(2) — p
as n — —o00, we can choose a sufficiently large constant & > 0 such that
B.(g*(y)) N Bs(g(2x-1)) = ¢. This contradiction completes the proof. -l

Proposition 3.5. There exists a residual set R C Difl(M) such thai for the
chain component C¢(p) of f € R containing a hyperbolic periodic saddle p,
Cy(p) has C'-stable inverse shadowing property if and only if Cr(p) is the
hyperbolic homoclinic class of p.
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we,(q) = E°
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FIGURE 4. small neighborhood of ¢

Let us recall the Mafié’s ergodic closing lemma in (for more detail, see [10]).
Denote by B.(f,z) an e-tubular neighborhood of f-orbit of z; i.e.,

B (f,z)={ye M :d(f"(z),y) < ¢ for some n € Z}.

Let Xf be the set of points z € M such that for any C'-neighborhood U(f)
and € > 0, there are g € U(f) and y € P(g) satisfying g = f on M \ B.(f,z)
and d(fF(z),g*(y)) < efor 0 < k < m(y). Then for any f-invariant probability
measure y, we have y(Xy) = 1.

Remark 2. Let f € Diff (M) and A be a closed f-invariant set. Then f|s has
the inverse shadowing property with respect to 7,(a = 0, ¢, h) if and only if

f"|a has the inverse shadowing property with respect to 7, for n € Z \ {0}
(see [7]).

End of the proof of Proposition 3.4. Suppose that the chain component C(p)
has the C!-stable inverse shadowing property, and let U be a compact neigh-
borhood of C(p) with M., f*(U) = C;(p). By Lemma 3.1, C*-generically,
Crlp)=H }F(p) where p is a hyperbolic periodic point of f. And so, we know
that Cr(p) = A;(f), where 0 < j = index(p) < dimM. Let V(f) be the
Cl-neighborhood of f given by Proposition 3.3. To get the conclusion, it is
sufficient to show that A;(f) is hyperbolic.

Fix any neighborhood U; (C U) of A;(f) (note that by Proposition 3.3,
8:(F) = Pilfic, ) = i i # j). Thatis Cs(p) = Ay(f) C U; C U, (index(p) =
7). First of all, we clam the following. Let U(f) C V(f) be a small con-
nected C*-neighborhood of f. If g € ﬁ(f} satisfy g = f on M\ Uy, then
index(g) = index(p) for any g € A, N P(g).
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Proof. If this property is false, then there are § € U (f) and ¢ € Az N P(g)
such that § = f on M \ U; and index(g) # index(p). Suppose that g"(q) = ¢,
ip = index(q), and define v : U(f) — Z by

v(g) =H#{y € A;N P(g) : g"(y) = y and index(y) = io}.

By Lemma 3.2, the function v is continuous, and since u (f) is connected, it is
constant. But the property of g implies v(§) > v(f). This is a contradiction.
0

Proof of Proposition 3.4. We know that Cl-generically, the chain component
Cy(p) admits a dominated splitting Tc, ;)M = E° @ E* such that dim E°

=index(p) by Proposition 3.3(b). Let € > 0 and U(f) be given by Lemma 2.3

with respect to Z(f). Then, by adapting the techniques in the proof of [10,
Theorem B], we will show that for all z € C¢(p),

hmlnf | Dz flg:|l =0 and hmlnf 1Dz figull = 0.

Alternatively, we will prove the case of liminf,, . || Dz f| %+l =0, and
im supy, o, | Dz f{. | = 0. Here we only prove the formal case. However, it is
enough to show that for any z € C¢(p), there exist n = n; > 0 such that

n—1
[110s™ s, Il <1
Jj=0

Suppose not. Then there is € C¢(p) such that

n—1

[11Dsms,,, 121
=0 .

for all n > 0. Thus

n—-1
—Zlogan% >0

FmI ()

for all n > 0. Define a probablhty measure

1 n—1
=0

Then there exists pn, (k > 0) such that pn, — po € Mym(M), as k — oo,
where M is compact metric space. Thus

/ logl| D™ do = Jim / log]|D ™ 3 s

~Jim [+ ZloganmlEfm()ll
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By Maie ([10], (3) page 521),
n~1

log|| D f™|ps |lduo = IOg”DfmJ B s 10 2
Cr(p) e

where pg is a f™-invariant measure. Let
B (f,z)={ye M :d(f"(x),y) < ¢ for some n € Z},

and Xy = {x € M : d(f"(x),y) < ¢, there exist g € U(f) and y € P(g) such
that g = f on M\ B.(f,z) and d(f*(z), fi(y)) < efor 0 <i <m(y)}.

Note that if z & P(f), 0 < m(y) = N such that d(fV (z), fN(v)) = d(f¥ (),
y) — 0 as N — oo, then d(z,y) — 0. So, this is a contradiction.

For any pu € My(M), u(Xs) = 1. Then, for any p € M(Cf(p)),

w(Cr(p) NXf) =1,

since u(Cy(p)) =1 and p(Xs) = 1. Hence it defines an f-invariant probability
measure v on C¢(p) by

,,_.

m—

= % fi Mo
=0
We obtain
0 =v(C¢(p) — Csp) NZ(f))
m~1
= 3 WG () - G5 ) N ()

=0
=~ {uo(C3(p) — Cs() N S(N) + ol (Cs o) — Csp) N D))
+ 1o(F(Cr(p) = C(p) NS + -+
+ o™ Crp) — Crp) DB
= - {uo(C1(p) — Csp) N D) + olCy(p) — C(p) M D))

+10(Cr(p) = Cr(P) NE(f)) + - + 1o(Cr(p) — Cr(p) N E(F))}
= uo(Cs(p) — Cr(p) NE(F)).
Thus, C¢(p) = C;(p) N Z(f) almost everywhere Therefore

lim — log||Df™|g=_ . |lduo > 0.
/Cf(p)mz(f) nTeen Jzo e

There exist zg € C¢(p) N Z(f) such that
n—1

1 m
Jim ’EologllDf | s oy Il 2 0-
i

This is a contradiction.
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By Proposition 3.3, we can take A < A\g < 1 and ny > 0 such that

n—1
% Z logHDfm|Efmj(m) | > loghg, if n > mo.

7=0
Since zo € P(f), z0 € Cp(p) N E(f), Aj(f) = C¢(p) and Ai(f) = ¢ if i # J.
Therefore, there is g C'-nearby f and 2y € P(g) such that g = f on M \ U;
and d(f*(20), 9" (%)) = small, for 0 <l < n = 7(z, 9)-

Choose n = 7(%,g) > m such that k = [n/m] > no, KX¥ < Af and

(A A0)kC™ < 1/2, where C = sup,¢ || Do f | > 0.

Since
n—1

1
- Z log)|Df™\ & mi.. || 2 loghe, if n > no.
n 4 ! F™I(z0)

J:

By Proposition 3.3,

1D (a0)f " B2, | € 1/2-
By dominated splitting of C¢(p),
||Dfn_m(i+1)(zo)fmIE;n—m(i-l—l)(zO) n . IIDfn_mj(ZO)f—m|E}Ln—mi(zo) ” <A
- -1
Therefore, || D fn—mi(y) f mlE?n_mi(20>I| < )\||Dfn_m(i+1)(Zo)fmlE;n_m(i+l)(zo)|| .
From
1 n—1
- Zlog||Dfm|Efmj(z0) | > logho, ifn > mnp.
=0
We have
n—1 n—1
N s > no— M| s > AL,
log [T 1Df™ k..., I > 10825 = [ [ 1DF™Is;,,. . 112 %
=0 1=0
Thus
n—1
—n > m| o —1.
R | (LT
1=0
And so,
n—1
- -1
D] e | TIPS e
3=l
k=1
<k m -1 m < k y—k m < 1/9.
S L B

By Maiié’s Ergodic Closing Lemma we can find § € Uo(f) (§ = f on M \ Uj)
and Z € Az N P(g) nearby z.
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Moreover, we know that index(Z) = index(p) since § = f on M \ U;. By
applying Lemma 2.3, we can construct § € U(f) C V(f) C'-nearby g such that
k—1
M < T IDgmmdie |l
=0 e
(see [10, pp. 523-524]). On the other hand, by Proposition 3.3(a) we see that
k-1
11 1Dgen e 1l < KA.
i=0 e

We can choose the period m(2) (> ng) of z as large as Af > K\*. Here
k = [r(z)/m]. This is a contradiction. Thus,

liminf | Do fly | = 0
n—oo

for all z € C¢{(p).
We can show the assertion

lim inf || D 77 || = 0
n—oo ®

in a similar way for all z € Cf(p), and so C¢(p) is hyperbolic. This completes
the proof of Theorem 3. |

Acknowledgements. The author wishes to express his deep appreciation to
the Prof. Keonhee Lee for critical comments and valuable suggestions.

References

[1] F. Abdenur and L. J. Diaz, Pseodo-orbit shadowing in the C! -topology, Discrete Contin.
Dyn. Syst. 17 (2007), 223-245.

[2] C. Bonatti and S. Crovisier, Récurrence et généricité, Invent. Math. 158 (2004), 33-104.

[3] R. Corless and S. Pilyugin, Approzimate and real trajectories for gemeric dynamical
systems, J. Math. Anal. Appl. 189 (1995), 409-423.

[4] J. Franks, Necessary conditions for stability of diffeomorphisms, Trans. Amer. Math.
Soc. 158 (1971), 301-308.

[5] S. Hayashi, Diffeomorphisms in F1(M) satisfy Aziom A, Ergod. Th. & Dynam. Sys.
12 (1992), 233-253.

[6] M. Hurley, Bifurcations and chain recurrence, Ergodic Theory & Dynam. Sys. 3 (1983),
231-240.

[7] K. Lee, Continuous inverse shadowing and hyperbolicity, Bull. Austral. Math. Soc. 67
(2003), 15-26.

{8] K. Lee and M. Lee, Hyperbolicity of C'-stably expansive homoclinic classes, to apear
Discrete Contin. Dyn Syst.

9] K. Lee, K. Moriyasu, and K. Sakai, C1-stable shadowing diffeomorphisms, Discrete
Contin. Dyn. Syst. 22 (2008), 683-697.

[10] R. Mafié, An ergodic closing lemma, Ann of Math. 116 (1982), 503-540.

[11] J. Palis and F. Takens, Hyperbolicity and sensitive chaotic dynamics at homoclinic
bifurcations, Cambridge Studies in Advanced Mathematics 35, Cambridge University
Press, 1993.

[12] S. Pilyugin, Inverse shadowing by continuous methods, Discrete Contin. Dyn. Syst. 8
(2002), 29-38.



144 MANSEOB LEE

[13] S. Pilyugin, A. A. Rodionova, and K. Sakai, Orbital and weak shadowing properties,
Discrete Contin. Dyn. Syst. 9 (2003), 287-308.

[14] C. Robinson, Dynamical Systems: stability, symbolic dynamics, and chaos (2-nd Ed.):
Studies in Advanced Mathematics, CRC Press 1999.

[15) K. Sakai, Quasi-Anosov diffeomorphisms and pseudo-orbit tracing property, Nagoya
Math. J. 111 (1988), 111-114.

, C*-stably shadowable chain components, Ergod. Th. & Dynam. Sys. 28 (2008),

987--1029. i

(16]

DEPARTMENT OF MATHEMATICS
MOKWON UNIVERSITY

DAEJEON 302-729, KOREA

E-mail address: Imsds@mokwon.ac.kr



