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EXTENDED CESARO OPERATORS FROM F(p, q,s) SPACES
TO BLOCH-TYPE SPACES IN THE UNIT BALL

XIAOFEN Lv AND XIAOMIN TANG

ABSTRACT. In this paper, we characterize the boundedness and com-
pactness of the extended Cesaro operators from general function spaces
F(p,q,s) to Bloch-type spaces By, where y is normal function on [0, 1).

1. Introduction

Let B be the open unit ball of C", and let B be its boundary. H(B) denotes
the family of all holomorphic functions on B. For a € B, let h(z,a) = log m
be the Green’s function for B with logarithmic singularity at a, where ¢, is the
Mabius transformation of B, satisfying ¢,(0) = a, .(a) = 0 and ¢, = ¢, .
For 0 < p,s < 00, —-n—1 < q < o0, we say f € F(p,q,s) provided that
f e H(B) and

(L) W g = IFOF +223/B IRf(2)P(1 = [2]*)"h°(2,a)dv(z) < 0.

In one variable, the spaces F(p,q,s) were first introduced by Zhao [12]. We
call F(p, g, s) general function space because we can get many function spaces,
such as Hardy space, Bergman space, @, space, BMOA space, Besove space
and a-Bloch space, if we take some special parameters of p, ¢ and s, see [7].
Notice that F(p, g, s) is the space of constant functions if ¢ + s < —1.

A positive continuous function u on [0,1) is called normal if there are three
constants 0 < § < 1 and 0 < a < b such that

plr) . . L) o
(Py) A—rpe is decreasing on [4,1) and }Lm1 G-~ 0;
ulr) .. . . p(r)
P _— ——— =
(P) a7 is increasing on [4,1) and }Ln% L o0
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We extend it to B by u(z) = u(|z|). A function f € H(B) is said to belong to
the Bloch-type space B,, if

I/l = ilelgu(z)lvf(Z)l < 00,

and it is said to belong to the little Bloch-type space B, o if
i, u(=)|Vf(z)| = 0.

Here Vf(z) = (QL . 2L) is the complex gradient of f. It is clear that

Bz17° "7 Ozy
both B, and B, o are Banach spaces with the norm || f||s, = |f(0)|+ | f|l., and
B, is a closed subspace of B,. When u(r) =1 —r?, the induced space B, is
the classic Bloch space.
In the unit ball, given g € H(B), we define the extended Cesaro operator to
be

T, f(2) :/0 f(tz)%g(tz)?, z € B,

where Rf(z) is the radial derivative of f. Hu got the characterization on g
for which the operator T, is bounded or compact on the Bergman space in
[2]. Stevi¢ [8] considered the boundedness of T, on a-Bloch space. Xiao [10]
obtained the property on g such that Ty is bounded or compact on a-Bloch
space and little a-Bloch space. Recently, Li discussed the boundedness of T,
from F(p,q,s) to a-Bloch spaces for some restricted p,q,s and « in [3]. The
purpose of this work is to obtain the boundedness and compactness of T, from
F(p,q,s) to B, (or B,) for all 0 < p,5 < 00, —n — 1 < ¢ < c0. Our work will
generalize [3] and [8].

In what follows we always suppose 0 < p, s < 00, —n—1 < ¢ < 00, g+s > —1.
C will stand for positive constants whose value may change from line to line
but not depend on the functions in H(B). The expression A ~ B means
C 'A< B<CA

2. Some preliminary results
Lemma 2.1 ([11]). Suppose f € F(p,q,s). Then f € B’(1 2)5213 and
Iflls ey S CUSfllFp.as):

(1-r2) »

Lemma 2.2 ([9]). Let y be normal and f € H(B). Then
(i) f € B, if and only if sup u(2)|Rf(2)| < 0. Moreover,
z€B

£l = 1(©0)] + sup w()|RF ().

(ii) f € By if and only ifll}mlu(z)lﬁf(z)l =0.
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Lemma 2.3 ([8]). For 0 < a < oo, if f € B(1_2ya , then for any z € B,

CHf”B(lv,,_z)aa ‘ O<a< 1;
f() < § Clflls,_ 2. log 7Fp: a=1
e e Y

Lemma 2.4 ([5]). Fors>—1,r,t>0andr+t—s>n-+1, then
(- 2P
d
/B N-<a,z>|"1- <w,z > | v(z)

|1_<,w1a>?':‘+t~3—n_.l, ZfT‘—S,t-—S < n+1;
(1—]a|2)7_5_n(L1]1—<'w,a>'i1 7/ft - & <M + 1 <7 8.

<

Lemma 2.5. Let p = n+ 1+ q. Suppose that for each w € B, z-variable
functions g., satisfy |g.(z)] < UTZ’CZB"I’ then

[ 10u@P( = 2P0z, a)do(e) < €.
B
Proof. 0 < s < n+1+ ¢, Lemma 2.4 implies
(1—]a[*)*(1 — |¢]*)7*¢ C(1— [a])*

2.1 d <l L0 <
2.1) /}3 M- < z,w > |PHHe1- < a,z > |2 v(z) - <wa>|*~
If s>n+1+q, by Lemma 2.4 we have

- 2\s _ 2\q+s
[ Ul o)
B 1— <zw> |"HHel— < g,z > |2
C(1 - faf)’ e
= (1—lef2)sr1mel— < w,a > PHite =

If s=n+1+gq,choose s; =5, 59 =25, 0 = #2251 By the fact ¢+ s > ~1,
we know

(2.2)

O0<s1<n+14g<sy, qg+s2>qg+s>—-landz>1.
Take t; = 92, ¢, = 21, 1+ L =1 By (2.1), (2.2) and Holder inequality,

x

/ (1= laP)* (1 — |27+
B

d
N-<zw>H+H1- < q,z> | v(2)
[ Ol e
B

- < z,w > |55 1 < g,z > [Hat2o—ta)

(1 - |G[2)51 (1 — ‘zP)‘H‘Sl i
{/}3 - < z,w > ["H1H4)1— < a,z > |2 dv(z)}

) {/B | (1= |aP)( ~ |z dv(z)}ﬁ

1- < z,w > |PHHe1—- < g,z > |22

(1=laP) (1= laf?) o
l—<w,a> [ (1—|a?)2 " 1791— <w,a > |[vHi+e —

du(z)

(2.3)

IA

<C
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Given any a € B, let z = 1 — |,(2)|?, we have

h(z,a) =~ log(1—z) < & [u- 4 (i) +} =2 for 5 <Jpa(dl <L
Notice that \ \
1- ‘Soa(z)lZ —_ (1 - la( )(1 - lzi )

1-<a,z>|?
Hence, (2.1), (2.2), and (2.3) yield, for p =n+1+g,
/ l9u()P(L - [2%)%* (2, a)dv(2)
1<lwalz)<1
(1 —lal?)*(1 = |z]*)a**
. < d
@0 sof TS P < O

(1 lal?)°(1 ~ |22t
< <C
C/ 1—- < z,w > |n+1+<1|1 <a,z> |23dv(z) -

At the same time,

Lo oA 2R e, )

2

<O _M‘_Qﬁ_hs(z a)dv(z)
T Sy M= <zw> P
_ 2vq - 2yn-1
_c A-lpa@P) A=) 0L

ful

i< 11— < @a(u),w > P49 |1— <u,q > |2r+2

(1= Jaf?)+1e(1 = [uf?)e 1
< —d
<€ Jies T Tra PP < w0 > overe o8 fg @)
1 1
= —— log® —du(u
iy = Ty 8 @)

1
< C/ log® —1—dv(u) = C/ 2nr?1 log® 1dr/ do(¢) < C,
B [ 0 T B
where u = ,(z). This, together with (2.4), means

[ 19u@IP @ = 1Pk, ()
B

N (/ +/ ) 19w (2)P(1 = {2?)7h°(2, a)dv(z) < C.
i<lea(@)<l  Jlpa(x)I<}

The proof is completed. O

Lemma 2.6. Let i be normal and g € H(B). Suppose Ty : F(p,q,8) = B, is
bounded. Then T, : F(p,q,s) — B, is compact if and only if for any bounded
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sequence {f;} C F(p,q,s) which converges to 0 uniformly on any compact
subset of B, we have lim [T, f;||5, = 0.
j—oo

Proof. It can be proved by Lemma 2.1, Lemma 2.3 and the Montel Theorem.
The details are omitted here. O

To characterize the compactness of T, from F(p,q,s) to By, we give the
following lemma, whose proof is similar to that of Lemma 1 in [4].

Lemma 2.7. Let i1 be a normal function. A closed subset E in B, ¢ is compact
if and only if it is bounded and satisfying

|l}m sup u(2)Rf(2)| =

3. Main results

Theorem 3.1. Let p be normal, g € HB), n+14+q > p. Then T,
F(p,q,s) — B, is bounded if and only if
(i) forn+1+q>p,
{_n+itq

(3.1) sup w2)Rg ()1~ [22) 77 < oo

In this case,

1— n+1+q

Tl ~ sup 1(2)|1Rg(2)(1 = 12%)
(i) forn+1+4qg=p,
2

(3.2) sup u(z)|Rg(2)|log ——= < o0.

z€B 1- |Z|
In this case,

2
Tyl =~ sup pu(2)|Rg(2)|log ——.
1Tl zegu( )[Rg(2)] eI T

Proof. (i) First, for f,g € H(B), direct calculation shows

R(Tyf)(2) = f(z)Rg(2).
Suppose n+1+4q > p, f € F(p,q,s), by Lemmas 2.1, 2.2 and 2.3, we obtain
ITofll8, = 1Ty f(0)] + sup w(z)1f(2)||Rg(2)]

_ntlia
(3.3) <Clifls ntltq jlelg u(2)[Rg(2)|(1 = |23~ 7

(1-r2) P

_n+lig
1 » .

< CllflFp.g.s sup w(2)|Rg(2)|(1 - |21)

Hence, (3.1) implies that Ty, : F(p, q,s) — B, is bounded.
Conversely, suppose T, : F'(p,q,s) — B, is bounded. For any w € B, set
1—|wl?
fulz) = |wl

<mw>)

z € B.
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Then || full F(p,q,5) < C by [11]. Hence,
p(w)[Rg(w))(1 — [w|?) 5 = w(w)|Rg(w)l|fuW)] £ CITyfulls, < CIT,l-

Therefore,
(3.4) sup (2) Ry (2)|(1 — |=*)! 5 < CIT| < oo

Moreover, (3.3) and (3.4) yield
ITall = sup w(2)R(I(1 = |21~

(i) f n+ 1+ q = p, by Lemma 2.1, F(p,q,s) C By_,2. For f € F(p,q,s),
combining Lemma 2.2 and Lemma 2.3, we get

ITsf N8, = T (0)] + sup u(2)|f(2)|[Rg(2)|

ntl+tg
L

(35) < Clfls, . sup W(2)Rg(2) o8 =

2
Ol (o) Sp ()R ()] 108 T 5

Thus, (3.2) yields that Ty : F(p,q,s) — B, is bounded.
Conversely, suppose T, : F(p, q,s) — B, is bounded. Given any w € B, set

2
() = log —————— B.
fulz) = log 7—— w> 2

Then [Rf,(2)] < , by Lemma 2.5

I fwllFpg,s) < C-
By the boundedness of T, we have

11— <z w>|?

1(w)|Rg(w)|log I‘M = p(w)Rg(w)|| fw(w)| £ Cl| Ty fulls, < ClTl-
This means
(36) sup (2) Ry ()| log 7= < CITy| < oo
Furthermore, (3.5) and (3.6) imply
I, = sup u(2) R (2) o =1
The proof is completed. ]
Remark. Set u(z) = (1 —|2/%)*, when n + 14+ ¢ < pe in (i) and o > 1,

s > m in (ii), respectively, Theorem 3.1 is just the main results in [3], which
are Theorem 2.4 and Theorem 2.10.
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Theorem 3.2. Let u be normal, g € H(B), n+1+q > p. Then the following
statements are equivalent:

(A) Ty: F(p,q,s) — B, is compact;

(B) Ty: F(p,q,8) — B, is compact;

(C) (i) forn+1+q>p,

(3.7) lim p(2)[Rg(2)|(1 ~ |2|)

|z]—1

_nitltg
1 P

(i) forn+1+q=p,

2
3. Ii — =0
(3.8) lzglu(z)lﬂ?g(Z)l log 1— EE 0
Proof. The implication (B)=>(A) is trivial.
(C)=(B) Suppose (3.7) holds for the case of n+1+¢ > p. For feF(paq,s),
by Lemmas 2.1 and 2.3, we obtain

w@)|f(2)|IRg(2)] < Clflls wrreg H(2)[Ra(2)](1 — lzlz)l—"+;+q
(1-r2y P
< Cliflrasm@)Rg()|(1 - |22~ 5

Thus, (3.7) shows
im — sup  u(2)|R(T,f)(2)] = 0.

lz|—1 Il Fp,q,s <1

Similarly, we can obtain

im  sup () R(T,f)(2)] =0
l2|—1 £ (p,q,) <1
for the case of n+ 1+ ¢ = p by (3.8). Therefore, Ty : F(p,q,s) — Buo is
compact by Lemma 2.7.
(A)=(C) First, we deal with the case of n+1+¢ > p. Suppose (3.7) did not
hold. Then there would be some £y > 0 and some sequence {27} C B satisfying
jlirgo |27| = 1, but for each 7,

ntldqg

(3.9) R Rg(Z)|(1 = |27~ > e

Set,

(3.10) filz) = 1- '_Zj|2 >, 2€B.
(1-<z,2>)"»

Then [|f;llp(p.qs) < C, and {f;} converges to 0 uniformly on any compact
subset of B. By Lemma 2.6 and (A)

b

(3.11) ITsfills, =0 (5 — o0).
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On the other hand, (3.9) implies

1Tefills, = ITgfj(O)I+§ggu(2)|fj(2)%g(Z)l
> u()|f;()Rg(2%)]
= u()|Rg(7)|(1 — 2731~ > &

This is a contradiction to (3.11). If n + 1 + g = p, suppose (3.8) did not hold.
Then there would be some €y > 0 and some sequence {2’} C B satisfying
lim |27| = 1, but for each 7,

J—0o0

. . 2
(3.12) u(27)|Rg(2?)|log T 250

Take the test function

2
2
(log 1—<z,zj>)

fiz) = ] 5 z € B.
08 1712
Then
j 2 2
'%f(z)l 2< Z,Z" > log 1—-<z,27> log 1—<z,29> 1
! (1-<227 >)logﬁ logﬁ 1- < 2,27 >
2m + log =7 ‘ 1 - C
log—25r |[1—-<2z,20>] 7 |[I-<2z,20 > |
& T=17]

Then || fjllF(p,q,5) < C by Lemma 2.5, and {f;} converges to 0 uniformly on
any compact subset of B. By Lemma 2.6 and (A), we have

(3.13) Ty fillz, =0 asj— oo.
However, (3.12) yields

ITefills, =~ ITgfj(O)!+jlelgu(Z)|fj(2)§Rg(Z)|
> u(@)|fi( ) Rg(27)|

: . 2
J [
w=)IRg(=")|log 7= 7575 2 €o-

i

This is a contradiction to (3.13). The proof is completed. O

Theorem 3.3. Let u be normal, g € H(B), n+ 1+ q < p. Then the following
statements are equivalent:
(A) Ty: F(p,q,s) — B, is bounded,
(B) Ty: F(p,q,s) — B, is compact;
(C) geB,.
In this case,
ITgll = flg — 9(0)||,.-
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Proof. The implication (B)=-(A) is trivial.

(A)=(C) Suppose T,: F(p,q,s) — B, is bounded. By the fact that g(z) =
9(0) + T4(1)(2), we know g € B,,. Moreover,

(3.14) lg =905, = I1Tg(Vls, <C|Tyll < o0

(C)=>(B) Suppose {f;} C F(p,q,s) is any bounded sequence converging to
0 uniformly on any compact subset of B. By Lemma 2.1 and [9, Lemma 4.2],

lim sup |f;(z)] = 0.
J700 z2eB
Hence,
1TgfillB, ~ [Ty f;(0)] + Sup u(2)1f3(2)Rg(2)|
< Cllgls, sup [fi(z)] =0 (j — o0).

This means Ty: F(p,q,s) — B, is compact.
Furthermore, for any f € F(p,q, s), Lemmas 2.1 and 2.3 yield

1T f 1|5, Tg£(0)| + sup w(2)|f(2)Rg(2)]

12

< Clg=-gO)ls Nl aiisg
(1-r2) P
< CHg - g(O)HBMHfHF(p,q,s)‘

This, combining with (3.14), shows

1Tl = llg — 9(0) s,
The proof is completed. O

Theorem 3.4. Let u be normal, g € H(B), n+1+q < p. Then the following
statements are equivalent:

(A) Ty: F(p,q,s) — By is bounded;

(B) Ty: F(p,q,s) = By, is compact;

(C) g€ Buo.
Proof. The implication (B)=-(A) is trivial.

(A)=(C) It is trivial from the fact that g(z) = g(0) + T4(1)(2).

(C)=(B) By Theorem 3.3, the condition (C) implies that Ty is compact from

the F(p,q,s) space to Bloch-type space B,. We claim that Ty (F(p,q,s)) C
B, 0. In fact, for any f € F(p,q,s) C B(1 2)7li1+g, Lemmas 2.2 and 2.3 imply
ey

0<u@RgNF IS ClfllE airig #(2)Rg(2)] = 0 as [z — 1.

(1-v2) P

The proof is completed. U
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