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RESTORATION OF BLURRED IMAGES BY GLOBAL
LEAST SQUARES METHOD

Sei-young Chung*, SeYoung Oh**, and SunJoo Kwon***

Abstract. The global least squares method (Gl-LSQR) is a gen-
eralization of LSQR method for solving linear system with multiple
right hand sides. In this paper, we present how to apply this algo-
rithm for solving the image restoration problem and illustrate the
usefulness and effectiveness of this method from numerical experi-
ments.

1. Introduction

An image is a signal carrying information about a physical object
which cannot be directly observed. The quality of the recorded images
is degraded by blurring and noise. Since blurring is the degradation
from the process of image formation, it is a deterministic process which
has a sufficiently accurate mathematical model for its description.

The goal of the image restoration is to recover a good approximation
of the original image X which is m×n, for given the degraded image B,
the blur matrix H, and the statistics of the noise vector R. This general
linear model is

(1.1) b + r = Hx.

Here three mn-length vector x, b and r are to rearrange the elements of
the images X, B and R into column vectors by stacking the columns of
these images.

A blur matrix H is generally ill-conditioned. This implies that round-
off errors will blow up and cause the computed solution to be completely
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inaccurate. It is well known that some regularization will give useful re-
sults. Generally a quite effective method for solving (1.1) is the Tikhonov
regularization method.

Typically, the implementation of the image restoration problem is a
memory intensive application with insurmountable data. One way to
reduce memory use is to process the image in blocks. Block processing
can produce the same effects and results as processing the image all at
once. Specially the process for each block as columns can reduce the
execution time([7, 8]).

For efficient storage, we can use memory efficient methods which
partition the image domain into regions based on the size of the point
spread function([2, 6]). In this paper, we partition the blurred and noisy
image into appropriate size blocks instead of using the full image directly.
Collection of image restoration problem for each block image brings
linear system with multiple right hand side. This can be formulated as
minimization problem with respect to the Frobenius norm.

The global least squares (Gl-LSQR) method suggested by F. Toutou-
nian and S. Karimi ([9]) is a generalization of LSQR method for solving
linear system with multiple right hand sides,

(1.2) HX = B,

where B and X are n × s matrices. This paper suggests Gl-LSQR
algorithm as a solver of image restoration problem and describes some
advantages of numerical experiments.

The outline of this paper is as follows. The review of the Gl-LSQR
method is presented in Section 2. Section 3 illustrates how this method
can be implemented for the image restoration. Numerical experiments
and concluding remarks are described in Section 4.

2. Global least squares algorithm

This section recalls concept and some properties of Gl-LSQR algo-
rithm in [9].

Definition 2.1. For two n× s matrices X and Y , 〈X, Y 〉F denotes
the trace of the square matrix XT Y . Then Frobenius norm is defined
by ‖X‖F =

√
〈X, X〉F .

Definition 2.2. If some n× s block vectors V1, V2, . . . are orthonor-
mal with respect to < · , · >F , then it is F-orthonormal basis.
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The global bidiagonalization with starting matrix B is initialized with

β1U1 = B, α1V1 = HT U1

and for i = 1, 2, . . . compute

βi+1Ui+1 = HVi − αiUi,

αi+1Vi+1 = HT Ui+1 − βi+1Vi,
(2.1)

where αi ≥ 0 and βi ≥ 0 are chosen so that ‖Ui‖F = ‖Vi‖F = 1.
Global bidiagonalization procedure (2.1) constructs the set of the n×s

block vectors V1, V2, . . . and U1, U2, . . . which are two F -orthonormal
basis of Rn×ks. We can define the matrices Vk ≡

[
V1 V2 . . . Vk

]
,

Uk ≡
[

U1 U2 . . . Uk

]
and a lower bidiagonal matrix

(2.2) Tk ≡




α1

β2 α2

. . . . . .
βk αk

βk+1




.

Proposition 2.3. The symbol ∗ denote the following product,

Vk ∗ t =
k∑

j=1

Vjtj , t ∈ Rk.

Then below relations are satisfied :

Vk ∗ (t + s) = (Vk ∗ t) + (Vk ∗ s), s ∈ Rk,

(Vk ∗Hk) ∗ t = Vk ∗ (Hkt),

‖Vk ∗ t‖F = ‖t‖2 .

Using above Proposition 2.3, the recurrence formula (2.1) of the
global bidiagonalization can be rewritten as

Uk+1 ∗ (β1e1) = B,

HVk = Uk+1 ∗ Tk,

HTUk+1 = Vk ∗ T T
k + αk+1Vk+1 ∗ eT

k+1,

(2.3)

where ei is the ith column of identity matrix.
We now seek an approximate solution Xk to (1.2) such that Xk ∈

span(Vk) and write
Xk = Vk ∗ yk, yk ∈ Rk.
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Then the corresponding residual matrix of the equation (1.2) is

Rk = B −HXk

= B −HVk ∗ yk

= β1U1 − (Uk+1 ∗ Tk) ∗ yk

= β1U1 − Uk+1 ∗ (Tkyk)

= Uk+1 ∗ (β1e1 − Tkyk).

(2.4)

The global LSQR algorithm chooses the vector yk which minimizes
‖Rk‖F . Thus by Proposition 2.3 and (2.4),

(2.5) min ‖Rk‖F = min
yk∈Rk

‖β1e1 − Tkyk‖2 .

The QR factorization of Tk induces

Q
[

Tk β1e1

]
=

[
Rk fk

0 φ̄k+1

]
,

where the matrix Q is a product Gk,k+1Gk−1,k · · ·G1,2 chosen to elimi-
nate the subdiagonal element β2, . . . βk+1 of Tk and

Rk =




ρ1 θ2

ρ2 θ3

. . . . . .
ρk−1 θk

ρk




and fk =




φ1

φ2
...

φk−1

φk




.

The minimizer yk of (2.5) can then be obtained from Rkyk = fk. So an
approximate solution is formed as

Xk = Vk ∗ yk = Vk ∗ (R−1
k ∗ fk) = (Vk ∗R−1

k ) ∗ fk.

Setting Pk ≡ Vk ∗R−1
k ≡ [

P1 P2 . . . Pk

]
, the approximate solution

Xk = Pk ∗ fk. With the initial guess P0 = X0 = O, Xk can be obtained
by the relation

Xk = Xk−1 + Pkφk.

Note that the last block column Pk of Pk can be updated by

Pk = (Vk − Pk−1θk)ρ−1
k

and

fk =
[

fk−1

φk

]

in which
φk = ckφ̄k.
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So the matrix residual norm ‖Rk‖F is computed directly from

‖Rk‖F = |φ̄k+1|.
The version of the Gl-LSQR algorithm can be stated as follows.

Algorithm 1. Gl-LSQR algorithm.
1. Set X0 = On×s

2. β1 = ‖B‖F , U1 = B/β1, α1 =
∥∥HT U1

∥∥
F

, V1 = HT U1/α1.

3. Set W1 = V1, φ̄1 = β1, ρ̄1 = α1

4. For k=1, 2, . . .
i. $k = HVk − αkUk, βk+1 = ‖$k‖F , Uk+1 = $k/βk+1

ii. τk = HT Uk+1 − βk+1Vk, αk+1 = ‖τk‖F , Vk+1 = τk/αk+1

iii. ρk = (ρ̄2 + β2
k+1)

1/2, ck = ρ̄k/ρk, sk = βk+1/ρk

iv. θk+1 = skαk+1, ρ̄k+1 = ckαk+1

v. φk = ckφ̄k, φ̄k+1 = −skφ̄k

vi. Xk = Xk−1 + (φi/ρi)Wi

vii. Wk+1 = Vk−1 − (θi+1/ρi)Wi

viii. If |φ̄k+1| is small enough, then stop

3. Solving the image restoration problem

The Gl-LSQR method as a generalization of LSQR solves the linear
systems with multiple right-hand sides simultaneously. This is more
effective in the computation process than LSQR handling each right-
hand sides sequently. In this section, we investgate the image restoration
problem with multiple right-hand sides and suggest Gl-LSQR method
as its solver.

The image restoration problem (1.1) has extremely large dimension.
If storage becomes an issue, then alternative scheme can be used. One
way to reduce memory use is to process the image in blocks. Block
processing can produce the same result as processing the image all at
once.

Using zero-padding in nonsquare image, an original image can be
assumed by N2 pixels. For an original image, divide it to d small block
images, where d is N2/n2(n << N) and number increasing along small
block’s column-row order. The kth block image be denoted by IM(k) =[
xk
·1 . . . xk·n

]
n×n

, where xk
·j means the jth column of kth block image,

and Xk a vector produced by the column stacking of IM(k). For each k,
B·k is a vector representation of blurred and noisy image corresponding
one piece of the original image. Setting X ≡ [

X1 X2 · · · Xd

]
n2×d

and B ≡ [
B1 B2 · · · Bd

]
n2×d

, the image restoration problem (1.1)
is restated by the following form with d right-hand sides:

(3.1) HX = B̄ + R = B,
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where the coefficient matrix Hn2×n2 for separable blur is decomposed as
a Kronecker product of the horizontal and vertical blurring matrices of
appropriate sizes and R denotes the collection of the measurement noise
associated with each subimage.

Here, the blurring matrix H has ill-determined rank. So image restora-
tion problem will be extremely sensitive to perturbations in the right-
hand side matrix. In order to find a meaningful approximate solution of
(3.1), the system has to be replaced by a Tikhonov regularization

(3.2) Xτ = arg min
X
{‖HX −B‖2

F + τ2 ‖LX‖2
F },

where L and τ are regularization operator and parameter respectively.
If the matrix L is taken by the identity matrix, the parameter τ acts on
the size of the solution, while if L is taken by a discrete form of first or
second derivative, τ acts on the smoothness of the solution.

The best way to solve (3.2) numerically is to treat it as a minimization
problem

Xτ = arg min
X

∥∥∥∥
(

H
τL

)
X −

(
B
O

)∥∥∥∥
F

,(3.3)

in certain situations the normal equations

(3.4) (HT H + τ2LT L)X = HT B

is suited. We try to use Gl-LSQR method as its solver. The basic
operation of Gl-LSQR algorithm is matrix-matrix multiplication.

The preconditioned Gl-LSQR algorithm solves (3.3) by transforming
the problem with a preconditioner P ,

min
Y

∥∥∥ĤP−1Y − B̂
∥∥∥

F
(3.5)

with Y = PX, where Ĥ =
(

H
τL

)
and B̂ =

(
B
O

)
.

Images are shown only in a finite region. Points near the boundary
of a blurred image are affected by information outside the field of view:
Zero boundary condition implies the pixels, outside the borders of the
image, all zero. Periodic boundary condition implies that the image
repeats itself endlessly in all directions. Neumann boundary condition
is that the pixels outside image have mirror image values of the scene
inside the image borders. Each boundary condition makes the PSF
matrix H have different special structure ([4, 5]).



Restoration of blurred images by global least squares method 183

Considering the Neumann boundary condition, coefficient matrix H
has a block Toeplitz-plus-Hankel with Toeplitz-plus-Hankel blocks (BTH-
HTB) structure which can be diagonalized by two dimensional discrete
cosine transform matrix C. The matrix ĤP−1 in (3.5) is to be well
conditioned when preconditioned by

P = C∗ΛC = C∗(|ΛC |2 + τ2|ΛL|2)1/2C,

where H ≈ C∗ΛHC and L ≈ C∗ΛLC.

The following Algorithm 2 summarizes our approach.

Algorithm 2. Structure of main program.
Input: N ×N degraded image, PSF, n.

1. Set d = N2/n2.
2. Divide N ×N blurred and noisy image to d block images {IM(k)}d

k=1.
3. Construct the image restoration problem with d right-hand sides by column stacking

of each block image IM(k).
4. Compute approximate solution using the (preconditioned) Gl-LSQR algorithm.
5. Reshape each column of approximate solution to n× n block image.
6. Make a restored image by patching all block images.

4. Numerical experiments and final comments

This section reports the efficiency of Gl-LSQR algorithm for the im-
age restoration problem. All computations were done by Matlab envi-
ronment.

We apply Gl-LSQR and LSQR method to two practical image restora-
tion problems with multiple right-hand side (3.1) under the Neumann
boundary condition : one is rose image, and the other is text image.
Let tGl−LSQR and tLSQR denote the CPU time obtained when apply-
ing Gl-LSQR for multiple right-hand side linear system and LSQR for
sequential linear systems with single right-hand side.

To estimate the accuracy of the computed solution Xc with respect
to the true solution X of system (3.5), we adopted the relative error
‖X−Xc‖F
‖X‖F

.

For a test, we only considered a spatially invariant point spread func-
tion whose discrete function was chosen from

(4.1) hi−j, k−l =
1

2πσ2
e−

(i−j)2+(k−l)2

2σ2 , −r ≤ i− j, k − l ≤ r,

where σ is a constant that characterize the blurring. Note that this is
called a Gaussian PSF, and can be used to model aberrations in a lens
with finite aperture([3]). In (4.1), the variance of the gaussian σ was
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taken as 0.01 and r = 6. Our test used only the identity matrix as
a regularization matrix and τ = 0.8 as regularization parameter. To
minimize edge effects, each small block image has properly overlapped
when the image is divided and patched.

(a) (b) (c)

Figure 1. Degraded image(a) and restored images by
means of Gl-LSQR(b) and LSQR(c).

The size of exact image is 128× 128 in the first problem and divide
it to 64 small block images. The blurred and noisy image of Figure 1(a)
has been built by convolving the PSF with exact small block images
and adding the error which was normally distributed with zero mean.
The restored images by the preconditioned Gl-LSQR and preconditioned
LSQR are shown in Figure 1(b) and Figure 1(c) respectively. The cpu
time ratio tLSQR/tGl−LSQR was about 7. The relative errors of restored
images were 0.038 in the preconditioned Gl-LSQR and 0.037 in the pre-
conditioned LSQR (Table 1).

Table 1. Comparison the restoring results of the de-
graded image in Figure 1(a).

cpu time(sec) relative error
Gl-LSQR 15.59 0.038

LSQR 109.17 0.037

Second problem has a 256 × 256 text image. The restored images
by the Gl-LSQR and LSQR are shown in Figure 2(b) and Figure 2(c)
respectively. The cpu time ratio tLSQR/tGl−LSQR was about 13.7. The
relative errors of restored images were 0.39 in the Gl-LSQR and 0.16 in
the LSQR (Table 2).

As shown in Table 1-2, the Gl-LSQR algorithm is about 7 ∼ 14 time
faster than the LSQR algorithm while both algorithms have not much
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(a) (b) (c)

Figure 2. Degraded image(a) and restored images by
means of Gl-LSQR(b) and LSQR(c).

Table 2. Comparison the restoring results of the de-
graded image in Figure 2(a).

cpu time(sec) relative error
Gl-LSQR 25.84 0.39

LSQR 354.51 0.16

relative error difference. Consequently, degraded image can be restored
time efficiently using the Gl-LSQR algorithm.

In this work, we have illustrated how Gl-LSQR method can be applied
to image restoration problems. Moreover, this method can be applied
to mosaicing which has been developed for the detailed reconstruction
of large images by successively acquiring image patches in a given row-
column or column-row order. We left this research in the future.
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