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A NOTE ON THE EXISTENCE OF SOLUTIONS OF
HIGHER-ORDER DISCRETE NONLINEAR

STURM-LIOUVILLE TYPE BOUNDARY VALUE PROBLEMS

YUJI LIU

ABsTRrACT. Sufficient conditions for the existence of at least one solution of
the boundary value problems for higher order nonlinear difference equations
A"m(z - 1) = f(’L,.’I}(Z),ACﬂ(’L), e 7An_2z(i))7 1€ [17T + 1]1
A™z(0)=0, m € [0,n — 3],
A" 24(0) = ¢(A™1(0)),
A 1g(T 4 1) = — (AP 2(T + 1))

are established.
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1. Introduction

Solvability of boundary value problems for finite difference equations were
studied in many papers, one may see the text books [1,2] and the papers [3,4].

In [6], the authors studied the solvability of the problem

(B) A"z(i — 1) + f(i, 2(i), Az (i), - - - , A" 2a(i)) = 0 for i € [1,T + 1]

and n > 2,
(BV P) A™z(0) =0, m € [0,n— 3],
(BC){ aA™2z(0) — BA™1(0) =0,
YA 22(T + 1) + A" 1z(T + 1) = 0.

Suppose

(Hy). a>0,8>0,7>0,6 >0 with vy +~va(T + 1) +ad > 0;
(H2). feC(1,T+1] x "L R);
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206 Yuji Lin
(H3). Suppose v,w are lower and upper solutions of BVP(1), respectively,
satisfying
A" %y(3) < A 2w(5) for i € [0, T + 1]
Then

FG,v(3), Av(d), -+, A" 30(4), up—1) Sl u1, - Un—2, tn-1)

f(i’ w(i)’ Aw(")v Ty An—aw(i)v uﬂ—l)

IN A

forallie [1,,T+1], up—1 € R and
('U(i), A'U(i), Ut An-gv(i)) < (uh te 1un—2) < (w(i)’ Aw(i)? T ’An—3w(2~))’

where (21, ,Zn-2) < (Y1, ,Yn—2) fand only if z; <y; foralli € [1,n—2].
By using upper and lower solution methods, it was proved that BVP(1) has at
least one solution.

In [8,10], the authors studied the Discrete Sturm-Liouville problem

{ Alp(t — 1)Ay(t — 1] + q(t)y(t) + Aey(t) = f(t, y(t)) + h(t),
ay1y(a) + a12ly(a) =0, (2)
agly(b + 1) + azsz(b + 1) =0

f is subject to the sublinear growth condition
|f(t,8)| <A|s|*+ B, tela+1,b+1],s€eR

for some 0 < @ < 1 and 4,B € (0,+00). It was proved that BVP(2) has
solutions by using the connectivity properties of solution sets of parameterized
families of compact vector fields.

In [9], Liu studied the existence of solutions of the following problem

A%z(n) = f(n,z(n+ 1), 2(n— 1 (n)), -+ ,x(n — Tm(n)), ne[0,T - 1],
az(0) — bAz(0) = 0,

cx(T + 1) + dAz(T) = 0,

z(i) = (i), i €[-7, -1}, ®3)
z(i) =o(3), 1€[T+2,T+4],

where T > 1, a,b,c,d € Rwith a®? +b* #0and 2 +d?> #0, (n), i =1,--- ,m,
are sequences,

= 0, i = 17 e,
r=max{0, max (n(n)}: i1 m),
§ = —mi ; . s i=1....
ml?{o, nef&}i{l—lj{Tz (n)} 2 $ 7m}7
f(n,u) is continuous in u = (Tg,* -+ , Tm, Tm+1) for each n. We note that the

boundary conditions in (3) are different from those in (1) and (2).
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Motivated by the papers [6,9], the purposes of this paper are to establish
sufficient conditions for the existence of at least one solutions of the problem

Arz(i— 1) = f(i,2(), Az(3), -, A" 22(d), i € 1, T+ 1],
A™z(0) =0, m € [0,n— 3], 4)
A™2g(0) = ¢(A"7H(0)),
AN (T +1) = (A" 22(T + 1))
The following assumptions are supposed:
(A)). f € C(L,T+ 1) x R} R), ¢ and ¢ are continuous and satisfy
zo(x) >0, zy(z) > 0 for all x € R;
(Ay). There exist constants 3 > 0, § > 1, nonnegative sequences p;(k), 7(k)(1 =
0,---,n— 1), functions g(k,z1, -+, Zn-1), h(k, 21, -+, Tn_1) such that

f(ka Ty, ,iL‘n_l) = g(k,l'l, e a:zn—l) =+ h(k’xh e axn—l)

g(k"xh T 7$n—1)xn—1 > ﬂ|xn—1|9+1a
and
n—1
bk, 21, @n-1)] < Y pilk)lzil® + (k)
i=1

forall k € [1,T+1], (z1,-,%n-1) € R L.
BVP(4) is the discrete analogue of the well known Sturm-Liouville BVP of
higher order differential equation

x(n) (t) + f(ta LIZ(t), xl(t)a e 11‘(n“2)(t)) = 03 te (07 ]-)’
£®(0)=0, i=0,---,n—3,

2=2(0) = (=" (D)),

2=D(1) = —g(a™D (1)),

whose special case were studied extensively in [7,11] and the references therein.

This paper is organized as follows. In Section 2, we give the main results, and
in Section 3, examples to illustrate the main results will be presented.

2. Main results
Let X = RTt7*+1 he endowed with the norm

[lz{l= max |z{n)|forz e X,
n€l0,T+n]

Y = RT3 be endowed with the norm

= . lal, 0]} for (y,a,b) €Y.
vl = max{_max  [y(m). |al, o[} for (3.4,

It is easy to see that X and Y are real Banach spaces.
Choose

D(L)={reX: A'z(0)=0,i€[0,n—3]}.
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Set

An(i—1), i€ [1,T+1]
L:D(L) > Y, (Lz)G) = ( An=2g(0) )
A g(T+ 1)

and N: X - Y by

@, z(), Az (), -+ , A" 2z(4)), s € [1,T + 1],
(Nz)(3) = ( $(A™1z(0))
~P(A"22(T + 1))

forall z € X.
It follows from (A;) and the definitions of L and N that the followings hold.
(). KerL ={z(k)=0, k€ [0,N+n-1}}.

(ii). L is a Fredholm operator of index zero.

(iii). Let £ C X be an open bounded subset with & N D(L) # 0, then N is
L—compact on Q.

(iv). z € D(L) is a solution of Lz = Nz implies that z is a solution of
BVP(4).

Theorem L1. Suppose that (A1) and (Ag) hold. Then BVP (4) has at least
one solution if

n-3

T+ 1) Y Il (T + 1)®=2790+ 4 jp, | < 6. (5)
i=0

Proof. Let Q; = {z : Lz = ANz, for some A € (0,1)}. For z € Qy, we have
Lz = ANz, A € (0,1), so

An~2g(0) = Ap(A1(0)), (6)

A™z(i — 1) = M (i, 2(3), Az(d), - - - , A" 2(3)), 5 € [1,T + 1,
{ A 1Z(T + 1) = —Ap(AP22(T + 1)).

So for ¢ € [1,T + 1], one has that
T+1 T+1

Do IAr2(i - DIA () = XY f,2(), Az(i), -, A" 22 () A" 2 ().

gu=l f==]
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Since z¢(z) > 0 and zy(z) > 0 for all z € R, we get
T+1

Z[A”m(i — 1)]A™ 2g(4)
T

= Z[A" Le(d) — A" (i — D)[A (@ — 1) + A" 2z (i — 1))

T+1

= 3 (A t(arta() - Al - DA%~ 1) - (A2~ DP?)
= CAG(AT2(T + 1) A 2(T + 1) — A z(0)¢(A™x(0))
T+1
—Z[An_lx(z
i=1
T+1

< _ZAnl ]2<0

Then Y/ 4! £(3,2(3), Az (i), - - -, A"~22(i)) A"2x(i) < 0. It follows that

T+1
ﬁZ|An 2 |0+1
T+1
< Y gk, z(k), Ax(k), -, A" 2z (k) A" 2z (k)
< =Y bk xk), Az(k), -, A" 2z (k) A" 2z (k)
< Z \h(k, z(k), Az(k), - - - , A" 2z (k))|| A" 2z (k)]
n— 2T+1 T+1
< ZZM )| Al (k)|*| A2z (k)| + Y (k)| A"z (k)]
=0 k=1 - k= 1T+1
< ZII@IIZIA’ )P1AM 2z (k)| + |Irl] Y |A™ 2 (k)
k=1
: T+1
Hlpn—2l Y 1A 22(k)*H.
k=1

For z; > 0, y; > 0, Holder inequality implies

s s l/p s l/q
> my < (Zd’) (Zzﬁ) , 1/p+1/g=1, ¢>0,p>0.
i=1 i=1 =1
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From‘A":c(O) =0(i=0,---,n— 3}, we get

k-1
Z Ai"'lx(j)

j=0

i sy < i+l ] r e —
1Atz (k)] <(T+1) max |AT2(G), ¢=0,--,n=3

It follows that
‘ T41
|Atz(k)| < (T+ 1)) |A™2a(j)], i=0,---,n -3,
j=1
It follows that
T+1

8 Z IAn——2z(k)I9+1

k=1

IA

T+1 , T4l B%
llpn—al] Y 1A™ 22 (k)|*** + |Irl|(T + 1) 77 (Z lm-%(ml"”)

k=1 k=1

ne3 ' T4+ 6+1
+ ) lIpll(T + 1) (=270 (Z IA”’2$(J')I)
j=1

i)

I

T+ , [T 7iT
lpn—all 3 1A"22(k) 1 [[rl|(T + 1) (Z |A”‘2x(k)|e+l>
k= P
1"“3 T41 '
+(T+1)° Y lIpd|(@ + 1) =2792 3 [An=22(j) .
i=0 =
We get

n—-3 T+1
(ﬂ —(T+1)° Y |Ipd|(T + 1)n=2-90 zzpn_zu) 3 |An2a(k) 4

=0 k=1

T+1 o
< ||ri T + 1)?%? (Z IA”“zx(k)l"“) )

k=1

It follows that there is M > 0 such that Y z—; |A" 22(k)|®+! < M. Hence
[A"2z(k)] < MYO+DY for all k € [1,T + 1]. Thus

T+1

le(k)] < (T+1)"72 Y |A™2(j)| < (T + 1" MY/ O+,

g=1
It is easy to see that £ is bounded. Let Q be a non-empty open bounded
subset of X such that Q@ > ; centered at zero. It is easy to see that L is a
Fredholm operator of index zero and N is L—compact on . Thus Lz = Nz
has at least one solution z € D(L) N, So z is a solution of BVP(4). The proof
is complete. ]
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Theorem L2. Suppose that

(A3) feC(1,T+1}xR* 1 R), ¢ and ¢ are continuous and satisfy x¢(x) >
0, z¢p(x) >0 for all z € R;

(A4) There ezist constants nonnegative sequences pi(k),7(k)(i =0,--- ,n—2)
such that

n—2
lf(% A TR ,iL‘n_Q)| S Zpk(z)l$k| + ’I"(i),
k=0
for alli € [1,T+1], (zo, 21, ,Tn—2) € R*;
(As) There exist a constant K > 0 such that |¢(z)| < K|z| for all z € R.
Then BVP({) has at least one solution if
n-—2
(T+2)(T+K+1)_ |pel|(T+ 1" F < 1. (7)
k=0
Proof. We consider the set O = {z : Lz = ANz, for some X\ € (0,1)}. For
z € Qy, one sees Lr = ANz, A € (0,1). So we get (6).
Case 1. A" 1x(i) >0 for alli € [1,T + 1].
At this case, we get A"~2z(0) < A"~ 2z(T +1). Since
A™22(0) = Ap(A™71(0)),
A" 12(T 4+ 1) = ~Mp(A"22(T + 1)),
z¢(z) 2 0,9(z)r 20, = € R,
we get that A" 2z(0) > 0 and A" 2z(T + 1) < 0, a contradiction.
Case 2. A" 1z(i) <0 for all i € [1,T + 1].

At this case, we get A"2z(0) > A" 2x(T +1). Similar to above discussion,
we get a contradiction.

It follows that there exists k € [1,T] such that A" 'z(k)A™ 'z(k +1) < 0.
Hence there is & € (k, k + 1] such that

A" lz(k+1) — A" lz(k)  0— A" 'x(k)
K+l Fk =T i—F
It follows that |A" 'z (k)| < |A™z(k)|. Then fori € [0,k ~ 1] we get

k
A" (k) — ZA%(g)

Ania()] =

IA

n Az(i). .- ,An—2 ;
A% |+Z x| MG a(0), Aa(i), 0]
< (@+2) e M50, Aa(i), A P2()]
Similar to above discussion, we get for i € [k+ 1,T + 1] that
|A" (i) < (T +2) max M@, 2(0), Az(3), -, AP (D))].
i€
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It follows from (A4) that

iel1,T+1]

[A"lz(5)] < (T+2) max ( p(9)| Atz (i +7‘(z))

IA

(T'+2) Z llpsll|A™(@)] + [[rll.

e[1 T+1]

From A'z(0) =0(i =0,--- ,n — 3, we get

(V] — i+l (s i =0, .- — 3.
|A*z(3)] (T+1)jeﬁl,?1‘§-1] [A*z(5)], i=0,---,n

1—1 ]
Z Az+1$(j) <
j=0 )

It follows that
|Afz(3)| < (T +1)"27" max |A" %(j)], i=0,---,n—3.

jell,7+1]
It follows from (As) that
i—1
A" 2z() = AT 22(0) + Y A™a(h)
i=0
i—1
= t)\qb(A”“lx(O)) + Y AT a(i)
i=0
n—1 n—1 :
< K|A 'z + (T + 1)3.61[’{1,%1] A"z (H)]
n—1 :
< (T+EK+1) s ]IA z(H)l-
Then
kol n—2—-k =20 (4
|Afz(@)] < (T+1) s |A™ %z ()|
n—2—k n—=1.7; =0,---,n—3.
< (T+1) (T+K+1)jer[111%}i1]|A z()|, k=0,---,n
So
n—2
A" 2@ < (T+2T+E+1) ) |Ipsl|(T+ 1) 727 x
k=0
el ot
jeﬁl,%‘)-(l-lliA (A +Irl].
We get
n—2
n—1 n—2— Is:
By A7) < (T K 4L I+

A"z (j .
e (A7) + rl
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It follows from (7) that there exists a constant M > 0 such that

An 1 < M
x| | z(j)| <

Then

)] < T+ 3(T+K+1 A™?
@)l < T+1)"*(T+EK+1) rllllagjrl]\ z(j)|
< T+D)"T+K+1)M,ie(l,T+1].
So Q1 is bounded.

Let Q be a non-empty open bounded subset of X such that Q@ D Q1 centered
at zero. It is easy to see that L is a Fredholm operator of index zero and N is
L—compact on Q. Thus Lx = Nx has at least one solution x € D(L) N <Y, So
is a solution of BVP(4). The proof is complete. O

3. Examples

In this section, we present examples, which can not be solved by known results,
to illustrate the main results in Section 2.

Example 3.1. Consider the following BVP
Ang(k — 1) = BIA" 2z (k)|m+ 4+ 0 pi(k) Atz (R)P™H + 1 (R),

kel,T+1],
Alz(0)=0, i=0,---,n—3,
A"22(0) = 5[A™H0)P, (8)

n— o (A" 2a(T+1)]?
A ll‘(T + 1) = — 1+[An—2(m(T+)1)]47

where m, T, and n > 2 are a positive integer, 3 > 0, p;(n),r(n) are sequences.
Corresponding to the assumptions of Theorem L1, we set

g(k7 Lo, ax'n—2) = ﬁ[xn~2]2m+17
h(k,zo,"++ , Tn_2) = Zpl 2™+ 4 (k)

with 8 = 2m + 1, and

$(z) = 52°, P(a) = -

It is easy to see that conditions of Theorem L1 hold. It follows from Theorem
L1 that (8) has at least one solution if

14zt

n—3

T+1)™ lepzll (T + 1) 72790 4 ||pyaf | < 6.
=0
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Example 3.2. Consider the following BVP

n—2
( Arz(k—1) = =3 pi(k)|A(k)| - r(k), ke[, T+1],
) i=0
{ Atz(0)=0, i=0,---,n~-3, 9)
A™2z(0) = 5A™}0),
- (AP
‘ A ig(T+1) = T+ An—2a(T £ ¥’
where T > 1 and n > 2 are a positive integer, p;(n),r(n) are nonnegative se-
quences. Corresponding to the assumptions of Theorem L2, we set

F

Flkymo,++ s Tno2) = — 3 pilk)|zi| — r(k),
i=0

and

3

#(z) = 53, Y@) =~

It is easy to see that K = 5 and the conditions of Theorem L2 hold. It follows
from Theorem L2 that (9) has at least one solution if
n-2
T+2T+5+1))_ lIpell(T+ 1" F < L.
k=0
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