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1. Introduction

Throughout this paper, we assume that F is a real Banach space, K is a
nonempty bounded closed convex subset of £, E* is the dual space of E and
J:E — 2% is the normalized duality mapping defined by

Jz) = {f € E* (z, f) = |l=l|- |IfIl, Il = [|f1[}, @ € B (1.1)
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where (-, -} denotes the generalized duality pairing. In the sequel, we shall denote
the single-valued normalized duality mapping by j and denote the fixed point
set of a mapping T by F(T) = {z € K : ¢ = Tz}. When {z,} is a sequence
in E, then z, — z and z, — z will denote strong and weak convergence of the
sequence {z,} to x, respectively.

Recall that a mapping T : K — K is called uniformly L-Lipschitzian, if there
exists L > 1 such that for all z,y ¢ K

[Tz = T"y|| < Lllz — oI, Vn2>1

A mapping T : K — K is called asymptotically nonexpansive mapping, if
there exists a sequence {k,} C [1,00) with lim,;—,o kn = 1 such that for all
ye K

|77~ Tyl < kallo—ll,  ¥n21.

It is clear that every asymptotically nonexpansive mapping is uniformly L-
Lipschitzian with L = sup,,»,{kn}. The asymptotically nonexpansive mappings
were introduced by Goebel and Kirk [6], and they proved that if K is a nonempty
bounded closed convex subset of a uniformly convex Banach space E, and T :
K — K is asymptotically nonexpansive, then T has a fixed point in K. Several
authors have invesigated iterative methods for approximating fixed points of
asymptotically nonexpansive mappings (see {2, 3, 5, 8, 10, 14]).

Let {T'(¢) : t € [0,00)} be a asymptotically nonexpansive semigroup on a
bounded closed convex subset K of a Banach space F, if it satisfies the following
conditions:

(1) if there exists a sequence {kn} C [1,00) with lim, e kr = 1 such that
forall z,ye K

1Tz — Tl < kalle —yll, Vi€ (0,00), ¥n20;

2) Tz =z forall z € K; ,

(8) T(s+t) =T(s) o T(t) for all s,¢ € [0, 00);

(4) for each z € K, the mapping T'(-)z from [0, o) into K is continuous.

We put F =, Fix(T(t)) .

In [12], Shioji and Takahashi introduced in Hilbert space the implicit iteration

tn
Tn = pr + (1~ an)g— T(s)znds, mn €N, (1.2)
n Jo

where {an} is a sequence in (0,1), {t,} a sequence of positive real numbers
divergent to oo, and z € C. Under certain restrictions on the sequence {ay},
Shioji and Takahashi [12] proved the strong convergence of {z,} to a member of
F (see also [17]). In [11], Shimizu and Takahashi studied the strong convergence
of the sequence {z,} defined by

1 [
Tns1 =z +(1— a")t“ / T(s)xznds, me N, (1.3)
, n Jo
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in Hilbert space where {T'(t) : ¢t > 0} is a strongly continuous semigroup of
nonexpansive mappings, t, > 0 and ¢, — co. Shioji and Takahashi [13] extended

the results of {11]. They studied the strong convergence of (1.3) and the following
sequence for an asymptotically nonexpansive semigroup in a Banach space:

1 [t
Tn = ap®+ (1 — an)z— / T(s)xnds, ne€N. (1.4)
0

n

In 2002, Suzuki [15] was the first to introduce again in a Hilbert space the
following implicit, iteration process:

ZTn = cptt + (L - an)T(ty)zn, n2>1, (1.5)

for the nonexpansive semigroup case. In 2005, Xu [16] established a Banach
space version of the sequence (1.5) of Suzuki [15].

It is our purpose in this paper is to prove, under appropriate conditions, the
two iterative sequence given as follows:

Ty =0T + (1 —0)T"(tn)2n, VY >1 (1.6)

Ynst = Pn + (1 - ﬁn)Tn(tn)ym Vnzl (1'7)

converge strongly to ¢ € (,5, Fix(T'(t)) , which is the unique solution in F
to the following variational inequality:

(g—z,5(q—u)) <0 YueF.

The results presented in this paper extend and improve some recent results in
Shimizu and Takahashi [11], Shioji and Takahashi [12, 13], Suzuki {15}, Xu [18,
17].

2. Preliminaries

Let S := {z € E: ||z|| = 1} denote the unit sphere of the Banach space E.
The space F is said to have a Gateaux differentiable norm if the limit

o e+ o] e
t—0 t

exists for each z,y € 5, and we call E smooth when this is the case. E is said to
have a uniformly Géateaux differentiable norm if for each y € 9 the limit is at-
tained uniformly for z € S. Further, F is said to be uniformly smooth if the limit
exists uniformly for (x,y) € § x S. It is well known that if F is smooth then the
duality mapping on E is single-valued, and if E has a uniformly Gateaux differ-
entiable norm then the duality mapping is norm-to-weak™ uniformly continuous
on bounded subset of E.

Let K be a nonempty closed convex and bounded subset of a Banach space
E and let the diameter of K be defined by d(K) = sup{||lz—y|| : z,y € K}. For
eachz € K, let r(z, K) = sup{||z—y|| : y € K} and let (K) = inf{r(z,K): z €
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K} denote the Chebyshev radius of K relative to itself. The normal structure
coefficient N(E) of E is defined by

d(K)
r(K)

A space E with N(E) > 1 is said to have uniform normal structure. It is
known that every space with a uniform normal structure is reflexive, and that
all uniformly convex and uniformly smooth Banach spaces have uniform normal
structure (see [5] or [8]).

We denote by LIM the Banach limit. Recall that LIM € ({°°)* such that
ILIM|| = 1, liminf, 00 0 < LIMpa, < limsup,_,. an and LIMpa, =
LIMpanqq for all {an} € 1.

In the sequel, we shall need the following Lemmas.

Lemma 2.1(Chang [4]). Let E be a real Banach space and J : E — 27" be

the normalized duality mapping, then for any x,y € E the following conclusions
holds:

N(E) := inf{ : K is a closed convex bounded subset of E with d(K) > 0}.

llz+ 9l <llzlP+2(y, 5z +v)), Vilx+y) e J(z+y);
e + i > |2l + 20y, i (=), Vi(z) € J(z).

Lemma 2.2(Liu [9]). Let {an}, {bn}, {cn} be three nonnegative real sequences
satisfying the following conditions:
Ont1 < (1")\n)a/n+bn+cn7 Y n 2 ny,

where ng is some nonnegative integer, {An} C (0,1) with Y o> Ay = 00, by =
o(An), and 307 g ¢n < 00, then limy, o0 an = 0.

Lemma 2.3([8]). Suppose that E is a Banach space with a uniformly normal
structure, K is a nonempty bounded subset of E, and T : K — K is a uni-
formly L-Lipschitzian mapping with L < N (E)%. Suppose also that there exists
a nonempty bounded closed convex subset A of K with the following property

(P): .
z € A implies wy,{(x) C A, (P)
Where wy{(x) is the weak w — limit set of T at x, that is, the set
{y € E:y=weak w~limT™z for some nj — oc}.
Then T has a fized point in A.

Lemma 2.4([7]). Let E is a Banach space with uniformly normal structure,
K is a nonempty bounded closed convex subset of E, and T : K — K 1is an
asymptotically nonezpansive mapping. Then T has a fized point in K.

3. Main results
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Theorem 3.1. Let E be a real Banach space with uniformly Gateauz differ-
entiable norm and uniform normal structure, K be a nonempty bounded closed
convez subset of E. Let {T(t) : t € [0,00)} be a asymptotically nonezpansive
semigroup with a sequence {k,} C [1,4+0c0),lim, yoo kn = 1 on K such that
F =\, F(T(t)) # 0. Let x € K be a given point and t, > 0. Let {an} be a

sequences in (0, 1) satisfying oy, — 0 (as n — oo) and k2 — 1 < a2. Then the
following conclusions hold:
(I) for each n > 1, there is a unique z, € K such that

Tn = anZ + (1 — an)T" (tn)Tn, (3.1

and if, in addition, lim, o ||2n — T(t)Zs|| = O uniformly in t € [0,00), then
(I) the sequence {xy}converges strongly to q € F , which is the unique solu-
tion in F to the following variational inequality:

(q—=x,j(¢g—u) <0, VYuekF. (3.2)

Proof. The proof of conclusion (1)
For each n > 1 and t, > 0, define a mapping S, : K — K by

Sp(z) = anz + (1 — ap)T™(tn)2z, z€ K.
For all y, z € K, we have
1Sny — Snzll = (1 — an)||T" (tn)y — T"(tn)2|]

< (1~ an)ally = I
Since k2 — 1 < o2, for all n > 1, we have
—1- < —L—a .
kn = kn(kn+1) "
Again, since {kn} C [1,+00) and {an} C (0,1), we have

Qnp,

kn(kp + 1)

Hence 1 — ﬁ < Qp, e, l—ap < kl—n This implies that

1-—

< 1.

(1—apn)kn < L.

Thus, it is easy to see that S, : K — K is a contractive mapping. By Banach’s
contraction mapping principle, it yields a unique fixed point =, € K such that

Ty = anZ + (1 — an)T™(tn)2n, Vn>1
The conclusion (I} is proved.

The proof of conclusion (II)
We define the mapping ¢ : K — R by

¢(y) = LIM, ||z, — yl|*, Vye€K, n>no.
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Since ¢(y) — oo as |ly|| — oo and ¢ is continuous and convex. Again since F
has uniform normal structure, it is reflexive, then there exists z* € K such that
d(x*) = 12}1; @{y). this implies that the set

Y

C={2cK:4(z) = ?}g}f{¢(y)} # 0.

Further, C is bounded closed convex, and C has also property (P) (shown
in [8]). By Lemma 2.3 and Lemma 2.4, T has a fixed point ¢ € C. Hence
Niso F(T(E)NC # 0. Let g € F(C and t € (0,1), then for any z € K, we
have (1 —t)g +tz € K. Thus ¢(q) < ¢((1 - t)g +tz). By Lemma 2.1 we obtain

0< (1 —t)g +tz) — 4(q)

t
= LLIMy (2~ (1~ ) + )] = llza — al?)
1

= ;LIMn(H(In — q) + t(g — 2)|* = [[&n — g|f?)
< 2LIMy (g — , j(zn — q + t(g — )))-

This implies that

LIMy(z ~ q, j(zn — g+ t(g — z))) < 0.

Since K is bounded and j is norm-to-weak* uniformly continuous on bounded
subset of E, taking limit as ¢ — 0, we have

LIMn(z — g, j(zn — q)) 0. (3.3)
Again, it follows from (3.1), we have
On(Tn —z) = (1 — an)(T" (tn)Tn — Zn),
so that for all u € F =, F(T(t)) and k% — 1 < o2, we have

{@n — 2, j(@n — u))

- %"—(Tn(tn)ﬂ?n - xn’j(m“ - ’u))
=- o (T )z ~ v (e~ w)
— (.’L’n - ’U/,j(wn - U))}
< 1220 ) — ]l — - llen ~ )
< 22y 1)l — ul

< (1 - an)au||zs — u[|2.

Since a,, — 0 (as n — oo) and K is bounded, so {||z, — u||} is bounded. Hence
we have

LIM,{z, — z, j{zn —uw)) <0. (3.4)
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Again, since g € F' =5, F(T(t)), from (3.4) we have
LIMy (20 — 2, (20 — q)) < 0. (3.5)
From inequalities (3.3) and (3.5) we have
LIM,{(zy, — z,j(xn — q)) + LIMy{z — q, j(xn — q))
= LIMyp(2n — ¢, j(zn — @))
= LIMy||zp — ql[* <0.

Hence, there exists a subsequence {zn,} C {z,} such that z,; — g € F (as
j — o0). If there exists another subsequence {z,,} C {zn} such that z,, — p

(as k — oo). Again, since lim, o0 ||Zn — T(t)Tn|| = 0 uniformly in t € [0, 00),
then p € F. It follows from (3.3) and (3.5), we have
and

(p—z,j(p—q) <0. (3.7)

Adding up (3.6) and (3.7) we have

p—a,ilp—q) =llp—qlf <0.

This implies that p = q. thus, z, — ¢ (as n — 00), and g € F is unique. Again
it follows from (3.4), so that -

(@—=,j(q—u) <0, YueF=[|FTQ).
>0
The conclusion (II) is proved. a

Theorem 3.2. Let E be a real Banach space with uniformly Gateauz differ-
entiable norm possessing uniform normal structure, K be a nonempty bounded
closed convex subset of E. Let {T'(t) : t € [0,00)} be a asymptotically nonerpan-
sive semigroup with a sequence {kn} C [1,4+00),limpy o0 kn =1 and > oy (kn—
1) < 00 on K such that F = (V5o F(T(t)) # 0. Let x € K be a given point

and t, > 0. Let {an}, {0n} are two sequences in (0, 1) satisfying the following
conditions:
(i) an — 0, Bp — 0 (asn — 00);

o0
(#3) k2 -1 < a2 and Zﬁn = 00.
n=0

For any given y; € K, define a sequence {yn} by

Ynt1 = Bnx 4+ (1 = Bn)T" (tn)yn, Yn =1 (3.8)
Then the following conclusions hold:
(I) for each n > 1, there is a unique xn, € K such that

Tp = an® + (1 — ap)T" (tn)Zn, (3.9)

and if, in addition, limy,—co ||Tn — T(H)Zn|] = 0, limpoo ||n — T()ynl|| = 0
uniformly in t € [0, 00), then
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(II) the sequence {zn} and {yn} converges strongly to the same q € F ,
which is the unique solution in F to the following variational inequality:

{g—z,j(g—u)) €0, VuekF
Proof. From (3.9}, we observe that forallm >1,n>1
ZTm = Yn = m(T = Yn) + (1 — am)(T" (tm)Tm — Yn)-

Therefore, using Lemma 2.1 we have

||Zm — yal[?

< (1= am)*IT™(tm)Zm — Yall® + 20m (T = Yn, j(@m — yn))

=(l-— am)zﬂTm(tm)xm - yn||2 + 20 (T ~ Ton, §(@m — Yn)) + 20| Tm — yn”2
Hence

(T = Zm, J(Yn — Tm))

< 5o (= amPIT™ tm)zm — ol P+ (G = Dllom — 0}
1-2a,

20m

L_2om ;jjm{(lle(tm)xm — T™ ()] + 1Tt )0 — YnlD)? = | — ¥l |*}

+ a—;'”Tm(tm)f’:m - yn“2

<

(L™ ()2 = ynlI? = llm = 9l 2} + 2T ) = vl

< 228 el — Tt~ 9l [ 30}
+ 2Tt )2 — il
< }_;Eziim{(k?n = Dllzm ~ an!2 + 2%k ||Zm — Yl - |T™ () Yn — Ynl]

FIT™ )t = nll?} + 22T () = vl .
Since K is bounded, so that {4}, {yn} , {||T™(tm)%m — yn||} are bounded. Let
M= sup {|lzm — ynll, l|Tm — ynnz? HT™ (tm)Tm — '.'/n“z} < 00.

m>1,n>
Therefore, we obtain that
(-’E - zm,j(yn - xm))

%ﬁ{(k% — DM + 2%k M|[T™ (tm)yn — ynl| (3.10)

+ HTm(tm)yn - ynHZ} + E".;_".M

<

By virtue of the assumption that ||y, —T'(t)ys|| — 0 uniformly in ¢ € [0, 00) (as
n — oo) and by using induction, we can prove that for all m > 1

[lyn — T™(t)ynl] — 0 uniformly int € [0,0) (as n — 00).
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Hence for all m > 1, we have

Ny = T™(tm)ynl| — 0 (as n — o0). (3.11)
By the assumption k2, — 1 < a2, it follows from (3.10) and (3.11) that

Lmsup(T — Tm, j(Yn — Tm))
n—>0C

1~ 20y, A,

< (k2 — )M + - M

200,
1—-2amy, 4 G
<—a2 M+ —
< an o, M+ 5 M

= (1 — om)amM.

(3.12)

Therefore, we have

limsup limsup(z — £m, j(Yn — 2m)) < 0.
TH ¥ XY Pt KD

But by Theorem 3.1, we have that z,, — q € F := ;5o F(T'(t)) (as m — o0).
Again since the normal duality mapping j is norm-to-weak* uniformly continuous
on bounded subsets of E. Therefore, for any given ¢ > 0, there exists a positive

N such that for allm > N
. . €
{z =g, 5(yn — @) — H{yn — Tm))| < 3’

o = o] |M < 55

limsup(z — T, j(yn — Tm)) <

n—0o0

This implies that for any m > N
limsup{(z - ¢, j(yn ~ @)}

n—00

= limsup{(z — ¢, j{yn — @) — §(Yn — Tm))
kA de o

+{& = q— (T = 2m), (Un — Tm)) + (T — Tm, F(Un — Tm))}
= hﬂi‘épmx — ¢, J¥Un — @) = j(yn — Tm))| + ||Zm — gl|M

wim

{2 = zm, Jlyn —7m))} S e
By the arbitrariness of € > 0, it gets

limsup(z — ¢,5(yn — q)) <O0. (3.13)

n—o0

Let
Yo = max{(z — ¢,j(yn — 9)),0}, Yn2>1
Next we prove that

lim v, = 0.

FL—r OO
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Indeed, for any given € > 0 it follows from (3.13) that there exists a positive
integer n; such that

(T~q,iun—9)) <&, Yn2m.
This implies that
0<y,<¢ VYn>ni.
By the arbitrariness of € > 0, we have that lim, e Yn = 0.
Again, let ¢ € F = (),5, F(T(t)), from the sequence {yn} defined by (3.8)
and Lemma 2.1 for all n > 1 we have

llyn —all® = [1Bulz — @) + (1 = Bu)(T" (ta)tm — @)|I?
< (1= Bo)? 1T (tn)yn — alI? + 2Bn(z — ¢, §(Unt1 — @)
< (1 - ﬁn)kiilyn - 9“2 + 2}8n<‘77 - Qaj(yn+1 - q)) (3~14)
< (L= Bo)llyn — all* + (k2 = Dllgn — glI* + 2Bn 41
< (1= B)lyn — alI? + (kn — M1 + 28, Vn41-

where Ml = Suanl{(kn + 1) ) Hyn - QHZ}'

Take ar, = ||yn—4||%, Ao = Bn, bn = 28nYns1 and ¢ = (kn—1)Mj, in Lemma
2.2. By the assumptions, it is easy to prove that 3 - ; A, = 00, by = 0(A,) and
Y meo Cn < 00, hence the conditions in Lemma 2.2 are satisfied, and so we have

nli_,rg; lyn — gl =0, ie, ypn—g€F
Further, since limy,_, yn = q € F, then by Theorem 3.1 we have
lim y, = nlirgo r,=q€EF= thG F(T(t)).

n—00

and g is the unique solution in F to the following variational inequality:
(Q—CL',_?(Q“'U/))SO, Vu€kF.
The proof of theorem 3.2 is completed.
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