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ON SELF-RECIPROCAL POLYNOMIALS AT A POINT
ON THE UNIT CIRCLE

SEON-HONG KM

ABSTRACT. Given two integral self-reciprocal polynomials having the sa-
me modulus at a point zg on the unit circle, we show that the minimal
polynomial of zg is also self-reciprocal and it divides an explicit integral
self-reciprocal polynomial. Moreover, for any two integral self-reciprocal
polynomials, we give a sufficient condition for the existence of a point zg
on the unit circle such that the two polynomials have the same modulus
at zg.

1. Introduction and statement of results

Throughout this paper, U denotes the unit circle and n is a positive integer.
A polynomial P(2) = a,2™ +a,_12" "1 + -+ +ag is said to be a self-reciprocal
polynomial of degree n if it satisfies a, # 0 and P(z) = 2"P(1/z). Thus
the zeros of a self-reciprocal polynomial either lie on the unit circle or are
symmetric with respect to U. There have been a number of interesting problems
(for example [2]) about the distribution of zeros of self-reciprocal polynomials.
Also the minimal polynomial of an algebraic number « is the unique irreducible
monic polynomial f(z) of smallest degree with rational coefficients such that
fla) =0.

In this paper, we study a generalization of an already rather general problem,
that of determining the zeros of a polynomial on U. This maybe phrased as
finding z with |z| = 1 such that |P(z)| = 0, where P(z) is a polynomial.
We propose broaden this to the problem for finding z with |z| = 1 such that
|P(2)| = |Q(z)|, where P(z) and Q(z) are polynomials. A first priority in this
fashion seems to determine the minimal polynomial F(z) of an element of the
set

{z:1P(2)] = [Q(2)], 2] = 1}.
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Also, what can be said about the number of zeros on U of F(2)? We study
these questions in case that the polynomials are integral and self-reciprocal.
Now we establish the first result.

Theorem 1. Let P(z) and Q(z) be integral self-reciprocal polynomials with
deg P(z) =m >n =degQ(z). Suppose that

|P(20)| = |Q(20)| # 0

for some zy with |z0| = 1 and z9 # 1. Then the minimal polynomial of zg
is also self-reciprocal and it divides integral self-reciprocal polynomial P(z)? —

menQ(z)Q‘

In above theorem, zy # 1 is required because the minimal polynomial of 1
is z — 1 which is not self-reciprocal. One may ask whether there always exist
zo with |z9| = 1 and zp # 1 such that |P(z)| = |Q(29)| for any two integral
self-reciprocal polynomials P(z) and Q(z). But an example of

P(z) = 2% — 22% — 22 4 1, Qz)=2"-Tz+1

gives the negative answer by Theorem 1. This is because P(2)? — 2™ "Q(z)?
has no zeros on U. Hence it is interesting to mention the condition that the
question above is true. We now give a sufficient condition for that when P(2)
and Q(z) are even degrees of polynomials.

Theorem 2. For even integers m and n, let

m

P(z) = Z apz", Qz) = Z by.2"
k=0 k=0

be integral self-reciprocal polynomials with deg P(z) = m >

\%
S
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either
_bn)? 8 - —b ? S 2
(a% 2) 4m + 3 Z(a%_k ﬂ_k) + Z a%_k
k=1 k=241
or
b 2 8 % b 2 % 2
(a5 +b3)" < 3 D (agk+bze) + D ahif,
k=1 k=241

then there exists zo € C with |z9| = 1 such that

|P(20)] = |Q(Zo)|-

In Section 2, we provide proofs and some examples of Theorems 1 and 2.
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2. Proofs and examples

Proof of Theorem 1. The first part of the theorem follows from the well known
fact that the integral minimal polynomial f(z) of degree d of zyp with |zo| = 1
is self-reciprocal. This is because

2 (z") = 25 f(z0) =0,
and zg is a zero of the polynomial z" f (z_l) which has degree d. Since the min-
imal is unique, we have f(z) = 2?f (2_1). We now prove the second part of the

theorem. Suppose that P(z) and Q(z) are integral self-reciprocal polynomials
with deg P(z) = m > n = deg Q(z). Consider 2m degree polynomial

F(z) = P(2)? = 2" 7"Q(2)".
Then F(z) is an integral self-reciprocal polynomial since
PP = (PR - Q)
= (P () 2 Q)
= P(2)* = 2"7"Q(2)* = F(2).

Suppose that |P(29)|> = |Q(20)|? for some zy with |zp| = 1 and 29 # 1. Using
Zo = 1/29 and P(z), Q(z) self-reciprocal, we have

0 = P(20)P(20) — Q(20)Q(20) = P(20) P25 ") — Q(20)Q(25 ")
=25 "P(20)* — 25 "Q(20)* = 25 " (P(20)* — 25" " Q(20)*)
=z, " F(20),
which completes the proof. O

Example 3. Let P(z) = z* + 1 and Q(z) = 22 + 1. For zy = li;‘\/§ and

%“/3, we may compute that

[P(20)| = |Q(20)| = [P(21)] = |Q(21)] = 1.

Also the minimal polynomials of zg and z; are

zZ1 =

22— 241
and
z2+z—|—1,

respectively. Now we can confirm that the two polynomials above, 22 4+ 2 + 1,
are factors of

41?2 =222+ 1) = (2 - D22+ 1?22+ 24+ 1) (22— 2+ 1)%
Example 4. Consider the self-reciprocal polynomials

41 and 224241
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having all their zeros on U. By Theorem 1, a complex number zy on U with
|28 + 1] = |28 + 20 + 1| must have the minimal polynomial
Flz) =28 25 —224 — 23— 222 — 241
since
(22 4+ 1) —2(22 4+ 2+1) = F(2),

and F(z) is irreducible.

The minimal polynomials of zy and z; in Example 3 have all their zeros on
U. However we may verify that F'(z) in Example 4 has two zeros not on U.
Hence it is natural to ask which self-reciprocal polynomials P(z) and Q(z) in

Theorem 1 give the minimal polynomial of zy having all its zeros on U. We
now provide two examples of such pairs of polynomials:

(1) P(z) = 2"tF +1, Q(z) = 2" + 1.
For k > 1,
(Zn+lc + 1)2 o Zk(zn + 1)2
_ (Zk _ 1)(z2n+k _ 1)

_ (Z—1)2(Zk_1+Zk_2+"'+1)(2’2n+k_1 +22n+k—2_~_.“+1)'

(2) P(Z) = Z;izlﬂ Q(z> = Z,::11‘

For m > n,

Zm—1\? men [ —1 ?
-z
z—1 z—1
B (men _ 1)(zm+n _ 1)
(z—1)?
— (Zm—n—l T Zm—n—2 N 1)(Zm+n—1 _|_Zm+n—2 N 1).
For the proof of Theorem 2, we need the following lemma which is the

Nikolskii-type inequality (see Theorem 2.6 of [1]) for the class of real trigono-
metric polynomials of degree at most n.

Let K := R (mod 27). For f € C(K), let

1/p

27
||f||p:=(/0 f(ﬂ)lpd9> . O<p<o

Lemma 5. Let T,, be a real trigonometric polynomial of degree at most n, and
0<q<p<oo. Then we have

1 1
2rm+1\a »
Il < (250 T I
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where r := r(q) is the smallest integer not less than q/2.

Proof of Theorem 2. For even integers m and n, let

n

= iakzk, Qz) = Z by 2"
k=0

k=0
be integral self-reciprocal polynomials with deg P(z) = m > n = degQ(z).
Suppose that

[P(2)] # |Q(2)]
for all z € C with |z| = 1. Write F'(z) = Fi(2)F»(z), where
Fi(2) =P(z) =277 Q(2),  F(2)=Pl)+z"7 Q(2).

Then both Fy(z) and F»(z) have no zeros on U and deg F(z) = deg Fa(z) = m.
Now we have
Fi(z) _ Pz) _ Q2)
g .

m
22

Since, for z = €*?, we have

P(2) 1 , 1 mo 1
m —an tam g (2+ - |tan o|2"+ =5 |+ -ta (2?2 +—=
zZ2 Z z z22

=amn +2 (aﬂ—1RBZ+-~~+aoRez%)

2

=am +2 <a%,1 cos(f) + - - - + ag cos (%9))

and similarly

Q)

Z2

n
=bn +2 (b%,l cos(f) + - -+ + by cos (59)) .
Since F(z) has no zeros on U,

T(0) = Fz) _ P(j) _ Q)

z2 zZ2 z

_ (a% +2 (a%_l cos(f) + -+ + ap cos (%@))
_ (bi ) (b%,l cos(f) + -+ + bo cos (g@))

n
2

=an — b% + 22 (a%_k - b%—k) cos (k0)

k=1

3

+
[\]
>~
Il
L
J’_
=
Q
?T‘
o
o
UJ
N‘
S

has no any real zeros. Without loss of generality we may assume that T is
positive on the real line. Then we have

2
7 = [ 7(6)db = 27 (a5 — b3).
0
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Using the Parseval formula, we also have

s

27
171 = [ 7= (ay - by)’
0

|3

m
+ 4 (a%_k—b%_k)2+ Z a%_k

k=1 k=241
By Lemma 5,
m+1
T2 < —— ) ||IT?
18 < (Z5 ) I
and so
1 2 d 2 2 2
L (% A 8 S (ST YD L S N
k=1 k=241
m+1 2
< < o )47r(ambn) :2(m+1)(a%—b%) ,
ie.,

2 8 E 2 El
(ap —bz) Z imTs ;(a%*k_b%*k) + Y ah
=1

Using F5(z) having no zeros on U, we follow above method

2 8 L 2 £l
(ap +by) Z i3 > (ap-k+byop) + Z L

which completes the proof. O
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