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ABSTRACT

Current paper investigates the dynamic behavior and stability of an infrared search and track subjected
to external disturbance having gimbal structure with three rotating axes keeping constant angular velocity
in the azimuth direction. Euler-Lagrange equation is applied to derive the coupled nonlinear dynamic
equation of motion of infrared search and track and the characteristics of dynamic coupling are
investigated. Two equilibrium points with small variations from the nonlinear coupling system are derived
and the specific condition from which a coupled equation can be three independent equations is derived.
Finally, to examine the stability of system, Lyapunov direct method was used and system stability and

stability boundaries are investigated.

87

1. Introduction

The maintaining of stability of infrared search
and track(IRST) system is important issue to
obtain the good image quality of the system. To
design and optimize the control of IRST system,
the derivation and analysis of dynamic equation
of motion becomes the first important procedure.

It has been known that there are general two
types of IRST with different operation concepts,

[1,2]

scanning and staring array IRST system . In

scanning system, the infrared image is obtained
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using gimbal structure with three rotating axes
instead of using two axes gimbal in staring
array IRST. However, current most IRST system
is designed using scanning system because of
the developing and operational cost even though
the scanning system has more dynamic complexity.
The scanning mechanism of IRST is constructed
with gimbal structure which has three rotational
angles, azimuth, pitch and roll motions. The
motion of each angle interactively affects each
other with its external torque because of system
coupling. In the past, most IRST system just has
used single input and single out(SISO) control for
the convenience without considering the dynamic
Coupling[g]. Therefore, we will study the nonlinear
dynamic motion including dynamic coupling effect



and stability.

Conventionally, there are several papers
describing the dynamic motion of specific
problems such as stability of liquid fluctuation
inside, satellite motion using pendulum approach
and so on”! Then, most papers have used Euler
-Lagrange(E-L) equation to obtain the dynamic
equation of motion even though some studies
used Kane's method, Bond graph model®. To
describe the stability problem, Chetan used root
locus analysis by linearizing the nonlinear system
and Z.-M. Ge et al. investigated the behavior of
elliptical pendulum using Lyapunov direct method
U park et al’® used momentum equation to
derive the dynamic equation of double gimbaled
momentum wheel and designed the PID control
logic. To design PID control, new variables in roll
and yaw angles are introduced without considering
a specific condition of inertia through the paper.

In this paper, we first derive the dynamic
coupled equation of motion using E-L equation
with moment of inertias, motion variables and
outer external torques similarly with some papers
mentioned above. The equilibrium points are also
investigated with small variation from equilibrium
state in the motion of IRST.

Second, we derived the optimal inertia condition
which can derive into independent problem and
can be applied to three Single Input Single Output
(SISO) control problem for the control of IRST.

Last, we analyze the stability condition with the
velocity feedback control torque using Lyapunov
stability method® with linearized form of the

coupled equation.

2. Dynamic equation of motion

The IRST system is assumed that it moves
with three different rotational axes, azimuth, pitch

and roll angles as shown in Figure 1. In this
case, the axis of azimuth, aAg, of body A rotates
with constant velocity around 1Hz covering whole
angle range 360° in a given inertial Newtonian
frame, N. The axis of pitch supporting the main
infrared(IR) scanning camera module which takes
the image of infrared bands, 3~5um, 8~12um
or both bands rotates along the pitch axis, b; n
body frame A. Last IR camera module which
rotates through the roll angle axis, cAl constructing

the major component of the system and collects
the infrared energy that comes out of the target
and background rotates in the pitch frame, B.
Eventually, theses angle make Euler angle. Here,
the inertia of each axis is represented using
inertia tensor, /4", 1P/% and 19C. Here, the
superscript means body of each axis in the

*9y

observed frame. “4™” is the name of a body
constructed by its own coordinate frame, “A”
located at the center of mass. “B”" and “C"”
have similar meaning with previous ones. For the
convenience, we just consider inertia of principal
axis neglecting terms of product inertia of bodies
of each axis even though it does not happen in
real physical situation. This is because the product
inertia is so small to disregard the additional

effects on the dynamic system.

A

1,

-
Fo

[Figure 1] Configuration of IRST having 3-axis
rotational motion

m
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Figure 1 represents the schematic configuration
of IRST having three rotational axes. This system
should be controled and robust under the external
disturbance and proper control logic should be
developed and have stability robustness.

General rotational motions are described with
physical parameters, moment of inertias and
variations of angular velocity in time called
angular accelerations. There are several well-
known methods in deriving the dynamic equation
of IRST. Euler-Lagrange(E-L) method, Momentum
method or Kane's method can be included.
However, one of the most well known method,

1 . . .
% is used in this

the Lagrange-Euler method'
paper to derive the dynamic motion of IRST
which is composed of three axes rotational motion
as mentioned above.

First, the Lagrange-Euler equation is represented

as the equation (1).

d oL oL

E(%)—%—Q (1)
L=T-V (2)
0 =F-v, (3)

Here, L represents the Lagrangian which is the
difference  between kinetic energy, 7 and
potential energy, V from the equation (2). The
generalized force, ¢, with generalized force Z,
and generalized velocities v_ from equation (3) is
shown in (1) and (3). ¢ is generalized coordinate
and ¢ is the angle of azimuth direction, ¢, is the
angle of pitch and ¢; is the angle of roll.

Now, if E-L is considered in the motion of
azimuth direction, the kinetic energy in this axis
is represented easily with following relations.

1

T, =%("w"f I;{"A‘ Nyt =513A’Ak AN (4)
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With
Ywh =g,4, (5)

Here “w?is the angular velocity vector of body,
A in the Newtonian frame, N along the axis, a;

of body A The kinetic energy is related with
angular velocity in a fixed state of linear motion.
Second the Kkinetic energy in the pitch direction
i1s similarly described with following expressions.

1 *
Tp, :E(NWB)T 1B/B NwB

1 * . * *
=5(1f’5 gisin’ g, + 1I;'"°¢; + 174} cos’ q,) ®)

Here, “w? the angular velocity of body “B” in
the frame “N” is easily determined with both
rotations, azimuth rotation and pitch rotation
using the body frame, “B” and its coordinates, bA/
(i=1,2,3)

“wh=Nwldw? = - sin qzl;l +qzl;2 +4, cos qzl;3 (7

Last, the kinetic energy in the roll axis using
body coordinate, B is

]w’[ — %(NWC)TIZC/C* NwC

:5[11“ (=4sing, +¢,)" + 1547 + I5' "¢} cos’ ¢,] (8)

with

NWC:NWA+AWB+BWC

= (=, sing, + G;)b, + G,b, + G, cos g,b €)

Finally, the total kinetic energy representing the

dynamic motion is



7, =5[(1;“A +177 sin? g, + (177 + 1) cos? ¢,)4;

FIPE NG +IEC (=4, sing, +45)°]

(10)

Next, the potential energy can be expressed as
following expression by considering the stiffness
of bearing friction between rotating bodies.

1 1
Vit :Ekzq22+5k3q32 11)

Here, k;, and k, are the bearing friction factor
not considering the stiffness of azimuth direction
since it is assumed that the axis in the azimuth
direction rotates with almost constant angular
velocity. Furthermore, the gravity force did not
considered since the location of the mass center
does not change when the IRST rotates.
Eventually, the Lagrangian of system can be

written as,

L= 1 sin® gy (1 4 157 o 4,)g7
HUL I G I (g sing, + 4]

| |
- Ekz%z —Eksqi (12)

Now a nonlinear dynamic equation shown in (13)
is derived by several manipulations with L-E
equation, (1).

M(q)q+N(q,q)+ P(q) = F (13)

With generalized coordinates, 4=1[4,.9,.951, M(q)
is inertia matrix, MN(g ¢) is damping matrix
adding viscous friction factor ¢, ¢ and c;.
Furthermore, P(q) is stiffness matrix and F is

just torque matrix acted on each axis.

L+ (1P + 15 )sin’ g,

. 0 —15“sing,
+UPT+ I cos? g,
M(q) = 0 e 0
—If'sing, 0 If'C
(14)
N(q,q)=

U2+ I =1 - 15 )sin2q, Gig, — 17 08 qyg54, + ¢/

1 . o . o . o .. .
_E(Ils/s "'IlL ¢ _[35/8 _[f/c )Sm2qz q12+[|C ¢ €084,4,9; + €29,

— I c0s g1, + 445
(15)
0 M, @)
P(q)= 29> F= MB(t) (16)
ks |’ M. (@)

Here, M,(t), My(t) and My(t) are torques

exerted on the moving rotation axes.

3. Stability analysis

3.1 Equilibrium with small variations

If the dynamic characteristics analyzed in IRST,
some equilibrium state of system like following
conditions should be identified. The three
equilibrium states are described with three small
variations according to the variations of
generalized coordinates. The azimuth direction
rotates with constant equilibrium velocity and
small fluctuation around this equilibrium velocity.
Furthermore, angles ¢, ¢ vary around the
specific equilibrium angles. In the equilibrium
state, whole angular accelerations become zero.

;=0 (i=123) ¢,=0,¢,=0 17
q.1: q.f‘ 5(].1 (18)
G = %-ﬁ- 0gy
@3 =gzt 5‘13
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The torques exerted externally on each axis are
also expressed with small variations from

equilibrium values and superscript “~” denotes
the equilibrium values.
M, (t) = M,+6M, (19)

My(t) = M+ 8M,
M(t) = My+6M,

Now, if we substitute the small variation of each
equilibrium angle, angular velocity shown in (18)
and variation of torque (19) into dynamic equation
(13), it leads to following expressions under the
assumption of small variation ¢, and 9>, 4s.

¢ 64, = 6M, (20)
(225 4 10T — [P — 197 () +ky) 6qy = 6M,,
(21)

ky 0q, = oM, (22)

From the equilibrium values of equation (20)~
(22), we can identify the fluctuation of angular
velocity and angles. In equilibrium state, the
variation of angular velocity 5q.1 is dependent on
the viscous damping friction coefficient, ¢, and
its control torque, M,. Similarly, Equation (22)
reveals the variation of d¢; has relation with
stiffness factor, k; which is denoted with
rotational bearing friction and control torque,
8M,. Furthermore, from the equation (21), we
can identify that the variation of motor torque of
body B is dependent on the bearing friction
factor, k&, and constant equilibrium angular

velocity, dl. However, if following condition of
inertia of body B and C from the first term of

equation (21) is satisfied,
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If/B* +[3C/C* :IIB/B* +IIC/C* (23)

we can fairly reduce the needed control torque,
oM, and also make the additional torque
fluctuation dependent only on bearing friction, #,
similar to equation (22) without consideration of
equilibrium  velocity  of azimuth  direction.
Furthermore, if the angle ¢, has so small value
from zero equilibrium point and let it zero, we
can neglect the off-diagonal term in the mass
matrix M(g) and each value of element of mass
matrix becomes constant. In addition to that, by
neglecting viscous friction and stiffness variables,
totally independent and uncoupled equation motion
can be derived into equation (24). This means
that if SISO(Single input Single output) control
scheme is applied, the ¢, should be zero or

sufficiently small.

M(q)i=F (24)
J AR S 0 0
M(q)= 0 YR ()
(q 2 2 e (25)
0 0 I

Figure 2 represents the nonlinear response of
the angle ¢, using equation (13) with different
initial angle ¢,, 0°, 10° and 30° with constant
input torque, M, =10(Nm). In this case, we
neglect the viscous friction and stiffness friction
factors. From this figure, we identified that the
angle ¢, becomes independent with torque A4,
when initial angle of is 0°. Figure 3 shows the
fluctuation of angle ¢, in a same condition of g,
and we can conclude that larger initial angle g,
derives the more fluctuation of angles ¢, and g.

In conclusion, the control torque of IRST can
be reduced under the specific condition of inertia

and the coupling effect also does not need to



consider constructing three independent control
from the coupled one equation even though it is
required more complex algorithm for the
dynamically coupled controller design.
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[Figure 2] Fluctuations of ¢, with different initial
angle g,
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[Figure 3] Fluctuation of ¢, with different initial
angle of g,

3.2 Stability with Lyapunov
In this section, the stability of motion of system
is described by Lyapunov method”. If we rewrite

the nonlinear equation (13) into linear state

equation, it becomes following expression, (27),
by putting the equations into state form using
following state variables, =x;, (i=1,...6)

; (1=1,2,3) (26)

r;=¢; and x; 3 =z

Now, an equilibrium point at the initially zero is

considered and the following equation is derived

[11]

by using Taylor series expansion neglecting

higher order terms.

X, = X5, X3 = Xg

%, = — Gk +M,(0) o LT CXs —hyx, + M (1)
I;/A +I3B/B +I3C/C 5 IZB/B +12C/C
M, (0)x, |

= v g ot —(—cyxg —kyxy, + M (¢t
6 [3A/A +133,B +I3C,C IIC/C ( 3746 373 c())

27

Neglecting x,(=¢) since it does not appear on

the right hand side of equation (13), the first
equilibrium point can be determined as,

X,(0,0,0,0,0) y with X, = [xzy X35 Xyp Xs, Xg ]T (28)

Next, the Lyapunov function is introduced into
following expression.

1 6
Ly==Yx’ (29)
25

To understand the feedback control of IRST, we
set up the torque with angular velocities and
gains as the expression (30). Now, the time
derivatives of Lyapunov function with velocity
feedback control torque is (31).

M, =kx,, M, =kx;, M,=k.x (30)
dly 7
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Here,
Q=1 ATP+PA+Q=0 (32)

Here, the matrix A4 is,

0 0 0 0
0 0 0 1
0 —c, +k, 0
e In,
-k, 0 0 —c, +k, 0
In, In,
0 — k.“; 0 0 — O +*kc (33)
| IICJC Il( c
with

Ty = BV By g0
[TLQ :[23/5’*+[2('/C*

k

positive definite matrix. According the Lyapunov

» ki, k. are feedback gains and P, @ are
stability theory, the matrix @ should be positive
definite. Therefore, we can investigate the
property of positive definite by calculating the
eigenvalues of the expression, (31) and obtained
these values with (34).

¢, —k
A :—%
S A
Ays = _%((Q —k)F \)j(fs _kc)z _4]"3110“)
’ 21
1 [ 5 B o
1-4,5:* ("z*kb);\e"(fzf‘z‘})‘*4k2(I2&'5 +I§CC)

217 +Jf"‘)(

(34)

Now, we investigate the stability with three
different cases having different values of eigen
values.
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CASE 1. Pure imaginary eigen values
- Condition : ¢, = kji=1,23, j=ab,ec

i

with kyykyky # 0

In condition of CASE 1, the eigenvalues of
expression (34) have imaginary values. Next, if
we Investigate the nonlinear velocity feedback
response, we can get Figure 4. From the figure,
the fluctuation of angle ¢, and ¢; can be identified.
The magnitude of amplitude does not decay with
time because the energy dissipation by viscous
friction is exactly compensated by velocity
feedback torque given by expression (30).

20

I ’ —_— q2
15k -+ q3

15} J

Angle(deg.)
& o o o
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_20 1 1
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[Figure 4] Variation of ¢, and ¢, of CASE |

CASE II. Negative real eigen values
- Condition : ¢; > kpi=1,23 j=ab.c
with kyykyky = 0

This is the case the eigenvalues have negative
real values. In this case, the dissipation by
viscous friction exists with time not to totally
compensated by velocity feedback torque. We can
easily check the converge of motions.



Angle(deg.)

4 J

6k i

% 50 100 150 200
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[Figure 5] Variation of ¢, and ¢, of CASE Il

CASE 1II. Positive real values
- Condition : ¢; <k, i=1,2,3 j=a,b.c
with ky, byl = 0

In case III, the eigen values have positive real
values and the divergent characteristics with time
is expected and is identified as in the figure 6.

Angle(deg.)
A

)
a
T

T PR q2

Time(sec.)

[Figure 6] Variation of ¢, and ¢, of CASE Ill
(Positive in imaginary part)

From the result of above Figure 6, we can also
identify that the angle ¢; is divergent into negative
values of magnitude with positive eigenvalues. In
addition to that, if the eigenvalues have negative
real values in imaginary parts, then the ¢, also

diverges having positive magnitude as in figure 7.

5x10
e sats q2
4t L=—@B
3_
>
(7]
ke
T 2
)
=
<
1 -
0 r—
A L | | I
0 1 2 3 4 5]

Time(sec.)
[Figure 7] Variation of ¢, and ¢, of CASE lII
(Negative in imaginary part)

Now, if we consider the another equilibrium point

2,0,0,2,,0,0) as the second example with

following assumption,

k,=c (35)
In this case, we use equilibrium velocity of :él
instead of zero value. To meet the condition of
equilibrium point of Lyapunov, we introduce the
equation (35) and used same Lyapunov function,
(29). Now the linearized form from nonlinear
dynamic equation of motion (13) becomes same
expression (27). The derivative of Lyapunov also
has same equation and finally the eigen values to
determine the stability of system can be obtained
into (34). From the above examination, we can

= eAt 78] A A Al25(2008'd 49) /123



conclude that the stability boundary of IRST
which rotates with constant angular velocity at
the azimuth direction is same as the equilibrium
point explained first.

4. Conclusion

The motion of IRST is characterized by three
angle wvariables and has different motion
characteristics with different inertias. To keep
the dynamic stability of this system is very
important issue to get a good quality of infrared
image. To get the dynamic equation of motion of
IRST, Euler-Lagrange equation was used and the
dynamic coupling effect among the axes was
examined. Furthermore, the specific condition of
inertia independent of rotational velocity in the
azimuth direction is derived with small variation
from the equilibrium point. We also identified the
specific condition which the coupled dynamic
system can be derived into the uncoupled system
with simple assumption and manipulation. Finally,
to investigate the system stability, Lyapunov
function is introduced and stability condition with
different eigen values are obtained at the two
equilibrium points.
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