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ON COMPATIBLE MAPPINGS OF TYPE (I) AND (II) IN
INTUITIONISTIC FUZZY METRIC SPACES

CIHANGIR ALACA, ISHAK ALTUN, AND DURAN TURKOGLU

ABSTRACT. In this paper, we give some new definitions of compatible
mappings in intuitionistic fuzzy metric spaces and we prove a common
fixed point theorem for four mappings under the condition of compatible
mappings of type (I) and of type (II) in complete intuitionistic fuzzy
metric spaces.

1. Introduction

The notion of fuzzy sets was introduced by Zadeh [23] in 1965. Since then,
to use this concept in topology and analysis, many authors have expansively de-
veloped the theory of fuzzy sets and applications. For example, Deng [3], Erceg
(5], Fang [6], George and Veeramani [7], Kaleva and Seikkala [11], Kramosil and
Michalek [12] have introduced the concept of fuzzy metric spaces in different
ways. They also showed that every metric induces a fuzzy metric. Mihef [14]
obtained some new results of modifying the notion of convergence in fuzzy met-
ric spaces. Turkoglu et al. [22] gave definitions of compatible mappings of type
(I), (II) and some examples for various compatible mappings in fuzzy metric
spaces. After than, we prove common fixed point theorem for four mappings
satisfying some conditions in fuzzy metric spaces.

Park [16] using the idea of intuitionistic fuzzy sets, defined the notion of intu-
itionistic fuzzy metric spaces with the help of continuous #-norm and continuous
t-conorm as a generalization of fuzzy metric space due to George and Veera-
mani [7] and introduced the notion of Cauchy sequences in an intuitionistic
fuzzy metric space and proved the Baire’s theorem and finding a necessary and
sufficient condition for an intuitionistic fuzzy metric space to be complete and
shown that every separable intuitionistic fuzzy metric space is second countable
and that every subspace of an intuitionistic fuzzy metric space is separable and
proved the uniform limit theorem for intuitionistic fuzzy metric spaces. Alaca
et al. [1] using the idea of intuitionistic fuzzy sets, they defined the notion
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of intuitionistic fuzzy metric space as Park [16] with the help of continuous ¢-
norms and continuous t-conorms as a generalization of fuzzy metric space due
to Kramosil and Michalek [12]. Further, they introduced the notion of Cauchy
sequences in an intuitionistic fuzzy metric spaces and proved the well-known
fixed point theorems of Banach [2] and Edelstein [4] extended to intuitionistic
fuzzy metric spaces with the help of Grabiec [8]. Turkoglu et al. [20] gave
generalization of Jungck’s common fixed point theorem [10] to intuitionistic
fuzzy metric spaces. They first formulate the definition of weakly commuting
and R-weakly commuting mappings in intuitionistic fuzzy metric spaces and
proved the intuitionistic fuzzy version of Pant’s theorem [15]. Turkoglu et al.
[21] introduced the concept of compatible maps and compatible maps of types
() and (B) in intuitionistic fuzzy metric spaces and gave some relations be-
tween the concepts of compatible maps and compatible maps of types () and
(8). Many authors studied the concept of intuitionistic fuzzy metric space and
its applications [9, 17, 18].

The purpose of this paper, we give concepts of A-compatible and B-compa-
tible and later afterwards introduce definitions of compatible mappings of type
(I), (II) and some examples for various compatible mappings in intuitionistic
fuzzy metric spaces. After than, we prove common fixed point theorem for four
mappings satisfying some conditions in intuitionistic fuzzy metric spaces and
give an example to validate our main theorem.

2. Intuitionistic fuzzy metric spaces

Definition 1 ([19]). A binary operation x* : [0, 1] x [0, 1] — [0, 1] is continuous
t-norm if * is satisfying the following conditions:

(i) * is commutative and associative;
(i) * is continuous;
(iii) @*x 1 =a for all a € [0,1];
(iv) axb < c*d whenever a < cand b < d for all a,b,¢,d € [0,1].

Definition 2 ([19]). A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is continuous
t-conorm if ¢ is satisfying the following conditions:

(i) ¢ is commutative and associative;
(ii) ¢ is continuous;
(iii) aQ0 =a for all a € [0, 1];
(iv) aQb < cQd whenever a < ¢ and b < d for all a,b,¢c,d € [0,1].
The following definition was introduced by Alaca et al. [1].
Definition 3 ([1]). A 5-tuple (X, M, N, *,Q) is said to be an intuitionistic
fuzzy metric space if X is an arbitrary set, * is a continuous ¢-norm, ¢ is a

continuous t-conorm and M, N are fuzzy sets on X2 x [0,00) satisfying the
following conditions:

(i) M(z,y,t)+ N(z,y,t) <lforall z,y € X and t > 0;
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(ii) M(z,y,0) =0 for all z,y € X;

(iti) M(z,y,t) =1 for all z,y € X and ¢t > 0 if and only if z = y;

(iv) M(z,y,t) = M(y,z,t) forall z,y € X and £ > 0;

(v) M(z,y,t)* M(y,z,8) < M(z,2,t+s) for all z,y,z € X and s,t > 0;
(vi) for all z,y € X, M(z,y,.) : [0,00) — [0,1] is left continuous;

(vit) hmM(:z: v, )—1f0rallx,yEXandt>O
(viii) N(.'c,y, 0)=1forall z,y € X;

(ix) N(z,y,t)=0forall z,y € X and ¢t > 0 if and only if z = y;

(x) N(z,y,t) = N(y,z,t) for all z,y € X and t > 0;

(xi) N(z,y,t)ON(y,z,8) > N(z,z,t+s) forall z,y,z € X and s, > 0;
(xii) for all z,y € X, N(z,y,.) : [0,00) — [0, 1] is right continuous;
(xiii) th(w y,t) =0 for all z,y in X

Then (M ,N) is called an intuitionistic fuzzy metric on X. The functions
M(z,y,t) and N(z,y,t) denote the degree of nearness and the degree of non-
nearness between x and y with respect to ¢, respectively.

Remark 1. Every fuzzy metric space (X, M, *) is an intuitionistic fuzzy metric
space of the form (X, M,1 — M, x,{) such that t-norm * and t-conorm ¢ are
associated ([13])7 i'e" $<>y =1- ((1 - I) * (1 - y)) for all T,y & X.

Remark 2. In intuitionistic fuzzy metric space X, M(z,y,.) is non-decreasing
and N(z,y,.) is non-increasing for all z,y € X.

Definition 4 ([1]). Let (X, M, N, %, () be an intuitionistic fuzzy metric space.
Then

(a) a sequence {z,} in X is said to be Cauchy sequence if, for all ¢ > 0

and p > 0,
lim M(a:n+p,:cn, t)=1, lim N(zp4p,Zn,t)=0.
(b) a sequence {x,} in X is said to be convergent to a point 2 € X if, for
allt >0,

lim M(zn,z,t) =1, lim N(z,,z,t) =0.

n—oe
Since * and ¢ are continuous, the limit is uniquely determined from (v) and
(xi), respectively.
Definition 5 ([1]). An intuitionistic fuzzy metric space (X, M, N, , Q) is said
to be complete if and only if every Cauchy sequence in X is convergent.
Definition 6 ([1]). An intuitionistic fuzzy metric space (X, M, N, *, {) is said
to be compact if every sequence in X contains a convergent subsequence.

Lemma 1. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and {yn}
be a sequence in X. If there exists a number k € (0,1) such that

(2‘1) M(yn+27yn+1’kt) P M(yn+layn7t)7 N(yn+2)yn+17 kt) S N(yn-i-l’ymt)
forallt >0andn=1,2,..., then {yn} is a Cauchy sequence in X.
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Proof. By the simple induction with the condition (2.1) with the help of Alaca
et al. [1], we have, forall t >0 and n=1,2,...,
(2.2)

t
M(yn+layn+27t) >M <y17y27 k") ’ N(yn+1;yn+2at) <N (ylay% kn) '

Thus, by (2.2) and Definition 3 ((v) and (xi)), for any positive integer p and
real number ¢ > 0, we have

tlmes t

M(ynaynﬂ)»t) 2 M(ymyn+1, _) Kook M(yn+p—1>yn+p, z‘))

p— tlmes

t
> M(yl7y2v kn_l)* M(yhy%W)

and

—times t

N(yn; Yntp, t) < N(yn, Ynt1, )<> ON(yn-Fp—la Yntp, ;)
p—times

t t
< N(yl,yz,W)O'"ON(yl,yz,W)~

Therefore, by Definition 3 ((vii) and (xiii)), we have

tnmes

im M (yn, Yn+p,t) > 1% %1>1

and
—times

hm N(ynayn+p7t) < 0<> - 00 <0,

which implies that {y,} is a Cauchy sequence in X. This completes the proof.
O

Lemma 2. Let (X, M, N,*,0) be an intuitionistic fuzzy metric space and for
all z,y € X, t > 0 and if for a number k € (0,1),

(2.3) M(z,y, kt) > M(z,y,t) and N(z,y,kt) < N(z,y,1)
then z = y.

Proof. Since t > 0 and k € (0,1), we get ¢t > kt. Using Remark 2 (In intu-
itionistic fuzzy metric space X, M(z,y,-) is non-decreasing and N(z,y,") is
non-increasing for all z,y € X.), we have,

M(z,y,t) > M(z,y, kt) and N(z,y,t) < N(,y, kt).
Using (2.3) and the definition of intuitionistic fuzzy metric, we have,

T =1y.
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3. Various definitions of compatibility

In this section, we give some definitions of compatible mappings, some prop-
erties and some examples in intuitionistic fuzzy metric spaces.

Definition 7 ([21]). Let A and B be maps from an intuitionistic fuzzy metric
space (IFM-space) (X, M, N, %, Q) into itself. The maps A and B are said to
be compatible if, for all ¢ > 0,

lim M(ABxzy, BAz,,t) =1 and lim N(ABzy, BAz,,t) =0

N-—00 n—0oo
whenever {z,} is a sequence in X such that lim Az, = lim Bz, = z for some

N=—+0Q n-=—00
z€ X.

Definition 8 ([21]). Let A and B be maps from an IFM-space (X, M, N, *, Q)
into itself. The maps A and B are said to be compatible of type () if, for all
t>0,

lim M(ABt,, BBa,t) = 1and lim N(ABz,, BBz,,t) =0,
n—od n—oo

lim M(BAz,,AAz,,t) = 1and lim N(BAz,, AAz,,t)=0
n—00 n—oo

whenever {z, } is a sequence in X such that lim Az, = lim Bz, = z for some
n—oo n—od
ze X.

Definition 9 ([21]). Let A and B be maps from an IFM-space (X, M, N, , Q)
into itself. The maps A and B are said to be compatible of type (5) if, for all
t>0,

lim M(AAz,, BBz,,t) =1 and lim N(AAz,, BBz,,t) =0

n—oo T OO
whenever {z,} is a sequence in X such that lim Az, = lim Bz, = z for some
n—co n—oo
z€X.

Proposition 1. Let (X, M, N,x,0) be an IFM-space with t xt > t and (1 —
01 —t) < (1—=1t) for allt € [0,1] and A and B be continuous mappings from
X into itself. Then A and B are compatible if and only if they are compatible
mappings of tyre (a).

Proof. Suppose that A and B are compatible and let {z,} be a sequence in

X such that lim Az, = lim Bz, = z for some z € X. Since A and B are
n—00 n—oo

continuous, we have

lim AAz, = lim ABz, = Az,
T OO n—00
nlim BAz, = lim BBz, = Bz.

Further, since A and B are compatible,
lim M(ABz,, BAz,,t) =1 and lim N(ABz,, BAz,,t)=0

n—00 n—oo
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for all t > 0. Now, since we have

M(ABz,,BBzn,t) > M(ABz,, BAz,, %) x M(BAz,, BBz, -;—)
and

N(ABz,,BBz,,t) < N(ABz,, BAz,, %)(}N(BAxn,BBa;n, %)

for all ¢ > 0, it follows that
lim M(ABzy,BBx,,t) >1x1>1

n—o0

and
lim N(ABz,, BBz,,t) <000 <0

n— 00

which implies that
lim M(ABx,, BBzy,t) =1 and lim N(ABzp, BBz,,t) =0.

n—o0 n—oo

Similarly, we have also, for all ¢t > 0,
lim M(BAz,, AAz,,t) =1 and lim N(BAz,, AAz,,t) =0.

n—oo

Therefore, A and B are compatible of type ().
Conversely, suppose that A and B are compatible of type (&) and let {z,}
be a sequence in X such that nllrgo Az, = nlingo Bz,, = 2 for some z € X. Since

A and B are continuous, we have

lim AAx, = lim ABz, = Az,
n—00 n—o0
lim BAz,, = lim BBz, = Bz.
n—0Q n—o00

Further, since A and B are compatible of type (c), we have, for all ¢ > 0,

lim M(ABz,, BBz,,t) = 1and lim N(ABz,, BBz,,t) =0,
n—oo n—00C

lim M(BAz,, AAz,,t) = 1and lim N(BAz,, AAz,,t) =0.
n—oo n—oQ

Thus, from the inequality
M(ABzy, BAzn,t) > M(ABzy, BBz, %) * M(BBzp, BAty, %)
and
N(ABzn, BAw,t) < N(ABzn, BBzn, -)ON(BBay, BAza, ;)

for all ¢t > 0, it follows that
lim M(ABz,, BAz,,t) >1+%1>1

T OO
and
lim N(ABz,, BAz,,t) <000<0

n—oo
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for all t > 0, which implies that
lim M(ABz,, BAz,,t) =1 and lim N(ABz,, BAzn,t) =0.
n—o0

n—oo

Therefore, A and B are compatible. This completes the proof. |

Proposition 2 ([21]). Let (X, M, N,x,0) be an IFM-space witht ¢ > t and
(1—-8)0(1—t) < (1—1t) for all t € [0,1] and let A and B be continuous
maps from X into itself. Then A and B are compatible if and only if they are
compatible maps of type (B).

Proposition 3 ([21]). Let (X, M, N,*,Q) be an IFM-space with t xt > ¢ and
(1-t)0(1—t) < (1—t) forallt € (0,1} and let A and B be continuous maps
from X into itself. Then A and B are compatible maps of type (B) if and only
if they are compatible maps of type (a).

We now introduce the following definitions.

Definition 10. Let A and B be mappings from an I FM-space (X, M, N, *, Q)
into itself. Then the pair (A, B) is called A-compatible if, for all £ > 0,

nlixréoM(Aan,Ban,t) =1 and lim N(ABzp, BBzy,t) =0
p n—oo

whenever {z,} is a sequence in X such that lim Az, = lim Bz, =2 for some
n—-—00 -—=00
z€ X.

Definition 11. Let A and B be mappings from an IFM-space (X, M, N, *, Q)
into itself. Then the pair (A, B) is called B-compatible if and only if (B, A) is
B-compatible.

Definition 12. Let A and B be mappings from an IFM-space (X, M, N, ,0)
into itself. Then the pair (A, B) is said to be compatible of type (I) if, for all
t> 0,

lim M(ABz,,2,M) < M(Bz,z,t) and lim N(ABz,,z,At) > N(Bz,z2,t)
n—oo n—oo
whenever X € (0,1] and {z,} is a sequence in X such that nlim Az, = nlim Bz,
— O —r0Q
= z for some z € X.

Definition 13. Let A and B be mappings from an IFM-space (X, M, N, *,{)
into itself. Then the pair (A, B) is said to be compatible of type (II) if and
only if (B, A) is compatible of type (I).

Proposition 4. Let (X, M, N,x,0) be an IF M-space and A, B, be mappings
from X into itself such that B (resp., A) is continuous. If the pair (A, B) is
A-compatible (resp., B-compatible), then it is compatible of type (I) (resp., of
type (11)).
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Proof. Suppose that the pair (A, B) is A-compatible and let {z,} be a se-
quence in X such that lim Az, = lim Bz, = z for some z € X. Since B is

n—oo n—oo

continuous, we have

lim M(ABx,, BBx,,t) =1= lim M(ABg,, Bz,t)
n—oo

n—oc
and
lim N(ABz,, BBz,,t) =0= lim N(ABz,, Bz,t).
n—00 n—00
Further,
M(Bz,2,) > M(ABta, 2, 7) « M(ABz, Bz, 3),
i
N(Bz,z,t) < N(ABz.,, 2, %)ON(AB:E,“ Bz, 5)
and so
t
M(Bz,z,t) > lim (M(ABa:n,z, 5) *M(Aan,Bz,é))
n—od
t
= lim M(ABz,,z, 1)
. n—oo 2
and

n—o0 2

t
N(Bz,z,t) < lim '<N(ABa:n,z,%)(>N(AB:L'n,Bz,—))

t
= lim N(ABz,,z, —2-)

n—0o0

Hence it follows that

t —
lim M(ABz,,z, =) < M(Bz,z,t) and lim N(ABz,,z, E) > N(Bz, z,t).
n—o0 2 n—00 2
This inequality holds for every choice of the sequence {z,} in X with the
corresponding z € X and so the pair (A, B) is compatible of type (I). This
completes the proof. O

Proposition 5. Let (X, M,N,x,{) be an IFM-space and A, B be mappings
from X into itself with B (resp., A) is continuous. If the pair (A, B) is com-
patible of type (I) (resp., of type (II)) and, for every sequence {x,} in X such
that lim Az, = nlLIrolo Bz, = z for some z € X, it follows that lim ABz,, = 2

n—oo n—oo

(resp., lim BAx, = z), then it is A-compatible (resp., B-compatible).
00

Proof. Suppose that the pair (4, B) is compatible of type (I) and let {z,} be
a sequence in X such that lim Az, = lim Bz, = z for some z € X. Since B

00 n-—->00

is continuous, we have

M(Bz,2,t) > lim M(ABz,,z, Xt) and N(Bz,z,t) < lim N(ABz,,z, \t)
n—oo

n—o0
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and
lim M(BBzy,2,t) > lim (M(Bz,z, %) * M (BB, Bz, %))
t
= M(Bz,z,=),
2
lim N(BBzn,z,t) < lim (N(Bz,z, E)(}N(BBa:n,Bz, 3))
n—00 n—00 2 2
t
= N(Bz,z, -
( Z’ Z’ 2)
and so
At
lim M(BBz,,2,t) > lim M(ABz,,2, =), lim N(BBzy,z2,t)
n—o0 N—r00 27" n—oo
< lim N(ABzy, z, %)

Now, we have

M(ABy, BBan,t) > M(ABay,z, %) + M(BBan, 2, -;-),

t
N(ABz,,BBzy,t) < N(ABzy, 2, §)<>N(Ban, z, -;—)
Hence, letting n — oo,

00

lim M(ABzn, BBan,t) > lim (M(Aan,z,%)*M(Ban,z,é))

> lim (M(AB:cn,z, —;-) * M(ABzy, 2, ﬁ))

Ny OO 4

= 1,

fim N(ABzn, BBon,t) < Im (N(Aan,z,%)oN(Ban,z,3))

n—00 n-—00 2

< lim (N(Aan,z,%)(}N(Aan,z,—)\f))

Nn-—0c0

= 0.
Thus lim M(ABz,, BBz,,t) =1and lim N(ABz,, BBz,,t) = 0. This limit

n—oo n—o0
always exists and these are 1 and 0 for any sequence {z,} in X with the

corresponding z € X. Hence the pair (A, B) is A-compatible. This completes
the proof. O

By unifying Propositions 4 and 5, we have the following:
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Proposition 6. Let (X, M, N,x*,0) be an IFM-space and A, B be mappings
from X into itself with B (resp., A) is continuous. Suppose that, for every

sequence {x,} in X such that lim Az, = lim Bz, = z for some z € X,
n—oo n—o0

we have lim ABz, = z (resp., hm BA:z;n = z). Then the pair (A4,B) is

n—0
compatible of type (I) (resp., of type (IT)) if and only if it is A-compatible
(resp., B-compatible).

Now, we give some examples.

Example 1. Let X = [0,00) with the metric d defined by d(z,y) = |z — y|.
For each t € (0,0) and z,y € X, define (M, N) by

1

M(z,y,t) = {[eXP(cht;y[)]_, t>0,

0, t=0,
vens = { Bo(=0) - ()] oo

Clearly, (X, M, N, *,0) is an I F M-space, where * and { are define by axb =
min{a, b} and a0b = max{a, b} respectively. Let A and B be defined by Az = 1
for all z € [0,1], Ax = 1+ z for all z € (1,00) and Bz = 1 + z for all
z € [0,1), Bz =1 for all z € [1,00). Let {z,} be a sequence in X such that

lim Az, = hm Ba:n = 2. By definition of A and B, z € {1} and hm 0 Ly = 0.

n—o0
Aand B both are discontinuous at z = 1. Therefore, we have

lim M(AAz,, BAz,,t) = 1and lim N(AAz,, BAz,,t) =0,
n—o00 n—o0
lim M(AAz,,BBz,,t) = 1and lim N(AAz,, BBz,,t)=0.
n—o00 T OQ

Also, we consider the sequence {z,} in X defined by z, = % ,n=12...
Then we have lim Az, = lim Bz, = 1. Further, for £ > 0, we have

n—00 n—oo
- 1 __1
lim M(ABz,, BAz,,t) = |exp (-—)] <1,
n—oo i t
) r 1 1 -1
lim N(ABz,, BAz,,t) = |exp|=)—1||exp| = >0,
n—oo L t t
and
- 1 —~1
lim M(ABz,, BBz,,t) = |exp (2)] <1,
n—=00
, [ (1 1\
lim N(ABz,,BBz,,t) = |exp 7)) 1| |exp n > 0.
n—ss

Therefore, (A, B) is compatible of type (3) and B-compatible, but they are
neither compatible nor A-compatible. Moreover, z = 1 is a common fixed
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point of A and B. Hence the pair (A, B) is compatible of type (I) as well as
of type (I1).

Example 2. Let X = [0,1] and let * be the continuous ¢-norm and ¢ be
the continuous t-conorm defined by a * b = min{a,b} and aQb = max{a,b}
respectively, for all a,b € [0,1]. For each t € (0,00) and z,y € X, define
(M, N) by

-t t>0, M=yl
M(x,y,t)={ t+|6"y’ t—g and N(:L’,y,t).—_{ t+lai—yl’ >0,

s =

i

Clearly, (X, M, N,*,0) is an intuitionistic fuzzy metric space, where * and
O are defined by a * b = min{a, b} and a0b = max{a,b} respectively. Let A
and B be defined by Az = 0 for § <z < %, Az =1for 0 < z < 3 and
% <z <1land Bz =z for all z € X. Let {z,,} be a sequence in X such that
lim Az, = lim Bz, = z. By definition of A and B, z € {1} and lim z, = 1.
n—oc OO n—oc
Therefore, we have

lim M(AAz,, BAz,,t) = 1and lim N(AAz,, BAz,,t) =0,

n—00

lim M(ABz,, BAz,,t) = 1and lim N(ABz,, BAzy,t) =0,
n—oo n-—o00

lim M(ABz,, BBz,,t) = 1and lim N(ABz,, BBx,,t) =0,
n—oo n—o00

lim M(AAz,,BBz,,t) = 1and lim N(AAz,, BBz,,t) =0.
n—0Q n—oo

Thus (A, B) is compatible, A-compatible, B-compatible, compatible of type
(a), compatible of type (B). Moreover, z = 0 is a fixed point of B and z = 1 is
a fixed point of A. Hence the pair (A4, B) is compatible of type (I) as well as
of type (IT).

In the previous two examples, the pair (A4, B) was compatible of type (I) as
well as of type (II). But the following example shows that this need not to be
case always and also shows that the conclusion of Proposition 4 need not to be
true B is not continuous.

Example 3. Let X = [0, 2] with the usual metric. Foreacht > 0and z,y € X,
define (M, N) by
i -
M(z,y,t) = { i+ B—y" iig’ and N(z,y,t) = { t+|vi—y|’ tio,

b

¥

Clearly, (X, M, N, *,Q) is an intuitionistic fuzzy metric space, when * and
O are defined by a xb = ab and a0b = min{1,a + b} respectively. Let A and B
be defined as Ax = 1forallz€e X and Br=1forx # 1, Br =2 for z = 1.
Then B is not continuous at z = 1. We assert that the pair (A, B) is compatible
of type (II), but not of type (I), of type (a), of type (8), A-compatible, B-
compatible or compatible.



438 CIHANGIR ALACA, ISHAK ALTUN, AND DURAN TURKOGLU

To see this, we suppose that {z,} is a sequence in X such that hm Aacn =
lim Bz, = z. By definition of A and B, z € {1}. Since A and B agree on

n—o0

X\{1}, we need only consider z,, — 1. Now, ABz,, = 1, BAz, =2, AAz, =1,
BBz, =2, A1 =1 and Bl = 2. Thus, for t > 0,

lim M(ABz,, BAzo,t) = - <1and lim N(ABon, BAsa,t) = = >0,

nh_,n;oM(AAx"’BAx"’t) = t-l-Ll <1and nllrrgoN(AAmn,BAmn,t) = HLl >0,

nli_{r;oM(ABa;n,Ban,t) = %—f_—l <1 and nllrﬂoN(ABwn’BB””"’t) = HLI >0,

Jim M(AAza, BBanyt) = <1land lim N(AASn, BBon,t) = g > 0,
Therefore, the pair (A4, B) is none of compatible of type (), of type (8), A-

compatible, B-compatible or compatible. Also, for t > 0,

M(B1,1,t) = —i— <1= lim M(ABzy,,1,t)

1 0o
and
N(B1,1,t) = t% >0= nl-i_':nEoN(Aan, 1,t),
M(ALLY)=1> H_Ll = lim M(BAz,,1,1)
and

1 —
Therefore, the pair (4, B) compatible of type (IT), but not of type (I).

Proposition 7. Let (X,M,N,*, Q) be an IFM-space and A, B be map-
pings from X into itself. Suppose that the pair (A, B) is compatible of type
(I) (resp., of type (II)) and Az = Bz for some z € X. Then, for t >
0 and A € (0,1], M(Az,BBz,t) > M(Az,ABz,At) and N(Az,BBz,t) <
N(Az,ABz, \t) (resp., M(Bz,AAz,t) > M(Bz, BAz, \t) and N(Bz, AAz,t)
< N(Bz,BAz,At)).

Proof. Let {z,} be a sequence in X defined by z, = z for n = 1,2,... and
Az = Bz for some z € X. Then we have lim Az, = hm an = z. Suppose

n—o0

the pair (A, B) is compatible of type (I). Then, for ¢ > 0 and A€ (0,1],
M(Az,BBz,t) > lim M(Az, ABxn, At) = M(Az, ABz, \t)

n—0o0

N(Az, BBz,t) < Tim N(Az, ABx,, M) = N(Az, ABz, \t).
n—oo
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4. Fixed point theorem

In this section, we prove a fixed point theorem for four mappings under the
condition of compatible mappings of type (I) and (II) in intuitionistic fuzzy
metric spaces.

Theorem 1. Let (X, M, N,*,Q) be an complete I FM-space with t*t > t and
(1-t)0(1—t) < (1—~t) forallt € [0,1]. Let A, B, S and T be mappings from
X into itself such that

(4.1) A(X) € S(X) and B(X) CT(X)
there exists a constant k € (0,1) such that

M(Az, By, kt) > M(Sz,Ty,t) x M(Az, Sz, t) * M(By,Ty,t)

(4.2) * M(Az, Ty, at) * M(By, Sz, (2 — a)t)

and

N(Az,By,kt) < N(Sz,Ty,t)0N(Az,Sz,t)ON(By, Ty,t)
O N(Az, Ty, oat)ON(By, Sz, (2 — a)t)

forall z,y € X, o € (0,2) and t > 0. Let A, B, S and T are satisfying
conditions any one of the following:

(C1) A is continuous and the pairs (A,S) and (B,T) are compatible of type
(II).

(C2) B is continuous and the pairs (A, S) and (B,T) are compatible of type
(IIn).

(C3) S is continuous and the pairs (A,S) and (B,T) are compatible of type

(1).
(C4) T is continuous and the pairs (A, S) and (B,T) are compatible of type

().

Then A, B, S and T have a unique common fized point in X.

Proof. Let zg be an arbitrary point of X. By (4.1), we can construct a sequence
{yn} in X such that

Yon = TZont1 = AZ2n, Yont+1 = STant2 = BZont1
for n =0,1,.... Then, by (4.2), fora =1—gq, q € (0,1), we have

M(Azap, Bzapi1, kt)

M{(Szapn, TTont1,t) * M(Azay, Szon,t)

* M(BZan+1, TTont1,t) ¥ M(AZopn, TZont1, (1 — ¢)t)
* M(Bxany1,San, (1+ q)t)

I\



440 CIHANGIR ALACA, ISHAK ALTUN, AND DURAN TURKOGLU

and
N(A:L‘gn, Bzoni, kt)
< N(Szon,Txon+1,t)ON(Azon, STaop,t)
O N(Bz2ni1, Tx2n41,t)ON(AZ2n, TT2n41, (1 — q)t)
O N(Bzant1,5%an, (1 + q)t)
and so
M (yan, Yon+1, kt)
> M(yon—1,Y2n,t) * M(Y2n,Y2n—1,t)
* M (Yans1, Y2n, t) * M(yon, y2n, (1 — @)t)
* M (yon+1,Y2n-1, (1 + ¢)t)
> M(y2n—1,Y2n,t) * M(y2n, Yon+1,1)
* M (Yon+1, Yon, ¢t)
and
M (Y2n, Y2n+1, kt)
< N(y2n—1,Y2n, t)ON (Y21, Y2n—1, 1)

O N(y2n+1, Y2n, 1) ON (Y2n, Y2n, (1 ~ @)t)
O N(y2n+1,Y2n—1, (L + )t)
< N(Y2n-1,Y2n: t)ON(Y2n, Yon+1,t)
ON (Y2n+1,Y2n; qt)-
Thus it follows that

M (yon, Yon+1, kt) > M (Y2n—1,Y2n, t) * M(Yoni1,Yon,t) * M{(Y2ni1, Y2n, qt)
and '

N(Yon, Yon+1, kt) < N(Y2n—1,Y2n: 1) ON (Y2nt1, Y2n, ) ON (Yon+1, Yon, at).
Since t-norm and ¢-conorm * and ¢ are continuous and M (z,y, ) and N(z,v, )
are continuous, letting ¢ — 1, we have

M (Yon, Yon+1,kt) > M (Y2n-1,Y2n,t) ¥ M (Y2n41, Y2n, t)
and
N(Y2n, Yon+1, kt) < N(Yon—1,Y2n, ) ON (Yon+1,Yon, t).
Similarly, we also have
M(Yong1,Yont2, kt) > M(Yon, Y2nt1,t) ¥ M(Yont2, Y2n+1,t)
and
N(y2n+1,Yon+2, kt) < N(yon, Yon+1, E)ON (Yont2, Yon+1,t)-

In general, we have, for m =1,2,...,

M(ym+1y Ym+2, kt) 2 M(ym7 Ym+1, t) * M(ym+1a Ym+2, t)
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and
N(ym+1a Ym+2, kt) S N(yma Ym+1, t)ON(ynH-h Ym+2, t)
Consequently, it follows that, for m,p=1,2,...,

¢
M(Ym+1, Ym+2, kt) = M (Ym, Ym+1:t) * M (Ymt1, Ymt2, ﬁ)

and

t
N(¥Ym+1,Ym+2,kt) < NYm, Ymr1, )ON (Ums1, Y2, EI;)‘

By noting that M (ym+1,Ym+2, %) — 1and N(Ym+1,Ym+2, 25) — 0 as p — oo,
we have, form=1,2,...,

M(ym+laym+2a kt) > M(ym, Ym+1,t)
and

N(Ym+1,Ym+2, kt) < N(Yms Ym+1, 1)

Hence, by Lemma 1, {y,} is a Cauchy sequence in X. Since (X, M, N,*,Q) is
complete, it converges to a point 2z in X. Since {Azan}, {Bxon+1}, {SZonio}
and {Tzany1} are subsequence of {y,}. Therefore, Azan, BTant1, STani2,
TTop41 — 2z asn — 00.

Now, suppose that the condition (C,) holds. Then, since the pair (B,T) is
compatible of type (I) and T is continuous, we have

M(Tz,z,t) > lim M(BTzon+1, 2, At),

n—00

N(Tz,z,t) < n@oN(BTxZnH, 2, At),
TTxopy1s — Tz,
Now, for o = 1, setting = z2, and y = Txo,4; in (4.2), we obtain
M(Azop, BT Tons1, kt)
> M(Ston, TTxont1,t) * M(AZop, STan,t)

x M(BTzon+1, TTxopnt1,t) * M(Azopn, TTxon11,1)
* M(BTx2n+la SwZna t)

(4.3)

and

N(Azoy, BT'xon 41, kt)

< N(Szon, TTzon+1,t)ON(Azon, Szan, t)
O N(BTxant1, TTxon41,t)ON (Az2n, TT 22041, 1)
ONM(BTz3,41,S%2n,t).
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Thus, by letting the limit inferior on both sides of (4.3), we have

lim M(z, BT'xon11, kt)

-0

> M(z,Tz,t)« M(z,2,t) % lim M(Tz, BTzon+1,t)

n—oo

* M(z,Tz,t)x lim M(z, BTzon41,t)

n—o0

and

m N(Z, BTJ)Qn.H, kt)
n—oo
< N(z,Tz,t)0M(z,2,t)0 im N(Tz, BTzop41,t)
O N(z,Tz,t)0 im N(z, BTTan+1,t).
n—0o0
Therefore, it follows that

liﬂ M(Z, BTxZn-I—l) kt)

n—oo
> M(z,Tzt)* lim M(Tz, BTxn41,t)
n—o
* lim M(z, BTZ2n+1,1)
> M(z,Tz,t)x M(z,Tz, E) * lim M(z, BTzan41, E)
2 n—00 2
x lim M(z, BTZ2n41,1)
n—0c
. . At
> lim M(z, BTzon 1, At) * lim M(T'z, BTT2n41, )
n—0o0 T-— 00 2
t
* h_m M(Z, BTIE2n+1, —) * h_m M(z, BTZ2n+1,t)
n-=00 2 n—o00
and
lim N(Z, BTzon41, kt)
n—00
< N(2,Tz,t)0 im N(Tz, BT Z2n41,t)
O lim N(z, BTzan11,t)
t, — t
< N(2,Tz,t)0N(2,Tz, 5)(} lim N(z, BTzop41, 5)
n—oe
<> II—II; N(Z, BT.’L‘QnJ,.l, t)
_ — At
< lim N(Z, BTzop41, )\t)o lim N(Tz, BTzon+1, —)
n—oo n—o00 2

— too—
0 nlim N(z, BTzan41, §)<>nlingoN(z, BTzon41,t)
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and, for XA =1,
lim M(z, BT 5z, k) > im M(z BT 5o, -;-)
and
nEIEON(Z, BT zon11,kt) < n@oN(z, BTzop11, %)
Thus, by Remark 3, it follows that lim BTz, = 2. Now using the compat-

n—o0

ibility of type (I), we have
M(Tz,z,t) > lim M(z, BTzop+1,At) =1,

n—ec

N(Tz,z2,t) < Im N(z, BTZons1, At) =0 "

n—o0

and so it follows that Tz = z.
Again, replacing z by z2, and y by z in (4.2), for @ = 1, we have

M(Azgy, Bz, kt) > M(Szap, 2,t) * M(Azop, STon,t)
* M(Bz, z,t) * M(Axay, z,t) * M(Bz, Stan,t)
and
N(Azzo,, Bz,kt) < N(Szan,z,t)ON(Azay, STon,t)
QN(Bz,z,t)QN(Axzp, 2,8 )ON(Bz, Szay, t)
and so, letting n — oo, we have
M(Bz,z,kt) > M(Bz,z,t) and N(Bz, z,kt) < N(Bz, 2, t),

which implies that, by Lemma 2, Bz = z. Since B(X) C S(X), there exists a
point u € X such that Bz = Su = 2. By (4.2), for o = 1, we have

M(Au,z,kt) > M(Su,z,t)* M(Au, Su,t)
x M(z,z,t) * M(Au, z,t) x M(z, Su,t)
and
N(Au, z,kt) < N(Su,zt)ON(Au,Su,t)
O N(z,2z,t)ON(Au, z,t)ON(z, Su,t)
and so
M(Au, z,kt) > M(Au, 2,t) and N(Au, z, kt) < N(Au, z,t)

which implies that, by Lemma 2, Au = 2. Since the pair (4, S) is compatible
of type (I) and Au = Su = z, by Proposition 7, we have

M(Au,S8Sz,t) > M(Au, ASz,t) and N(Au,SS2,t) < N(Au, ASz,t)

and so
M(z,82,t) > M(z,Az,t) and N(z,5z2,t) < N(z, Az,t).
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Again, by (4.2), for « = 1, we have
M(Az,z,kt) > M(Sz2,t)* M(Az,Sz,t)
* M(z,2,t)* M(Az,z,t) * M(z,Sz,t)
and
N(Az,z,kt) < N(Szz,t)ON(Az,Sz,t)
O N(z,2,t)ON(Az, z,t)0N(z,Sz,t).
Thus it follows that
M(Az,2,kt) > M(Sz,z,t)x M(Az,Sz,t) % M(Az, 2,t)

M(Az,z,7)

v

and

N(Az,z,kt) < N(Sz2z,t)0N(Az,S2,t)0N(Az, 2,t)
N(Az,z, %)
and so, by Lemma 2, Az = z. Therefore, Az =Bz =Sz=Tz=zand zis a
common fixed point of A, B, S and T. The uniqueness of a common fixed point
can be easily verified by using (4.2).

The other cases (C1), (C2) and (C3) can be disposed from a similar argument
as above. a

IN

Now we give an example to support our main theorem.

Example 4. Let X = {% :n =1,2,...} U{0} with the usual metric and, for
allt > 0 and z,y € X, define (M, N) by

t
t
M(x,y,t) — { t+|z—y ? > 07

0, t=0
and
o)
N((E, y, t) — t+|$_y|7 t > 07
1, t=0.

Clearly, (X, M, N, x,0) is a complete intuitionistic fuzzy metric space, where
* and O are defined by a*b = min{a, b} and a0b = max{a, b} respectively. Let
A, B, S and T be define by Az =, Sz =3, Bz =%, Tz = 5 forallz € X.
Then we have

AX) = %:n=1,2,...}U{0}Q{—%;:n:lﬂ,...}U{O}:S(X)
B(X) = {%:n=1,2,...}U{0}§{%:n=1,2,...}U{O}=T(X).

Also, the condition (4.2) of Theorem 1 is satisfied and A, B, S and T are
continuous. Further, the pairs (4, S) and (B,T) are compatible of type (I)
and of type (II) if lim x, = 0, where {z,} is a sequence in X such that
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lim Az, = lim S:cn = lim Bz, = hm Txn 0 for some 0 € X. Thus all

N-—00 n-—00
the condltlons of Theorem 1 are sat1sﬁed and also 0 is the unique common fixed

point of A, B, S and T'.
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